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speed of light c   3.00 × 108 m / s

gravitational constant G   6.67 × 10 –11N⋅m2 / kg2

permittivity constant  ε0
  8.85 × 10 – 12F / m

permeability constant   µ0
  1.26 × 10 – 6H / m

elementary charge e   1.60 × 10 –19C

electron volt eV   1.60 × 10 –19J

electron rest mass  me
  9.11 × 10 – 31kg

proton rest mass  mp
  1.67 × 10 – 27kg

Planck constant h   6.63 × 10 – 34J⋅ s

Planck constant / 2π     h          1.06 × 10 – 34J⋅ s

Bohr radius  rb   5.29 × 10 – 11m

Bohr magneton   µb
  9.27 × 10 – 24J / T

Boltzmann constant k   1.38 × 10 –23J / K

Avogadro constant  NA
  6.02 × 1023mol– 1

universal gas constant R   8.31 J /mol⋅K
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Power Prefix Symbol

 1012 tera T
 109 giga G
 106 mega M
 103 kilo k
 102 hecto h
 10– 1 deci d
 10– 2 centi c
 10– 3 milli m
 10– 6 micro µ
 10– 9 nano n
 10– 12 pico p
 10– 15 femto f

MKS Units  (link to CGS Units)
m = meters kg = kilograms s = seconds
N = newtons J = joules C = coulombs
T = tesla F = farads H = henrys
A = amperes K = kelvins mol = mole
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• s2
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ABOUT THE COURSE
Physics2000 is a calculus based, college level introduc-
tory physics course that is designed to include twentieth
century physics throughout. This is made possible by
introducing Einstein’s special theory of relativity in the
first chapter. This way, students start off with a modern
picture of how space and time behave, and are prepared
to approach topics such as mass and energy from a
modern point of view.

The course, which was developed during 30 plus years
working with premedical students, makes very gentle
assumptions about the student’s mathematical back-
ground. All the calculus needed for studying Phys-
ics2000 is contained in a supplementary chapter which
is the first chapter of a physics based calculus text. We
can cover all the necessary calculus in one reasonable
length chapter because the concepts are introduced in
the physics text and the calculus text only needs to
handle the formalism. (The remaining chapters of the
calculus text introduce the mathematical tools and con-
cepts used in advanced introductory courses for physics
and engineering majors. These chapters will appear on
a later version of the Physics2000 CD, hopefully next
year.)

In the physics text, the concepts of velocity and accelera-
tion are introduced through the use of strobe photo-
graphs in Chapter 3.  How these definitions can be used
to predict motion is discussed in Chapter 4 on calculus
and Chapter 5 on the use of the computer.

Students themselves have made major contributions to
the organization and content of the text.  Student’s
enthusiasm for the use of Fourier analysis to study
musical instruments led to the development of the
MacScope™ program. The program makes it easy to
use Fourier analysis to study such topics as the normal
modes of a coupled aircart system and how the energy-
time form of the uncertainty principle arises from the
particle-wave nature of matter.

Most students experience difficulty when they first
encounter abstract concepts like vector fields and Gauss’
law.  To provide a familiar model for a vector field, we
begin the section on electricity and magnetism with a
chapter on fluid dynamics.  It is easy to visualize the
velocity field of a fluid, and Gauss’ law is simply the
statement that the fluid is incompressible.  We then show
that the electric field has mathematical properties simi-
lar to those of the velocity field.

The format of the standard calculus based introductory
physics text is to put a chapter on special relativity
following Maxwell’s equations, and then put modern
physics after that, usually in an extended edition.  This
format suggests that the mathematics required to under-
stand special relativity may be even more difficult than
the integral-differential equations encountered in
Maxwell’s theory.  Such fears are enhanced by the
strangeness of the concepts in special relativity, and are
driven home by the fact that relativity appears at the end
of the course where there is no time to comprehend it.
This format is a disaster.

Special relativity does involve strange ideas, but the
mathematics required is only the Pythagorean theorem.
By placing relativity at the beginning of the course you
let the students know that the mathematics is not diffi-
cult, and that there will be plenty of time to become
familiar with the strange ideas.  By the time students
have gone through Maxwell’s equations in Physics2000,
they are thoroughly familiar with special relativity, and
are well prepared to study the particle-wave nature of
matter and the foundations of quantum mechanics.  This
material is not in an extended edition because there is of
time to cover it in a comfortably paced course.

Preface
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ABOUT THE PHYSICS2000 CD
The Physics2000 CD contains the complete Physics2000
text in Acrobat™ form along with a supplementary
chapter covering all the calculus needed for the text.
Included on the CD is a motion picture on the time
dilation of the Muon lifetime, and short movie segments
of various physics demonstrations.  Also a short cook-
book on several basic dishes of Caribbean cooking.   The
CD is available at the web site

www.physics2000.com

The cost is $10.00 postpaid.

Also available is a black and white printed copy of the
text, including the calculus chapter and the CD, at a cost
of $39 plus shipping.

The supplementary calculus chapter is the first chapter
of a physics based calculus text which will appear on a
later edition of the Physics2000 CD.  As the chapters are
ready, they will be made available on the web site.

Use of the Text Material
Because we are trying to change the way physics is
taught, Chapter 1 on special relativity, although copy-
righted, may be used freely (except for the copyrighted
photograph of Andromeda and frame of the muon film).
All chapters may be printed and distributed to a class on
a non profit basis.

ABOUT THE AUTHOR
E. R. Huggins has taught physics at Dartmouth College
since 1961.  He was an undergraduate at MIT and got his
Ph.D. at Caltech.  His Ph.D. thesis under Richard
Feynman was on aspects of the quantum theory of
gravity and the non uniqueness of energy momentum
tensors.  Since then most of his research has been on
superfluid dynamics and the development of new teach-
ing tools like the student built electron gun and
MacScope™.  He wrote the non calculus introductory
physics text Physics1 in 1968 and the computer based
text Graphical Mechanics in 1973.  The Physics2000
text, which summarizes over thirty years of experiment-
ing with ways to teach physics, was written and class
tested over the period from 1990 to 1998.  All the work
of producing the text was done by the author, and his
wife, Anne Huggins. The text layout and design was
done by the author’s daughter Cleo Huggins who de-
signed eWorld™ for Apple Computer and the Sonata™
music font for Adobe Systems.

The author’s eMail address is

lish.huggins@dartmouth.edu

The author is glad to receive any comments.
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INTRODUCTION—AN OVERVIEW OF PHYSICS

With a brass tube and a few pieces of glass, you can
construct either a microscope or a telescope.  The
difference is essentially where you place the lenses.
With the microscope, you look down into the world of
the small, with the telescope out into the world of the
large.

In the twentieth century, physicists and astronomers
have constructed ever larger machines to study matter
on even smaller or even larger scales of distance.  For
the physicists, the new microscopes are the particle
accelerators that provide views well inside atomic
nuclei.  For the astronomers, the machines are radio
and optical telescopes whose large size allows them to
record the faintest signals from space.  Particularly
effective is the Hubble telescope that sits above the
obscuring curtain of the earth’s atmosphere.

The new machines do not provide a direct image like
the ones you see through brass microscopes or tele-
scopes.  Instead a good analogy is to the Magnetic
Resonance Imaging (MRI) machines that first collect a
huge amount of data, and then through the use of a
computer program construct the amazing images show-
ing cross sections through the human body.  The
telescopes and particle accelerators collect the vast
amounts of data.  Then through the use of the theories
of quantum mechanics and relativity, the data is put
together to construct meaningful images.

Some of the images have been surprising.  One of the
greatest surprises is the increasingly clear image of the
universe starting out about fourteen billion years ago
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as an incredibly small, incredibly hot speck that has
expanded to the universe we see today.  By looking
farther and farther out, astronomers have been
looking farther and farther back in time, closer to
that hot, dense beginning.  Physicists, by looking at
matter on a smaller and smaller scale with the even
more powerful accelerators, have been studying
matter that is even hotter and more dense.  By the
end of the twentieth century, physicists and astrono-
mers have discovered that they are looking at the
same image.

It is likely that telescopes will end up being the most
powerful microscopes.  There is a limit, both finan-
cial and physical, to how big and powerful an
accelerator we can build.   Because of this limit, we
can use accelerators to study matter only up to a
certain temperature and density.  To study matter
that is still hotter and more dense, which is the same
as looking at still smaller scales of distance, the only
“machine” we have available is the universe itself.
We have found that the behavior of matter under the
extreme conditions of the very early universe have
left an imprint that we can study today with tele-
scopes.

In the rest of this introduction we will show you some
of the pictures that have resulted from looking at
matter with the new machines.  In the text itself we
will begin to learn how these pictures were con-
structed.
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SPACE AND TIME
The images of nature we see are images in both space
and time, for we have learned from the work of Einstein
that the two cannot be separated.  They are connected
by the speed of light, a quantity we designate by the
letter c, which has the value of a billion (1,000,000,000)
feet (30 cm) in a second.  Einstein’s remarkable discov-
ery in 1905 was that the speed of light is an absolute
speed limit.  Nothing in the current universe can travel
faster than the speed c.

Because the speed of light provides us with an absolute
standard that can be measured accurately, we use the
value of c to relate the definitions of time and distance.
The meter is defined as the distance light travels in an
interval of 1/299,792.458 of a second.  The length of a
second itself is provided by an atomic standard.  It is the
time interval occupied by 9,192,631,770 vibrations of
a particular wavelength of light radiated by a cesium
atom.

Using the speed of light for conversion, clocks often
make good meter sticks, especially for measuring
astronomical distances.  It takes light 1.27 seconds to
travel from the earth to the moon.  We can thus say that
the moon is 1.27 light seconds away.  This is simpler
than saying that the moon is 1,250,000,000 feet or
382,000 kilometers away.  Light takes 8 minutes to
reach us from the sun, thus the earth’s orbit about the
sun has a radius of 8 light minutes.  Radio signals,
which also travel at the speed of light, took 2 1/2 hours
to reach the earth when Voyager II passed the planet
Uranus (temporarily the most distant planet).  Thus
Uranus is 2 1/2 light hours away and our solar system

has a diameter of 5 light hours (not including the cloud
of comets that lie out beyond the planets.)

The closest star, Proxima Centauri, is 4.2 light years
away.  Light from this star, which started out when you
entered college as a freshman, will arrive at the earth
shortly after you graduate (assuming all goes well).
Stars in our local area are typically 2 to 4 light years
apart, except for the so called binary stars which are
pairs of stars orbiting each other at distances as small as
light days or light hours.

On a still larger scale, we find that stars form island
structures called galaxies.  We live in a fairly typical
galaxy called the Milky Way.  It is a flat disk of stars
with a slight bulge at the center much like the Sombrero
Galaxy seen edge on in Figure (1) and the neighboring
spiral galaxy Andromeda seen in Figure (2).  Our
Milky Way is a spiral galaxy much like Andromeda,
with the sun located about 2/3 of the way out in one of
the spiral arms.  If you look at the sky on a dark clear
night you can see the band of stars that cross the sky
called the Milky Way.  Looking at these stars you are
looking sideways through the disk of the Milky Way
galaxy.

Figure 2
The Andromeda galaxy.

Figure 1
The Sombrero galaxy.
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 Our galaxy and the closest similar galaxy, Androm-
eda, are both about 100,000 light years (.1 million light
years) in diameter, contain about a billion stars, and are
about one million light years apart.  These are more or
less typical numbers for the average size, population
and spacing of galaxies in the universe.

To look at the universe over still larger distances, first
imagine that you are aboard a rocket leaving the earth
at night.  As you leave the launch pad, you see the
individual lights around the launch pad and street lights
in neighboring roads.  Higher up you start to see the
lights from the neighboring city.  Still higher you see
the lights from a number of cities and it becomes harder
and harder to see individual street lights.  A short while
later all the bright spots you see are cities, and you can
no longer see individual lights.  At this altitude you
count cities instead of light bulbs.

Similarly on our trip out to larger and larger distances
in the universe, the bright spots are the galaxies for we
can no longer see the individual stars inside.  On
distances ranging from millions up to billions of light
years, we see galaxies populating the universe.  On this
scale they are small but not quite point like.  Instru-
ments like the Hubble telescope in space can view
structure in the most distant galaxies, like those shown
in Figure (3) .

The Expanding Universe
In the 1920s, Edwin Hubble made the surprising dis-
covery that, on average, the galaxies are all moving
away from us.  The farther away a galaxy is, the faster
it is moving away.  Hubble found a simple rule for this
recession, a galaxy twice as far away is receding twice
as fast.

At first you might think that we are at the exact center
of the universe if the galaxies are all moving directly
away from us.  But that is not the case.  Hubble’s
discovery indicates that the universe is expanding
uniformly.  You can see how a uniform expansion
works by blowing up a balloon part way, and drawing
a number of uniformly spaced dots on the balloon.
Then pick any dot as your own dot, and watch it as you
continue to blow the balloon up.  You will see that the
neighboring dots all move away from your dot, and you
will also observe Hubble’s rule that dots twice as far
away move away twice as fast.

Hubble’s discovery provided the first indication that
there is a limit to how far away we can see things.  At
distances of about fourteen billion light years, the
recessional speed approaches the speed of light.  Re-
cent photographs taken by the Hubble telescope show
galaxies receding at speeds in excess of 95% the speed
of light, galaxies close to the edge of what we call the
visible universe.

The implications of Hubble’s rule are more dramatic if
you imagine that you take a moving picture of the
expanding universe and then run the movie backward
in time.  The rule that galaxies twice as far away are
receding twice as fast become the rule that galaxies
twice as far away are approaching you twice as fast.  A
more distant galaxy, one at twice the distance but
heading toward you at twice the speed, will get to you
at the same time as a closer galaxy.  In fact, all the
galaxies will reach you at the same instant of time.

Now run the movie forward from that instant of time,
and you see all the galaxies flying apart from what
looks like a single explosion.  From Hubble’s law you
can figure that the explosion should have occurred
about fourteen billion years ago.

Figure 3
Hubble photograph of the most distant galaxies.
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Did such an explosion really happen, or are we simply
misreading the data?  Is there some other way of
interpreting the expansion without invoking such a
cataclysmic beginning?  Various astronomers thought
there was.  In their continuous creation theory they
developed a model of the universe that was both
unchanging and expanding at the same time.  That
sounds like an impossible trick because as the universe
expands and the galaxies move apart, the density of
matter has to decrease.  To keep the universe from
changing, the model assumed that matter was being
created throughout space at just the right rate to keep the
average density of matter constant.

With this theory one is faced with the question of which
is harder to accept—the picture of the universe starting
in an explosion which was derisively called the Big
Bang, or the idea that matter is continuously being
created everywhere?  To provide an explicit test of the
continuous creation model, it was proposed that all
matter was created in the form of hydrogen atoms, and
that all the elements we see around us today, the carbon,
oxygen, iron, uranium, etc., were made as a result of
nuclear reactions inside of stars.

To test this hypothesis, physicists studied in the labo-
ratory those nuclear reactions which should be relevant
to the synthesis of the elements.  The results were quite
successful.  They predicted the correct or nearly correct
abundance of all the elements but one.  The holdout was
helium.  There appeared to be more helium in the
universe than they could explain.

By 1960, it was recognized that, to explain the abun-
dance of the elements as a result of nuclear reactions
inside of stars, you have to start with a mixture of
hydrogen and helium.  Where did the helium come
from?  Could it have been created in a Big Bang?

As early as 1948, the Russian physicist George Gamov
studied the consequences of the Big Bang model of the
universe.  He found that if the conditions in the early
universe were just right, there should be light left over
from the explosion, light that would now be a faint glow
at radio wave frequencies.  Gamov talked about this
prediction with several experimental physicists and
was told that the glow would be undetectable.  Gamov’s
prediction was more or less ignored until 1964 when
the glow was accidently detected as noise in a radio
telescope.  Satellites have now been used to study this
glow in detail, and the results leave little doubt about
the explosive nature of the birth of the universe.

What was the universe like at the beginning?  In an
attempt to find out, physicists have applied the laws of
physics, as we have learned them here on earth, to the
collapsing universe seen in the time reversed motion
picture of the galaxies.  One of the main features that
emerges as we go back in time and the universe gets
smaller and smaller, is that it also becomes hotter and
hotter.  The obvious question in constructing a model
of the universe is how small and how hot do we allow
it to get?  Do we stop our model, stop our calculations,
when the universe is down to the size of a galaxy?  a
star? a grapefruit? or a proton?  Does it make any sense
to apply the laws of physics to something as hot and
dense as the universe condensed into something smaller
than, say, the size of a grapefruit?  Surprisingly, it may.
One of the frontiers of physics research is to test the
application of the laws of physics to this model of the
hot early universe.
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We will start our disruption of the early universe at a
time when the universe was about a billionth of a
second old and the temperature was three hundred
thousand billion (   3×1014 ) degrees.  While this sounds
like a preposterously short time and unbelievably high
temperature, it is not the shortest time or highest
temperature that has been quite carefully considered.
For our overview, we are arbitrarily choosing that time
because of the series of pictures we can paint which
show the universe evolving.  These pictures all involve
the behavior of matter as it has been studied in the
laboratory.  To go back earlier relies on theories that we
are still formulating and trying to test.

To recognize what we see in this evolving picture of the
universe, we first need a reasonably good picture of
what the matter around us is like.  With an understand-
ing of the building blocks of matter, we can watch the
pieces fit together as the universe evolves.  Our discus-
sion of these building blocks will begin with atoms
which appear only late in the universe, and work down
to smaller particles which play a role at earlier times.
To understand what is happening, we also need a
picture of how matter interacts via the basic forces in
nature.

When you look through a microscope and change the
magnification, what you see and how you interpret it,
changes, even though you are looking at the same
sample.  To get a preliminary idea of what matter is
made from and how it behaves, we will select a
particular sample and magnify it in stages.  At each
stage we will provide a brief discussion to help interpret
what we see.  As we increase the magnification, the
interpretation of what we see changes to fit and to
explain the new picture.  Surprisingly, when we get
down to the smallest scales of distance using the
greatest magnification, we see the entire universe at its
infancy.  We have reached the point where studying
matter on the very smallest scale requires an under-
standing of the very largest, and vice versa.

STRUCTURE OF MATTER
We will start our trip down to small scales with a rather
large, familiar example—the earth in orbit about the
sun.  The earth is attracted to the sun by a force called
gravity, and its motion can be accurately forecast, using
a set of rules called Newtonian mechanics.  The basic
concepts involved in Newtonian mechanics are force,
mass, velocity and acceleration, and the rules tell us
how these concepts are related.  (Half of the traditional
introductory physics courses is devoted to learning
these rules.)

Atoms
We will avoid much of the complexity we see around
us by next focusing in on a single hydrogen atom.  If we
increase the magnification so that a garden pea looks as
big as the earth, then one of the hydrogen atoms inside
the pea would be about the size of a basketball.  How
we interpret what we see inside the atom depends upon
our previous experience with physics.  With a back-
ground in Newtonian mechanics, we would see a
miniature solar system with the nucleus at the center
and an electron in orbit.  The nucleus in hydrogen
consists of a single particle called the proton, and the
electron is held in orbit by an electric force.  At this
magnification, the proton and electron are tiny points,
too small to show any detail.

Figure 8-25a
Elliptical orbit of an earth satellite calculated
using Newtonian mechanics.
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There are similarities and striking differences between
the gravitational force that holds our solar system
together and the electric force that holds the hydrogen
atom together.  Both forces in these two examples are
attractive, and both forces decrease as the square of the
distance between the particles.  That means that if you
double the separation, the force is only one quarter as
strong.  The strength of the gravitational force depends
on the mass of the objects, while the electric force
depends upon the charge of the objects.

One of the major differences between electricity and
gravity is that all gravitational forces are attractive,
while there are both attractive and repulsive electric
forces.  To account for the two types of electric force,
we say that there are two kinds of electric charge, which
Benjamin Franklin called positive charge and negative
charge.  The rule is that like charges repel while
opposite charges attract.  Since the electron and the
proton have opposite charge they attract each other.  If
you tried to put two electrons together, they would repel
because they have like charges.  You get the same
repulsion between two protons.  By the accident of
Benjamin Franklin’s choice, protons are positively
charged and electrons are negatively charged.

Another difference between the electric and gravita-
tional forces is their strengths.  If you compare the
electric to the gravitational force between the proton
and electron in a hydrogen atom, you find that the
electric force is 227000000000000000000000000
0000000000000 times stronger than the gravitational
force.  On an atomic scale, gravity is so weak that it is
essentially undetectable.

On a large scale, gravity dominates because of the
cancellation of electric forces.  Consider, for example,
the net electric force between two complete hydrogen
atoms separated by some small distance.  Call them
atom A and atom B.  Between these two atoms there are
four distinct forces, two attractive and two repulsive.
The attractive forces are between the proton in atom A
and the electron in atom B, and between the electron in
atom A and the proton in atom B.  However, the two

protons repel each other and the electrons repel to give
the two repulsive forces.  The net result is that the
attractive and repulsive forces cancel and we end up
with essentially no electric force between the atoms.

Rather than counting individual forces, it is easier to
add up electric charge.  Since a proton and an electron
have opposite charges, the total charge in a hydrogen
atom adds up to zero.  With no net charge on either of
the two hydrogen atoms in our example, there is no net
electric force between them.  We say that a complete
hydrogen atom is electrically neutral.

While complete hydrogen atoms are neutral, they can
attract each other if you bring them too close together.
What happens is that the electron orbits are distorted by
the presence of the neighboring atom, the electric
forces no longer exactly cancel, and we are left with a
small residual force called a molecular force.  It is the
molecular force that can bind the two hydrogen atoms
together to form a hydrogen molecule.  These molecu-
lar forces are capable of building very complex objects,
like people.  We are the kind of structure that results
from electric forces, in much the same way that solar
systems and galaxies are the kind of structures that
result from gravitational forces.

Chemistry deals with reactions between about 100
different elements, and each element is made out of a
different kind of atom.  The basic distinction between
atoms of different elements is the number of protons in
the nucleus.  A hydrogen nucleus has one proton, a
helium nucleus 2 protons, a lithium nucleus 3 protons,
on up to the largest naturally occurring nucleus, ura-
nium with 92 protons.

Complete atoms are electrically neutral, having as
many electrons orbiting outside as there are protons in
the nucleus.  The chemical properties of an atom are
determined almost exclusively by the structure of the
orbiting electrons, and their electron structure depends
very much on the number of electrons.  For example,
helium with 2 electrons is an inert gas often breathed by
deep sea divers.  Lithium with 3 electrons is a reactive
metal that bursts into flame when exposed to air.  We
go from an inert gas to a reactive metal by adding one
electron.
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Light
The view of the hydrogen atom as a miniature solar
system, a view of the atom seen through the “lens” of
Newtonian mechanics, fails to explain much of the
atom’s behavior.  When you heat hydrogen gas, it
glows with a reddish glow that consists of three distinct
colors or so called spectral lines.  The colors of the lines
are bright red, swimming pool blue, and deep violet.
You need more than Newtonian mechanics to under-
stand why hydrogen emits light, let alone explain these
three special colors.

In the middle of the 1800s, Michael Faraday went a
long way in explaining electric and magnetic phenom-
ena in terms of electric and magnetic fields.  These
fields are essentially maps of electric and magnetic
forces.  In 1860 James Clerk Maxwell discovered that
the four equations governing the behavior of electric
and magnetic fields could be combined to make up
what is called a wave equation.  Maxwell could con-
struct his wave equation after making a small but
crucial correction to one of the underlying equations.

The importance of Maxwell’s wave equation was that
it predicted that a particular combination of electric and
magnetic fields could travel through space in a wave-
like manner.  Equally important was the fact that the
wave equation allowed Maxwell to calculate what the
speed of the wave should be, and the answer was about
a billion feet per second.  Since only light was known
to travel that fast, Maxwell made the guess that he had
discovered the theory of light, that light consisted of a
wave of electric and magnetic fields of force.

Visible light is only a small part of what we call the
electromagnetic spectrum.  Our eyes are sensitive to
light waves whose wavelength varies only over a very
narrow range.  Shorter wavelengths lie in the ultravio-
let or x ray region, while at increasingly longer wave-
lengths are infra red light, microwaves, and radio
waves.  Maxwell’s theory made it clear that these other
wavelengths should exist, and within a few years, radio
waves were discovered.  The broadcast industry is now
dependent on Maxwell’s equations for the design of
radio and television transmitters and receivers.
(Maxwell’s theory is what is usually taught in the
second half of an introductory physics course.  That
gets you all the way up to 1860.)

While Maxwell’s theory works well for the design of
radio antennas, it does not do well in explaining the
behavior of a hydrogen atom.  When we apply
Maxwell’s theory to the miniature solar system model
of hydrogen, we do predict that the orbiting electron
will radiate light.  But we also predict that the atom will
self destruct.  The unambiguous prediction is that the
electron will continue to radiate light of shorter and
shorter wavelength while spiraling in faster and faster
toward the nucleus, until it crashes.  The combination
of Newton’s laws and Maxwell’s theory is known as
Classical Physics.  We can easily see that classical
physics fails when applied even to the simplest of
atoms.
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Figure 32-24
The electromagnetic spectrum.
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Photons
In the late 1890’s, it was discovered that a beam of light
could knock electrons out of a hydrogen atom.  The
phenomenon became known as the photoelectric ef-
fect.  You can use Maxwell’s theory to get a rough idea
of why a wave of electric and magnetic force might be
able to pull electrons out of a surface, but the details all
come out wrong.  In 1905, in the same year that he
developed his theory of relativity, Einstein explained
the photoelectric effect by proposing that light con-
sisted of a beam of particles we now call photons.
When a metal surface is struck by a beam of photons,
an electron can be knocked out of the surface if it is
struck by an individual photon.  A simple formula for
the energy of the photons led to an accurate explanation
of all the experimental results related to the photoelec-
tric effect.

Despite its success in explaining the photoelectric
effect, Einstein’s photon picture of light was in conflict
not only with Maxwell’s theory, it conflicted with over
100 years of experiments which had conclusively
demonstrated that light was a wave.  This conflict was
not to be resolved in any satisfactory way until the
middle 1920s.

The particle nature of light helps but does not solve the
problems we have encountered in understanding the
behavior of the electron in hydrogen.  According to
Einstein’s photoelectric formula, the energy of a pho-
ton is inversely proportional to its wavelength.  The
longer wavelength red photons have less energy than
the shorter wavelength blue ones.  To explain the
special colors of light emitted by hydrogen, we have to
be able to explain why only photons with very special
energies can be emitted.

The Bohr Model
In 1913, the year after the nucleus was discovered,
Neils Bohr developed a somewhat ad hoc model that
worked surprisingly well in explaining hydrogen.  Bohr
assumed that the electron in hydrogen could travel on
only certain allowed orbits.  There was a smallest,
lowest energy orbit that is occupied by an electron in
cool hydrogen atoms.  The fact that this was the
smallest allowed orbit meant that the electron would
not spiral in and crush into the nucleus.

Using Maxwell’s theory, one views the electron as
radiating light continuously as it goes around the orbit.
In Bohr’s picture the electron does not radiate while in
one of the allowed orbits.  Instead it radiates, it emits a
photon, only when it jumps from one orbit to another.

To see why heated hydrogen radiates light, we need a
picture of thermal energy.  A gas, like a bottle of
hydrogen or the air around us, consists of molecules
flying around, bouncing into each other.  Any moving
object has extra energy due to its motion.  If all the parts
of the object are moving together, like a car traveling
down the highway, then we call this energy of motion
kinetic energy.  If the motion is the random motion of
molecules bouncing into each other, we call it thermal
energy.

The temperature of a gas is proportional to the average
thermal energy of the gas molecules.  As you heat a gas,
the molecules move faster, and their average thermal
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Figure 35-6
The allowed orbits of the Bohr Model.
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energy and temperature rises.  At the increased speed
the collisions between molecules are also stronger.

Consider what happens if we heat a bottle of hydrogen
gas.  At room temperature, before we start heating, the
electrons in all the atoms are sitting in their lowest
energy orbits.  Even at this temperature the atoms are
colliding but the energy involved in a room tempera-
ture collision is not great enough to knock an electron
into one of the higher energy orbits.  As a result, room
temperature hydrogen does not emit light.

When you heat the hydrogen, the collisions between
atoms become stronger.  Finally you reach a tempera-
ture in which enough energy is involved in a collision
to knock an electron into one of the higher energy
orbits.  The electron then falls back down, from one
allowed orbit to another until it reaches the bottom,
lowest energy orbit.  The energy that the electron loses
in each fall, is carried out by a photon.  Since there are
only certain allowed orbits, there are only certain
special amounts of energy that the photon can carry out.

To get a better feeling for how the model works,
suppose we number the orbits, starting at orbit 1 for the
lowest energy orbit, orbit 2 for the next lowest energy
orbit, etc.  Then it turns out that the photons in the red
spectral line are radiated when the electron falls from
orbit 3 to orbit 2.  The red photon’s energy is just equal
to the energy the electron loses in falling between these
orbits.  The more energetic blue photons carry out the
energy an electron loses in falling from orbit 4 to orbit
2, and the still more energetic violet photons corre-
spond to a fall from orbit 5 to orbit 2.  All the other jumps
give rise to photons whose energy is too large or too
small to be visible.  Those with too much energy are
ultraviolet photons, while those with too little are in the
infra red part of the spectrum.  The jump down to orbit
1 is the biggest jump with the result that all jumps down
to the lowest energy orbit results in ultraviolet photons.

It appears rather ad hoc to propose a theory where you
invent a large number of special orbits to explain what
we now know as a large number of spectral lines.  One
criterion for a successful theory in science is that you
get more out of the theory than you put in.  If Bohr had
to invent a new allowed orbit for each spectral line
explained, the theory would be essentially worthless.

However this is not the case for the Bohr model.  Bohr
found a simple formula for the electron energies of all
the allowed orbits.  This one formula in a sense explains
the many spectral lines of hydrogen.  A lot more came
out of Bohr’s model than Bohr had to put in.

The problem with Bohr’s model is that it is essentially
based on Newtonian mechanics, but there is no excuse
whatsoever in Newtonian mechanics for identifying
any orbit as special.  Bohr focused the problem by
discovering that the allowed orbits had special values
of a quantity called angular momentum.

Angular momentum is related to rotational motion, and
in Newtonian mechanics angular momentum increases
continuously and smoothly as you start to spin an
object.  Bohr could explain his allowed orbits by
proposing that there was a special unique value of
angular momentum—call it a unit of angular momen-
tum.  Bohr found, using standard Newtonian calcula-
tions, that his lowest energy orbit had one unit of
angular momentum, orbit 2 had two units, orbit 3 three
units, etc.  Bohr could explain his entire model by the
one assumption that angular momentum was quan-
tized, i.e., came only in units.

Bohr’s quantization of angular momentum is counter
intuitive, for it leads to the picture that when we start to
rotate an object, the rotation increases in a jerky fashion
rather than continuously.  First the object has no
angular momentum, then one unit, then 2 units, and on
up.  The reason we do not see this jerky motion when
we start to rotate something large like a bicycle wheel,
is that the basic unit of angular momentum is very
small.  We cannot detect the individual steps in angular
momentum, it seems continuous.  But on the scale of an
atom, the steps are big and have a profound effect.

With Bohr’s theory of hydrogen and Einstein’s theory
of the photoelectric effect, it was clear that classical
physics was in deep trouble.  Einstein’s photons gave
a lumpiness to what should have been a smooth wave
in Maxwell’s theory of light and Bohr’s model gave a
jerkiness to what should be a smooth change in angular
momentum.  The bumps and jerkiness needed a new
picture of the way matter behaves, a picture that was
introduced in 1924 by the graduate student Louis de
Broglie.
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PARTICLE-WAVE NATURE OF
MATTER
Noting the wave and particle nature of light,
de Broglie proposed that the electron had both a wave
and a particle nature.  While electrons had clearly
exhibited a particle behavior in various experiments, de
Broglie suggested that it was the wave nature of the
electron that was responsible for the special allowed
orbits in Bohr’s theory.  De Broglie presented a simple
wave picture where, in the allowed orbits, an integer
number of wavelengths fit around the orbit.  Orbit 1 had
one wavelength, orbit 2 had two wavelengths, etc.  In
De Broglie’s picture, electron waves in non allowed
orbits would cancel themselves out.  Borrowing some
features of Einstein’s photon theory of light waves, de
Broglie could show that the angular momentum of the
electron would have the special quantized values when
the electron wave was in one of the special, non
cancelling orbits.

With his simple wave picture, de Broglie had hit upon
the fundamental idea that was missing in classical
physics.  The idea is that all matter, not just light, has
a particle wave nature.

It took a few years to gain a satisfactory interpretation
of the dual particle wave nature of matter.  The current
interpretation is that things like photons are in fact
particles, but their motion is governed, not by Newto-
nian mechanics, but by the laws of wave motion.  How

this works in detail is the subject of our chapter on
Quantum Mechanics.  One fundamental requirement
of our modern interpretation of the particle wave is that,
for the interpretation to be meaningful, all forms of
matter, without exception, must have this particle wave
nature.  This general requirement is summarized by a
rule discovered by Werner Heisinberg, a rule known as
the uncertainty principle.  How the rule got that name
is also discussed in our chapter on quantum mechanics.

In 1925, after giving a seminar describing de Broglie’s
model of electron waves in hydrogen, Erwin
Schrödinger was chided for presenting such a “child-
ish” model.  A colleague reminded him  that waves do
not work that way, and suggested that since Schrödinger
had nothing better to do, he should work out a real wave
equation for the electron waves, and present the results
in a couple of weeks.

It took Schrödinger longer than a couple of weeks, but
he did succeed in constructing a wave equation for the
electron.   In many ways Schrödinger’s wave equation
for the electron is analogous to Maxwell’s wave equa-
tion for light.  Schrödinger’s wave equation for the
electron allows one to calculate the behavior of elec-
trons in all kinds of atoms.  It allows one to explain and
predict an atom’s electron structure and chemical
properties.  Schrödinger’s equation has become the
fundamental equation of chemistry.

r

Figure 35-9
De Broglie picture of an electron
wave cancelling itself out.

Figure 35-10
If the circumference of the orbit is an integer
number of wavelengths, the electron wave will go
around without any cancellation.
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CONSERVATION OF ENERGY
Before we go on with our investigation of the hydrogen
atom, we will take a short break to discuss the idea of
conservation of energy.  This idea, which originated in
Newtonian mechanics, survives more or less intact  in
our modern particle-wave picture of matter.

Physicists pay attention to the concept of energy only
because energy is conserved.  If energy disappears
from one place, it will show up in another.  We saw this
in the Bohr model of hydrogen.  When the electron lost
energy falling down from one allowed orbit to a lower
energy orbit, the energy lost by the electron was carried
out by a photon.

You can store energy in an object by doing work on the
object.  When you lift a ball off the floor, for example,
the work you did lifting the ball, the energy you
supplied, is stored in a form we call gravitational
potential energy.  Let go of the ball and it falls to the
floor, loosing its gravitational potential energy.  But
just before it hits the floor, it has a lot of energy of
motion, what we have called kinetic energy.  All the
gravitational potential energy the ball had before we
dropped it has been converted to kinetic energy.

After the ball hits the floor and is finally resting there,
it is hard to see where the energy has gone.  One place
it has gone is into thermal energy, the floor and the ball
are a tiny bit warmer as a result of your dropping the
ball.

Another way to store energy is to compress a spring.
When you release the spring you can get the energy
back.  For example, compress a watch spring by
winding up the watch, and the energy released as the
spring unwinds will run the watch for a day.  We could
call the energy stored in the compressed spring spring
potential energy.  Physicists invent all sorts of names
for the various forms of energy.

One of the big surprises in physics was Einstein’s
discovery of the equivalence of mass and energy, a
relationship expressed by the famous equation

 E = mc2 .  In that equation, E stands for the energy of
an object, m its mass, and c is the speed of light.  Since
the factor  c2  is a constant, Einstein’s equation is
basically saying that mass is a form of energy.  The  c2

is there because mass and energy were initially thought
to be different quantities with different units like kilo-
grams and joules.  The  c2  simply converts mass units
into energy units.

What is amazing is the amount of energy that is in the
form of mass.  If you could convert all the mass of a
pencil eraser into electrical energy, and sell the electri-
cal energy at the going rate of 10¢ per kilowatt hour,
you would get about 10 million dollars for it.  The
problem is converting the mass to another, more useful,
form of energy.  If you can do the conversion, however,
the results can be spectacular or terrible.  Atomic and
hydrogen bombs get their power from the conversion
of a small fraction of their mass energy into thermal
energy.  The sun gets its energy by “burning” hydrogen
nuclei to form helium nuclei.  The energy comes from
the fact that a helium nucleus has slightly less mass than
the hydrogen nuclei out of which it was formed.

If you have a particle at rest and start it moving, the
particle gains kinetic energy.  In Einstein’s view the
particle at rest has energy due to its rest mass.  When
you start the particle moving, it gains energy, and since
mass is equivalent to energy, it also gains mass.  For
most familiar speeds the increase in mass due to kinetic
energy is very small.  Even at the speeds travelled by
rockets and spacecraft, the increase in mass due to
kinetic energy is hardly noticeable.  Only when a
particle’s speed gets up near the speed of light does the
increase in mass become significant.
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One of the first things we discussed about the behavior
of matter is that nothing can travel faster than the speed
of light.  You might have wondered if nature had traffic
cops to enforce this speed limit.  It does not need one,
it uses a law of nature instead.  As the speed of an object
approaches the speed of light, its mass increases.  The
closer to the speed of light, the greater increase in mass.
To push a particle up to the speed of light would give
it an infinite mass and therefore require an infinite
amount of energy.  Since that much energy is not
available, no particle is going to exceed nature’s speed
limit.

This raises one question.  What about photons?  They
are particles of light and therefore travel at the speed of
light.  But their energy is not infinite.  It depends instead
on the wavelength or color of the photon.  Photons
escape the rule about mass increasing with speed by
starting out with no rest mass.  You stop a photon and
nothing is left.  Photons can only exist by traveling at
the speed of light.

When a particle is traveling at speeds close enough to
the speed of light that its kinetic energy approaches its
rest mass energy, the particle behaves differently than
slowly moving particles.  For example, push on a
slowly moving particle and you can make the particle
move faster.  Push on a particle already moving at
nearly the speed of light, and you merely make the
particle more massive since it cannot move faster.
Since the relationship between mass and energy came
out of Einstein’s theory of relativity, we say that
particles moving near the speed of light obey relativis-
tic mechanics while those moving slowly are nonrela-
tivistic.  Light is always relativistic, and all automobiles
on the earth are nonrelativistic.

ANTI-MATTER
Schrödinger’s equation for electron waves is a nonrela-
tivistic theory.  It accurately describes electrons that are
moving at speeds small compared to the speed of light.
This is fine for most studies in chemistry, where
chemical energies are much much less than rest mass
energies.  You can see the difference for example by
comparing the energy released by a conventional chemi-
cal bomb and an atomic bomb.

Schrödinger of course knew Einstein’s theory of rela-
tivity, and initially set out to derive a relativistic wave
equation for the electron.  This would be an equation
that would correctly explain the behavior of electrons
even as the speed of the electrons approached the speed
of light and their kinetic energy became comparable to
or even exceeded their rest mass energy.

Schrödinger did construct a relativistic wave equation.
The problem was that the equation had two solutions,
one representing ordinary electrons, the other an appar-
ently impossible particle with a negative rest mass.  In
physics and mathematics we are often faced with
equations with two or more solutions.  For example, the
formula for the hypotenuse c of a right triangle with
sides of lengths a and b is

  c2 = a2 + b2

This equation has two solutions, namely
 c = + a2 + b2  and  c = – a2 + b2 .  The negative

solution does not give us much of a problem, we simply
ignore it.

Schrödinger could not ignore the negative mass solu-
tions in his relativistic wave equation for the following
reason.  If he started with just ordinary positive mass
electrons and let them interact, the equation predicted
that the negative mass solutions would be created!  The
peculiar solutions could not be ignored if the equation
was to be believed.  Only by going to his nonrelativistic
equation could Schrödinger avoid the peculiar solu-
tions.

a

b
c
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A couple years later, Dirac tried again to develop a
relativistic wave equation for the electron.  At first it
appeared that Dirac’s equation would avoid the nega-
tive mass solutions, but with little further work, Dirac
found that the negative mass solutions were still there.
Rather than giving up on his new equation, Dirac found
a new interpretation of these peculiar solutions.  Instead
of viewing them as negatively charged electrons with
a negative mass, he could interpret them as positive
mass particles with a positive electric charge.  Accord-
ing to Dirac’s equation, positive and negative charged
solutions could be created or destroyed in pairs.  The
pairs could be created any time enough energy was
available.

Dirac predicted the existence of this positively charged
particle in 1929.  It was not until 1933 that Carl
Anderson at Caltech, who was studying the elementary
particles that showered down from the sky (particles
called cosmic rays), observed a positively charged
particle whose mass was the same as that of the
electron.  Named the positron, this particle was imme-
diately identified as the positive particle expected from
Dirac’s  equation.

In our current view of matter, all particles are described
by relativistic wave equations, and all relativistic wave
equations have two kinds of solutions.  One solution is
for ordinary matter particles like electrons, protons,
and neutrons.  The other solution, which we now call
antimatter, describes anti particles, the antielectron
which is the positron, and the antiproton and the
antineutron.  Since all antiparticles can be created or
destroyed in particle-anti particle pairs, the antiparticle
has to have the opposite conserved property so that the
property will remain conserved.  As an example, the
positron has the opposite charge as the electron so that
electric charge is neither created or destroyed when
electron-positron pairs appear or disappear.

While all particles have antiparticles, some particles
like the photon, have no conserved properties other
than energy.  As a result, these particles are indistin-
guishable from their antiparticles.

PARTICLE NATURE OF FORCES
De Broglie got his idea for the wave nature of the
electron from the particle-wave nature of light.  The
particle of light is the photon which can knock electrons
out of a metal surface.  The wave nature is the wave of
electric and magnetic force that was predicted by
Maxwell’s theory.  When you combine these two
aspects of light, you are led to the conclusion that
electric and magnetic forces are ultimately caused by
photons.  We call any force resulting from electric or
magnetic forces as being due to the electric interaction.
The photon is the particle responsible for the electric
interaction.

Let us see how our picture of the hydrogen atom has
evolved as we have learned more about the particles
and forces involved.  We started with a miniature solar
system with the heavy proton at the center and an
electron in orbit.  The force was the electric force that
in many ways resembled the gravitational force that
keeps the earth in orbit around the sun.  This picture
failed, however, when we tried to explain the light
radiated by heated hydrogen.

The next real improvement comes with Schrödinger’s
wave equation describing the behavior of the electron
in hydrogen.  Rather than there being allowed orbits as
in Bohr’s model, the electron in Schrödinger’s picture
has allowed standing wave patterns.  The chemical
properties of atoms can be deduced from these wave
patterns, and Schrödinger’s equation leads to accurate
predictions of the wavelengths of light radiated not
only by hydrogen but other atoms as well.

There are two limitations to Schrödinger’s equation.
One of the limitations we have seen is that it is a non
relativistic equation, an equation that neglects any
change in the electron’s mass due to motion.  While this
is a very good approximation for describing the slow
speed electron in hydrogen, the wavelengths of light
radiated by hydrogen can be measured so accurately
that tiny relativistic effects can be seen.  Dirac’s relativ-
istic wave equation is required to explain these tiny
relativistic corrections.
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The second limitation is that neither Schrödinger’s or
Dirac’s equations take into account the particle nature
of the electric force holding hydrogen together.  In the
hydrogen atom, the particle nature of the electric force
has only the very tiniest effect on the wavelength of the
radiated light.  But even these effects can be measured
and the particle nature must be taken into account.  The
theory that takes into account both the wave nature of
the electron and the particle nature of the electric force
is called quantum electrodynamics, a theory finally
developed in 1947 by Richard Feynman and Julian
Schwinger.  Quantum electrodynamics is the most
precisely tested theory in all of science.

In our current picture of the hydrogen atom, as de-
scribed by quantum electrodynamics, the force be-
tween the electron and the proton nucleus is caused by
the continual exchange of photons between the two
charged particles.  While being exchanged, the photon
can do some subtle things like create a positron electron
pair which quickly annihilates.  These subtle things
have tiny but measurable effects on the radiated wave-
lengths, effects that correctly predicted by the theory.

The development of quantum electrodynamics came
nearly 20 years after Dirac’s equation because of
certain mathematical problems the theory had to over-
come.  In this theory, the electron is treated as a point
particle with no size.  The accuracy of the predictions
of quantum electrodynamics is our best evidence that
this is the correct picture.  In other words, we have no
evidence that the electron has a finite size, and a very
accurate theory which assumes that it does not.  How-
ever, it is not easy to construct a mathematical theory in
which a finite amount of mass and energy is crammed
into a region of no size.  For one thing you are looking
at infinite densities of mass and energy.

Renormalization
The early attempts to construct the theory of quantum
electrodynamics were plagued by infinities.  What
would happen is that you would do an initial approxi-
mate calculation and the results would be good.  You
would then try to improve the results by calculating
what were supposed to be tiny corrections, and the
corrections turned out to be infinitely large.  One of the
main accomplishments of Feynman and Schwinger
was to develop a mathematical procedure, sort of a
mathematical slight of hand, that got rid of the infini-
ties.  This mathematical procedure became known as
renormalization.

Feynman always felt that renormalization was simply
a trick to cover up our ignorance of a deeper more
accurate picture of the electron.  I can still hear him
saying this during several seminars.  It turned out
however that renormalization became an important
guide in developing theories of other forces.  We will
shortly encounter two new forces as we look down into
the atomic nucleus, forces called the nuclear interac-
tion and the weak interaction.  Both of these forces
have a particle-wave nature like the electric interaction,
and the successful theories of these forces used
renormalization as a guide.

Figure 8-33
Einstein’s theory of gravity predicted that Mercury’s
elliptical orbit “precessed” or rotated somewhat like the
rotation seen in the above orbit. Mercury’s precession
is much, much smaller.
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Gravity
The one holdout, the one force for which we do not
have a successful theory, is gravity.  We have come a
long way since Newton’s law of gravity.  After Einstein
developed his theory of relativity in 1905, he spent the
next 12 years working on a relativistic theory of
gravity.  The result, known as general relativity is a
theory of gravity that is in many ways similar to
Maxwell’s theory of electricity.  Einstein’s theory
predicts, for example, that a planet in orbit about a star
should emit gravitational waves in much the same way
that Maxwell’s theory predicts that an electron in orbit
about a nucleus should emit electromagnetic radiation
or light.

One of the difficulties working with Einstein’s theory
of gravity is that Newton’s theory of gravity explains
almost everything we see, and you have to look very
hard in places where Newton’s law is wrong and
Einstein’s theory is right.  There is an extremely small
but measurable correction to the orbit of Mercury that
Newton’s theory cannot explain and Einstein’s theory
does.

Einstein’s theory also correctly predicts how much
light will be deflected by the gravitational attraction of
a star.  You can argue that because light has energy and
energy is equivalent to mass, Newton’s law of gravity
should also predict that starlight should be deflected by
the gravitational pull of a star.  But this Newtonian
argument leads to half the deflection predicted by
Einstein’s theory, and the deflection predicted by Ein-
stein is observed.

The gravitational radiation predicted by Einstein’s
theory has not been detected directly, but we have very
good evidence for its existence.  In 1974 Joe Taylor
from the University of Massachusetts, working at the
large radio telescope at Arecibo discovered a pair of
neutron stars in close orbit about each other.  We will
have more to say about neutron stars later.  The point is
that the period of the orbit of these stars can be
measured with extreme precision.

Einstein’s theory predicts that the orbiting stars should
radiate gravitational waves and spiral in toward each
other.  This is reminiscent of what we got by applying
Maxwell’s theory to the electron in hydrogen, but in the
case of the pair of neutron stars the theory worked.  The
period of the orbit of these stars is changing in exactly
the way one would expect if the stars were radiating
gravitational waves.

If our wave-particle picture of the behavior of matter is
correct, then the gravitational waves must have a
particle nature like electromagnetic waves.  Physicists
call the gravitational particle the graviton.  We think we
know a lot about the graviton even though we have not
yet seen one.  The graviton should, like the photon,
have no rest mass, travel at the speed of light, and have
the same relationship between energy and wavelength.

One difference is that because the graviton has energy
and therefore mass, and because gravitons interact with
mass, gravitons interact with themselves.  This self
interaction significantly complicates the theory of grav-
ity.  In contrast photons interact with electric charge,
but photons themselves do not carry charge.  As a
result, photons do not interact with each other which
considerably simplifies the theory of the electric inter-
action.

An important difference between the graviton and the
photon, what has prevented the graviton from being
detected, is its fantastically weak interaction with mat-
ter.  You saw that the gravitational force between the
electron and a proton is a thousand billion billion billion
billion times weaker than the electric force.  In effect
this makes the graviton a thousand billion billion
billion billion times harder to detect.  The only reason
we know that this very weak force exists at all is that it
gets stronger and stronger as we put more and more
mass together, to form large objects like planets and
stars.
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Not only do we have problems thinking of a way to
detect gravitons, we have run into a surprising amount
of difficulty constructing a theory of gravitons.  The
theory would be known as the quantum theory of
gravity, but we do not yet have a quantum theory of
gravity.  The problem is that the theory of gravitons
interacting with point particles,  the gravitational anal-
ogy of quantum electrodynamics, does not work.  The
theory is not renormalizable, you cannot get rid of the
infinities.  As in the case of the electric interaction the
simple calculations work well, and that is why we think
we know a lot about the graviton.  But when you try to
make what should be tiny relativistic corrections, the
correction turns out to be infinite.  No mathematical
slight of hand has gotten rid of the infinities.

The failure to construct a consistent quantum theory of
gravity interacting with point particles has suggested to
some theoretical physicists that our picture of the
electron and some other particles being point particles
is wrong.  In a new approach called string theory, the
elementary particles are view not as point particles but
instead as incredibly small one dimensional objects
called strings.  The strings vibrate, with different
modes of vibration corresponding to different elemen-
tary particles.

String theory is complex.  For example, the strings exist
in a world of 10 dimensions, whereas we live in a world
of 4 dimensions.  To make string theory work, you have
to explain what happened to the other six dimensions.

Another problem with string theory is that it has not led
to any predictions that distinguish it from other theo-
ries.  There are as yet no tests, like the deflection of
starlight by the sun, to demonstrate that string theory is
right and other theories are wrong.

String theory does, however, have one thing going for
it.  By spreading the elementary particles out from zero
dimensions (points) to one dimensional objects (strings),
the infinities in the theory of gravity can be avoided.

A SUMMARY
Up to this point our focus has been on the hydrogen
atom.  The physical magnification has not been too
great, we are still picturing the atom as an object
magnified to the size of a basketball with two particles,
the electron and proton, that are too small to see.  They
may or may not have some size, but we cannot tell at
this scale.

What we have done is change our perception of the
atom.  We started with a picture that Newton would
recognize, of a small solar system with the massive
proton at the center and the lighter electron held in orbit
by the electric force.  When we modernize the picture
by including Maxwell’s theory of electricity and mag-
netism, we run into trouble.  We end up predicting that
the electron will lose energy by radiating light, soon
crashing into the proton.  Bohr salvaged the picture by
introducing his allowed orbits and quantized angular
momentum, but the success of Bohr’s theory only
strengthened the conviction that something was funda-
mentally wrong with classical physics.

Louis de Broglie pointed the way to a new picture of the
behavior of matter by proposing that all matter, not just
light, had a particle-wave nature.  Building on de
Broglie’s idea, Schrödinger developed a wave equa-
tion that not only describes the behavior of the electron
in hydrogen, but in larger and more complex atoms as
well.

While Schrödinger’s non relativistic wave equation
adequately explains most classical phenomena, even in
the hydrogen atom, there are tiny but observable rela-
tivistic effects that Dirac could explain with his relativ-
istic wave equation for the electron.  Dirac handled the
problem of all relativistic wave equations having two
solutions by reinterpreting the second solution as rep-
resenting antimatter.
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Dirac’s equation is still not the final theory for hydro-
gen because it does not take into account the fact that
electric forces are ultimately caused by photons.  The
wave theory of the electron that takes the photon nature
of the electric force into account is known as quantum
electrodynamics.  The predictions of quantum electro-
dynamics are in complete agreement with experiment,
it is the most precisely tested theory in science.

The problems resulting from treating the electron as a
point particle were handled in quantum electrodynam-
ics by renormalization.  Renormalization does not
work, however, when one tries to formulate a quantum
theory of gravity where the gravitational force par-
ticle—the graviton—interacts with point particles.  This
has led some theorists to picture the electron not as a
point but as an incredibly small one dimensional object
called a string.  While string theory is renormalizable,
there have been no experimental tests to show that
string theory is right and the point particle picture is
wrong.  This is as far as we can take our picture of the
hydrogen atom without taking a closer look at the
nucleus.

THE NUCLEUS
To see the nucleus we have to magnify our hydrogen
atom to a size much larger than a basketball.  When the
atom is enlarged so that it would just fill a football
stadium, the nucleus, the single proton, would be about
the size of a pencil eraser.  The proton is clearly not a
point particle like the electron.  If we enlarge the atom
further to get a better view of the nucleus, to the point
where the proton looks as big as a grapefruit, the atom
is about 10 kilometers in diameter.  This grapefruit
sized object weighs 1836 times as much as the electron,
but it is the electron wave that occupies the 10 kilometer
sphere of space surrounding the proton.

Before we look inside the proton, let us take a brief look
at the nuclei of some other atoms.  Once in a great while
you will find a hydrogen nucleus with two particles.
One is a proton and the other is the electrically neutral
particles called the neutron.  Aside from the electric
charge, the proton and neutron look very similar.  They
are about the same size and about the same mass.  The
neutron is a fraction of a percent heavier than the
proton, a small mass difference that will turn out to have
some interesting consequences.

As we mentioned, the type of element is determined by
the number of protons in the nucleus.  All hydrogen
atoms have one proton, all helium atoms 2 protons, etc.
But for the same element there can be different num-
bers of neutrons in the nucleus.  Atoms with the same
numbers of protons but different numbers of neutrons
are called different isotopes of the element.  Another
isotope of hydrogen, one that is unstable and decays in
roughly 10 years, is a nucleus with one proton and two
neutrons called tritium.

The most stable isotope of helium is helium 4, with 2
protons and 2 neutrons.  Helium 3 with 2 protons and
one neutron is stable but very rare.  Once we get beyond
hydrogen we name the different isotopes by adding a
number after the name, a number representing the total
number of protons and neutrons.  For example the
heaviest, naturally occurring atom is the isotope Ura-
nium 238, which has 92 protons and 146 neutrons for
a total of 238 nuclear particles, or nucleons as we
sometimes refer to them.
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Figure 19-2
Isotopes of hydrogen and helium.
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The nucleons in a nucleus pack together much like the
grapes in a bunch, or like a bag of grapefruit.  At our
enlargement where a proton looks as big as a grapefruit,
the uranium nucleus would be just over half a meter in
diameter, just big enough to hold 238 grapefruit.

When you look at a uranium nucleus with its 92
positively charged protons mixed in with electrically
neutral neutrons, then you have to wonder, what holds
the thing together?  The protons, being all positively
charged, all repel each other.  And because they are so
close together in the nucleus, the repulsion is extremely
strong. It is much stronger than the attractive force felt
by the distant negative electrons.  There must be
another kind of force, and attractive force, that keeps
the protons from flying apart.

The attractive force is not gravity.  Gravity is so weak
that it is virtually undetectable on an atomic scale.  The
attractive force that overpowers the electric repulsion is
called the nuclear force.  The nuclear force between
nucleons is attractive, and essentially blind to the
difference between a proton and a neutron.  To the
nuclear force, a proton and a neutron look the same.
The nuclear force has no effect whatsoever on an
electron.

One of the important features of the nuclear force
between nucleons is that it has a short range.  Compared
to the longer range electric force, the nuclear force is
more like a contact cement.  When two protons are next
to each other, the attractive nuclear force is stronger
than the electric repulsion.  But separate the protons by
more than about 4 protons diameters and the electric
force is stronger.

If you make nuclei by adding nucleons to a small
nucleus, the object becomes more and more stable
because all the nucleons are attracting each other.  But
when you get to nuclei whose diameter exceeds around
4 proton diameters, protons on opposite sides of the
nucleus start to repel each other.  As a result nuclei
larger than that become less stable as you make them
bigger.  The isotope Iron 56 with 26 protons and 30
neutrons, is about 4 proton diameters across and is the
most stable of all nuclei.  When you reach Uranium
which is about 6 proton diameters across, the nucleus
has become so unstable that if you jostle it by hitting it
with a proton, it will break apart into two roughly equal
sized more stable nuclei.  Once apart, the smaller nuclei
repel each other electrically and fly apart releasing
electric potential energy.  This process is called nuclear
fission and is the source of energy in an atomic bomb.

While energy is released when you break apart the
large unstable nuclei, energy is also released when you
add nucleons to build up the smaller, more stable
nuclei.  For example, if you start with four protons (four
hydrogen nuclei), turn two of the protons into neutrons
(we will see how to do this shortly) and put them
together to form stable helium 4 nucleus, you get a
considerable release of energy.  You can easily figure
out how much energy is released by noting that 4
protons have a mass that is about .7 percent greater than
a helium nucleus.  As a result when the protons
combine to form helium, about .7 percent of their mass
is converted to other forms of energy.  Our sun is
powered by this energy release as it “burns” hydrogen
to form helium.  This process is called nuclear fusion
and is the source of the energy of the powerful hydro-
gen bombs.

Figure 19-1
Styrofoam ball model of the uranium nucleus..
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STELLAR EVOLUTION
Our sun is about half way through burning up the
hydrogen in its hot, inner core.  When the hydrogen is
exhausted in another 5 billion years, the sun will
initially cool and start to collapse.  But the collapse will
release gravitational potential energy that makes the
smaller sun even hotter than it was before running out
of hydrogen.  The hotter core will emit so much light
that the pressure of the light will expand the surface of
the sun out beyond the earth’s orbit, and the sun will
become what is known as a red giant star.  Soon, over
the astronomically short time of a few million years, the
star will cool off becoming a dying, dark ember about
the size of the earth.  It will become what is known as
a black dwarf.

If the sun had been more massive when the hydrogen
ran out and the star started to collapse, then more
gravitational potential energy would have been re-
leased. The core would have become hotter, hot enough
to ignite the helium to form the heavier nucleus carbon.
Higher temperatures are required to burn helium be-
cause the helium nuclei, with two protons, repel each
other with four times the electric repulsion than hydro-
gen nuclei.  As a result more thermal energy is required
to slam the helium nuclei close enough for the attractive
nuclear force to take over.

Once the helium is burned up, the star again starts to
cool and contract, releasing more gravitational poten-
tial energy until it becomes hot enough to burn the
carbon to form oxygen nuclei.  This cycle keeps
repeating, forming one element after another until we
get to Iron 56.  When you have an iron core and the star
starts to collapse and gets hotter, the iron does not burn.
You do not get a release of energy by making nuclei
larger than iron.  As a result the collapse continues
resulting in a huge implosion.

Once the center collapses, a strong shock wave races
out through the outer layers of the star, tearing the star
apart.  This is called a supernova explosion.  It is in
these supernova explosions with their extremely high
temperatures that nuclei larger than iron are formed.
All the elements inside of you that are down the
periodic table from iron were created in a supernova.
Part of you has already been through a supernova
explosion.

What is left behind of the core of the star depends on
how massive the star was to begin with.  If what remains
of the core is 1.4 times as massive as our sun, then the
gravitational force will be strong enough to cram the
electrons into the nuclei, turning all the protons into
neutrons, and leaving behind a ball of neutrons about
20 kilometers in diameter.  This is called a neutron star.
A neutron star is essentially a gigantic nucleus held
together by gravity instead of the nuclear force.

If you think that squeezing the mass of a star into a ball
20 kilometers in diameter is hard to picture (at this
density all the people on the earth would fit into the
volume of a raindrop), then consider what happens if
the remaining core is about six times as massive as the
sun.  With such mass, the gravitational force is so strong
that the neutrons are crushed and the star becomes
smaller and smaller.

The matter in a neutron star is about as rigid as matter
can get.  The more rigid a substance is, the faster sound
waves travel through the substance.  For example,
sound travels considerably faster through steel than air.
The matter in a neutron star is so rigid, or shall we say
so incompressible, that the speed of sound approaches
the speed of light.

Figure 4
1987 supernova as seen by the Hubble telescope.
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When gravity has crushed the neutrons in a neutron
star, it has overcome the strongest resistance any
known force can possibly resist.  But, as the collapse
continues, gravity keeps getting stronger.  According
to our current picture of the behavior of matter, a rather
unclear picture in this case, the collapse continues until
the star becomes a point with no size.  Well before it
reaches that end, gravity has become so strong that light
can no longer escape, with the result that these objects
are known as black holes.

We have a fuzzy picture of what lies at the center of a
black hole because we do not have a quantum theory of
gravity.  Einstein’s classical theory of gravity predicts
that the star collapses to a point, but before that happens
we should reach a state where the quantum effects of
gravity are important.  Perhaps string theory will give
us a clue as to what is happening.  We will not learn by
looking because light cannot get out.

The formation of neutron stars and black holes empha-
sizes an important feature of gravity.  On an atomic
scale, gravity is the weakest of the forces we have
discussed so far.  The gravitational force between an
electron and a proton is a thousand billion billion billion
billion (  1039 ) times weaker than the electric force.  Yet
because gravity is long range like the electric force, and
has no cancellation, it ends up dominating all other
forces, even crushing matter as we know it, out of
existence.

The Weak Interaction
In addition to gravity, the electric interaction and the
nuclear force, there is one more basic force or interac-
tion in nature given the rather bland name the weak
interaction.  While considerably weaker than electric
or nuclear forces, it is far far stronger than gravity on a
nuclear scale.

A distinctive feature of the weak interaction is its very
short range.  A range so short that only with the
construction of the large accelerators since 1970 has
one been able to see the weak interaction behave more
like the other forces.  Until then, the weak interaction
was known only by reactions it could cause, like
allowing a proton to turn into a neutron or vice versa.

Because of the weak interaction, an individual neutron
is not stable.  Within an average time of about 10
minutes it decays into a proton and an electron.  Some-
times neutrons within an unstable nucleus also decay
into a proton and electron.  This kind of nuclear decay
was observed toward the end of the nineteenth century
when knowledge of elementary particles was very
limited, and the electrons that came out in these nuclear
decays were identified as some kind of a ray called a
beta ray.  (There were alpha rays which turned out to
be helium nuclei, beta rays which were electrons, and
gamma rays which were photons.)  Because the elec-
trons emitted during a neutron decay were called beta
rays, the process is still known as the beta decay
process.

The electron is emitted when a neutron decays in order
to conerve electric charge.  When the neutral neutron
decays into a positive proton, a negatively charged
particle must also be emitted so that the total charge
does not change.  The lightest particle available to carry
out the negative charge is the electron.

Early studies of the beta decay process indicated that
while electric charge was conserved, energy was not.
For example, the rest mass of a neutron is nearly 0.14
percent greater than the rest mass of a proton.  This
mass difference is about four times larger than the rest
mass of the electron, thus there is more than enough

Figure 5
Hubble telescope’s first view of a lone neutron star in
visible light. This star is no greater than 16.8 miles (28
kilometers) across.
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mass energy available to create the electron when the
neutron decays.  If energy is conserved, you would
expect that the energy left over after the electron is
created would appear as kinetic energy of the electron.

Careful studies of the beta decay process showed that
sometimes the electron carried out the expected amount
of energy and sometimes it did not.  These studies were
carried out in the 1920s, when not too much was known
about nuclear reactions.  There was a serious debate
about whether energy was actually conserved on the
small scale of the nucleus.

In 1929, Wolfgang Pauli proposed that energy was
conserved, and that the apparenty missing energy was
carried out by an elusive particle that had not yet been
seen.  This elusive particle, which became known as the
neutrino or “little neutral one”, had to have some rather
peculiar properties.  Aside from being electrically
neutral, it had to have essentially no rest mass because
in some reactions the electron was seen to carry out all
the energy, leaving none to create a neutrino rest mass.

The most bizarre property f the neutrino was its
undetectability.  It had to pass through matter leaving
no trace.  It was hard to believe such a particle could
exist, yet on the other hand, it was hard to believe
energy was not conserved.  The neutrino was finally
detected thirty years later and we are now quite confi-
dent that energy is conserved on the nuclear scale.

The neutrino is elusive because it interacts with matter
only through the weak interaction (and gravity).  Pho-
tons interact via the strong electric interaction and are
quickly stopped when they encounter the electric charges
in matter.  Neutrinos can pass through light years of
lead before there is a good chance that they will be
stopped.  Only in the collapsing core of an exploding
star or in the very early universe is matter dense enough
to significantly absorb neutrinos.  Because neutrinos
have no rest mass, they, like photons, travel at the speed
of light.

Leptons
We now know that neutrinos are emitted in the beta
decay process because of another conservation law, the
conservation of leptons.  The leptons are a family of
light particles that include the electron and the neutrino.
When an electron is created, an anti neutrino is also
created so that the number of leptons does not change.

Actually there are three distinct conservation laws for
leptons.  The lepton family consists of six particles, the
electron, two more particles with rest mass and three
different kinds of neutrino.  The other massive particles
are the muon which is 207 times as massive as the
electron, and the recently discovered tau particle which
is 3490 times heavier.  The three kinds of neutrino are
the electron type neutrino, the muon type neutrino
and the tau type neutrino.  The names come from the
fact that each type of particle is separately conserved.
For example when a neutron decays into a proton and
an electron is created, it is an anti electron type neu-
trino that is created at the same time to conserve
electron type particles.

In the other common beta decay process, where a
proton turns into a neutron, a positron is created to
conserve electric charge.  Since the positron is the anti
particle of the electron, its opposite, the electron type
neutrino, must be created to conserve leptons.
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Nuclear Structure
The light nuclei, like helium, carbon, oxygen, gener-
ally have about equal numbers of protons and neutrons.
As the nuclei become larger we find a growing excess
of neutrons over protons.  For example when we get up
to Uranium 238, the excess has grown to 146 neutrons
to 92 protons.

The most stable isotope of a given element is the one
with the lowest possible energy.  Because the weak
interaction allows protons to change into neutrons and
vice versa, the number of protons and neutrons in a
nucleus can shift until the lowest energy combination
is reached.

Two forms of energy that play an important role in their
proess are the extra mass energy of the neutrons, and
the electric potential energy of the protons.  It takes a lot
f to shove two protons together against their electric
repulsion.  The work you do in shoving them together
is stored as electric potential energy which will be
released if you let go and the particles fly apart.  This
energy will not be released, however, if the protons are
latched together by the nuclear force.  But in that case
the electric potential energy can be released by turning
one of the protons into a neutron.  This will happen if
enough electric potential energy is available not only to
create the extra neutron rest mass energy, but also the
positron required to conserve electric charge.

The reason that the large nuclei have an excess of
neutrons over protons is that electric potential energy
increases faster with increasing number of protons than
neutron mass energy does with increasing numbers of
neutrons.  The amount of extra neutron rest mass
energy is more or less proportional to the number of
neutrons.  But the increase in electric potential energy
as you add a proton depends on the number of protons
already in the nucleus.  The more protons already there,
the stronger the electric repulsion when you try to add
another proton, and the greater the potential energy
stored.  As a result of this increasing energy cost of
adding more protons, the large nuclei find their lowest
energy balance having an excess of neutrons.

A CONFUSING PICTURE
By 1932, the basic picture of matter looked about as
simple as it can possibly get.  The elementary particles
were the proton, neutron, and electron.  Protons and
neutrons were held together in the nucleus by the
nuclear force, electrons were bound to nuclei by the
electric force to form atoms, a residual of the electric
force held atoms together to form molecules, crystals
and living matter, and gravity held large chunks of
matter together for form planets, stars and galaxies.
The rules governing the behavior of all this was quan-
tum mechanics on a small scale, which became New-
tonian mechanics on the larger scale of our familiar
world.  There were a few things still to be straightened
out, such as the question as to whether energy was
conserved in beta decays, and in fact why beta decays
occurred at all, but it looked as if these loose ends
should be soon tied up.

The opposite happened.  By 1960, there were well over
100 so called elementary particles, all of them unstable
except for the familiar electron, proton and neutron.
Some lived long enough to travel kilometers down
through the earth’s atmosphere, others long enough to
be observed in particle detectors.  Still others had such
short lifetimes that, even moving at nearly the speed of
light, they could travel only a few proton diameters
before decaying. With few exceptions, these particles
were unexpected and their behavior difficult to explain.
Where they were expected, they were incorrectly iden-
tified.

One place to begin the story of the progression of
unexpected particles is with a prediction made in 1933
by Heidi Yukawa.  Yukawa proposed a new theory of
the nuclear force.  Noting that the electric force was
ultimately caused by a particle, Yukawa proposed that
the nuclear force holding the protons and neutrons
together in the nucleus was also caused by a particle, a
particle that became known as the nuclear force me-
son.  The zero rest mass photon gives rise to the long
range electric force.  Yukawa developed a wave equa-
tion for the nuclear force meson in which the range of
the force depends on the rest mass of the meson.  The
bigger the rest mass of the meson, the shorter the range.
(Later in the text, we will use the uncertainty principle
to explain this relationship between the range of a force
and the rest mass of the particle causing it.)
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From the fact that iron is the most stable nucleus,
Yukawa could estimate that the range of the nuclear
force is about equal to the diameter of an iron nucleus,
about four proton diameters.  From this, he predicted
that the nuclear force meson should have a rest mass
bout 300 times the rest mass of the electron (about 1/6
the rest mass of a proton).

Shortly after Yukawa’s prediction, the muon was
discovered in the rain of particles that continually strike
the earth called cosmic rays.  The rest mass of the muon
was found to be about 200 times that of the electron, not
too far off the predicted mass of Yukawa’s particle.  For
a while the muon was hailed as Yukawa’s nuclear force
meson.  But further studies showed that muons could
travel considerable distances through solid matter.  If
the muon were the nuclear force meson, it should
interact strongly with nuclei and be stopped rapidly.
Thus the muon was seen as not being Yukawa’s
particle.  Then there was the question of what role the
muon played.  Why did nature need it?

In 1947 another particle called the π  meson was
discovered.  (There were actually three π  mesons, one
with a positive charge, the   π+ , one neutral, the  π° , and
one with a negative charge, the   π– .)  The π  mesons
interacted strongly with nuclei, and had the mass close
to that predicted by Yukawa, 274 electron masses.  The
π  mesons were then hailed as Yukawa’s nuclear force
meson.

However, at almost the same time, another particle
called the K meson, 3.5 times heavier than the π
meson, was discovered.  It also interacted strongly with
nuclei and clearly played a role in the nuclear force.
The nuclear force was becoming more complex than
Yukawa had expected.

Experiments designed to study the π  and K mesons
revealed other particles more massive than protons and
neutrons that eventually decayed into protons and
neutrons.  It became clear that the proton and neutron
were just the lightest members of a family of proton like
particles.  The number of particles in the proton family
was approaching 100 by 1960.  During this time it was
also found that the π  and K mesons were just the
lightest members of another family of particles whose
number exceeded 100 by 1960.  It was rather mind

boggling to think of the nuclear force as being caused
by over 100 different kinds of mesons, while the
electric force had only one particle, the photon.

One of the helpful ways of viewing matter at that time
was to identify each of the particle decays with one of
the four basic forces.  The very fastest decays were
assumed to be caused by the strong nuclear force.
Decays that were about 100 times slower were identi-
fied with the slightly weaker electric force.  Decays that
took as long as a billionth of a second, a relatively long
lifetime, were found to be caused by the weak interac-
tion.  The general scheme was the weaker the force, the
longer it took to cause a particle decay.
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First bubble chamber
photograph of the   Ω–

particle. The   Ω–,Ξ0,Λ0

and   p + are all members
of the proton family, the
K’s and π’s are mesons,
the γ ’s are photons and
the  e–  and  e+ are
electrons and positrons.
Here we see two
examples of the creation
of an electron-positron
pair by a photon.
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QUARKS
The mess seen in 1960 was cleaned up, brought into
focus, primarily by the work of Murray Gell-Mann.  In
1961 Gell-Mann and Yval Neuman found a scheme
that allowed one to see symmetric patterns in the
masses and charges of the various particles.  In 1964
Gell-Mann and George Zweig discovered what they
thought was the reason for the symmetries.  The
symmetries would be the natural result if the proton and
meson families of particles were made up of smaller
particles which Gell-Mann called quarks.

Initially Gell-Mann proposed that there were three
different kinds of quark, but the number has since
grown to six. The lightest pair of the quarks, the so
called up quark and down quark are found in protons
and neutrons.  If the names “up quark” and “down
quark” seem a bit peculiar, they are not nearly as
confusing as the names strange quark, charm quark,
bottom quark and top quark given the other four
members of the quark family. It is too bad that the
Greek letters had been used up naming other particles.

In the quark model, all members of the proton family
consist of three quarks.  The proton and neutron, are
made from the up and down quarks.  The proton
consists of two up and one down quark, while the
neutron is made from one up and two down quarks.  The
weak interaction, which as we saw can change protons
into neutrons, does so by changing one of the proton’s
up quarks into a down quark.

The π  meson type of particles, which were thought to
be Yukawa’s nuclear force particles, turned out instead
to be quark-antiquark pairs.  The profusion of what
were thought to be elementary particles in 1960 re-
sulted from the fact that there are many ways to
combine three quarks to produce members of the

proton family or a quark and an antiquark to create a
meson.  The fast elementary particle reactions were the
result of the rearrangement of the quarks within the
particle, while the slow reactions resulted when the
weak interaction changed one kind of quark into an-
other.

A peculiar feature of the quark model is that quarks
have a fractional charge.  In all studies of all elemen-
tary particles, charge was observed to come in units of
the amount of charge on the electron.  The electron had
(–1) units, and the neutron (0) units.  All of the more
than 100 “elementary” particles had either +1, 0, or –1
units of change.  Yet in the quark model, quarks had a
charge of either (+2/3) units like the up quark or (-1/3)
units like the down quark.  (The anti particles have the
opposite charge, -2/3 and +1/3 units respectively.)  You
can see that a proton with two up and one down quark
has a total charge of (+2/3  +2/3 -1/3) = (+1) units, and
the neutron with two down and one up quark has a total
charge (-1/3 -1/3 +2/3) = (0) units.

The fact that no one had ever detected an individual
quark, or ever seen a particle with a fractional charge,
made the quark model hard to accept at first.  When
Gell-Mann initially proposed the model in 1963, he
presented it as a mathematical construct to explain the
symmetries he had earlier observed.

The quark model gained acceptance in the early 1970s
when electrons at the Stanford high energy accelerator
were used to probe the structure of the proton.  This
machine had enough energy, could look in sufficient
detail to detect the three quarks inside.  The quarks were
real.

In 1995, the last and heaviest of the six quarks, the top
quark, was finally detected at the Fermi Lab Accelera-
tor.  The top quark was difficult to detect because it is
185 times as massive as a proton.  A very high energy
accelerator was needed to create and observe this
massive particle.
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With the quark model, our view of matter has become
relatively simple again: there are two families of par-
ticles called quarks and leptons.  Each family contains
six particles.  It is not a coincidence that there are the
same number of particles in each family.  In the current
theory of matter called the standard model, each pair
of leptons is intimately connected to a pair of quarks.
The electron type leptons are associated with the down
and up quarks, the muon and muon type neutrino with
the strange and charm quarks, and the tau and tau type
neutrino with the bottom and top quarks.

Are there more than six quarks and six leptons?  Are
there still heavier lepton neutrino pairs associated with
still heavier quarks?  That the answer is no, that six is
the limit, first came not from accelerator experiments,
but from studies of the early universe.  Here we have a
question concerning the behavior of matter on the very
smallest of scales of distance, at the level of quarks
inside proton like particles, and we find the answer by
looking at matter on the very largest of scales, the entire
universe.  The existence of more than six leptons and
quarks would have altered the relative abundance of
hydrogen, deuterium, and helium remaining after the
big bang.  It would have led to an abundance that is not
consistent with what we see now.  Later experiments
with particle accelerators confirmed the results we first
learned from the early universe.

Our picture of the four basic interactions has also
become clearer since the early 1930s.  The biggest
change is in our view of the nuclear force.  The basic
nuclear force is now seen to be the force between
quarks that holds them together to form protons, neu-
trons and other particles.  What we used to call the
nuclear force, that short range force binding protons
and neutrons together in a nucleus, is now seen as a
residual effect of the force between quarks.  The old
nuclear force is analogous to the residual electric force
that binds complete atoms together to form molecules.

As the electric interaction is caused by a particle, the
photon, the nuclear force is also caused by particles,
eight different ones called gluons.  The nuclear force is
much more complex than the electric force because
gluons not only interact with quarks, they also interact
with themselves.  This gives rise to a very strange force
between quarks.  Other forces get weaker as you
separate the interacting particles.  The nuclear force
between quarks gets stronger!  As a result quarks are
confined to live inside particles like protons, neutrons
and mesons.  This is why we have still never seen an
individual quark or an isolated particle with a fractional
charge.

Figure 28-28
Fermi Lab accelerator magnets.

Figure 28-29
Fermi Lab accelerator where the
top quark was first observed.
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THE ELECTROWEAK THEORY
Another major advance in our understanding of the
nature of the basic interactions came in 1964 when
Steven Weinberg, Abdus Salam and Sheldon Glashow
discovered a basic connection between the electric and
weak interactions.  Einstein had spent the latter part of
his life trying without success to unify, find a common
basis for, the electric and the gravitational force.  It
came somewhat as a surprise that the electric and weak
interactions, which appear so different, had common
origins.  Their theory of the two forces is known as the
electroweak theory.

In the electroweak theory, if we heat matter to a
temperature higher than 1000 billion degrees, we will
find that the electric and weak interaction are a single
force. If we then let the matter cool, this single
electroweak force splits into the two separate forces,
the electric interaction and the weak interaction.  This
splitting of the forces is viewed as a so called phase
transition, a transition in the state of matter like the one
we see when water turns to ice at a temperature of 0°C.
The temperature of the phase transition for the
electroweak force sounds impossibly hot, but it is
attainable if we build a big enough accelerator.  The

cancelled superconducting supercollider was supposed
to allow us to study the behavior of matter at these
temperatures.

One of the major predictions of the electroweak theory
was that after the electric and weak interactions had
separated, electric forces should be caused by zero rest
mass photons and the weak interaction should be
caused by three rather massive particles given the
names  W+ ,  W–  and   Z0  mesons.  These mesons were
found, at their predicted mass, in a series of experi-
ments performed at CERN in the late 1970s.

We have discussed Yukawa’s meson theory of forces,
a theory in which the range of the force is related to the
rest mass of the particle responsible for the force.  As
it turns out, Yukawa’s theory does not work for nuclear
forces for which it was designed.  The gluons have zero
rest mass but because of their interaction, gives rise to
a force unlike any other.  What Yukawa’s theory does
describe fairly well is the weak interaction.  The very
short range of the weak interaction is a consequence of
the large masses of the weak interaction mesons  W+ ,

 W–  and   Z0 . (The W mesons are 10 times as massive
as a proton, the   Z0 is 11 times as massive.)

Figure 28-30
Paths for the large particle accelerators at CERN. The Geneva airport is in the foreground.
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THE EARLY UNIVERSE
In the reverse motion picture of the expanding uni-
verse, the universe becomes smaller and smaller and
hotter as we approach the big bang that created it.  How
small and how hot are questions we are still studying.
But it now seems that with reasonable confidence we
can apply the laws of physics to a universe that is about
one nanosecond old and at a temperature of three
hundred thousand billion degrees.  This is the tempera-
ture of the electroweak transition where the weak and
electric interactions become separate distinct forces.
We have some confidence in our knowledge of the
behavior of matter at this temperature because this
temperature is being approached in the largest of the
particle accelerators.

  3×1014 degrees

At three hundred thousand billion degrees the only
structures that survive the energetic thermal collisions
are the elementary particles themselves.  At this time
the universe consists of a soup of quarks and anti
quarks, leptons and anti leptons, gravitons and gluons.
Photons and the weak interaction mesons  W+ ,  W–

and   Z°  are just emerging from the particle that gave
rise to the electroweak force.  The situation may not
actually be that simple.  When we get to that tempera-
ture we may find some of the exotic elementary par-
ticles suggested by some recent attempts at a quantum
theory of gravity.

 1013 degrees

When the universe reaches the ripe old age of a
millionth of a second, the time it takes light to travel
1000 feet, the temperature has dropped to 10 thousand
billion degrees.  At these temperatures the gluons are
able to hold the quarks together to form protons,
neutrons, mesons, and their anti particles.  It is still
much too hot, however, for protons and neutrons to
stick together to form nuclei.

When we look closely at the soup of particles at 10
thousand billion degrees, there is activity in the form of
the annihilation and creation of particle-antiparticle
pairs.  Proton-antiproton pairs, for example, are rapidly
annihilating, turning into photons and mesons.  But just
as rapidly photons and mesons are creating proton-
antiproton pairs.

In the next 10 millionths of a second the universe
expands and cools to a point where the photons and
mesons no longer have enough energy to recreate the
rapidly annihilating proton and neutron pairs.  Soon the
protons and neutrons and their antiparticles will have
essentially disappeared from the universe.

Matter particles survive
The protons and neutrons will have almost disappeared
but not quite.  For some reason, not yet completely
understood, there was a tiny excess of protons
over antiprotons and neutrons over
antineutrons.  The estimate is that there were
100,000,000,001 matter particles for every
100,000,000,000 antimatter particles.  It was
the tiny excess of matter over antimatter that survived
the proton and neutron annihilation.

  3×1010 degrees

After this annihilation, nothing much happens until the
universe approaches the age of a tenth of a second and
the temperature has dropped to 30 billion degrees.
During this time the particles we see are photons,
neutrinos and antineutrinos and electrons and positrons.
These particles exist in roughly equal numbers.  The
electron-positron pairs are rapidly annihilating to pro-
duce photons, but the photons are equally rapidly
creating electron positron pairs.

38% neutrons
There are still the relatively few protons and neutrons
that survived the earlier annihilation.  The weak inter-
action allows the protons to turn into neutrons and vice
versa, with the result there are roughly equal numbers
of protons and neutrons.  The numbers are not quite
equal, however, because at those temperatures there is
a slightly greater chance for the heavier neutron to
decay into a lighter proton than vice versa.  It is
estimated that the ratio of neutrons to protons has
dropped to 38% by the time the universe is .11 seconds
old.  The temperature is still too high  for protons and
neutrons to combine to form nuclei.
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Neutrinos escape at one second
As we noted, neutrinos are special particles in that the
only way they interact with matter is through the weak
interaction.  Neutrinos pass right through the earth with
only the slightest chance of being stopped.  But the
early universe is so dense that the neutrinos interact
readily with all the other particles.

When the universe reaches an age of about one second,
the expansion has reduced the density of matter to the
point that neutrinos can pass undisturbed through
matter.  We can think of the neutrinos as decoupling
from matter and going on their own independent way.
From a time of one second on, the only thing that will
happen to the neutrinos is that they will continue to cool
as the universe expands.  At an age of 1 second, the
neutrinos were at a temperature of 10 billion degrees.
By today they have cooled to only a few degrees above
absolute zero. This is our prediction, but these cool
neutrinos are too elusive to have been directly ob-
served.

24% neutrons
Some other interesting things are also beginning to
happen at the time of 1 second.  The photons have
cooled to a point that they just barely have enough
energy to create electron-positron pairs to replace those
that are rapidly annihilating.  The result is that the
electrons and positrons are beginning to disappear.  At
these temperatures it is also more favorable for neu-
trons to turn into protons rather than vice versa, with the
result that the ratio of neutrons to protons has dropped
to 24%.

  3×109 degrees (13.8 seconds)

When the temperature of the universe has dropped to 3
billion degrees, at the time of 13.8 seconds, the energy
of the photons has dropped below the threshold of
being able to create electron-positron pairs and the
electrons and the positrons begin to vanish from the
universe.  There was the same tiny excess of electrons
over positrons as there had been of protons over
antiprotons.  Only the excess of electrons will survive.

Positrons annihilated
After about three minutes the positrons are gone and
from then on the universe consists of photons, neutri-
nos, anti neutrinos and the few matter particles.  The
neutrinos are not interacting with anything, and the
matter particles are outnumbered by photons in a ration
of 100,000,000,000 to one.  The photons essentially
dominate the universe.

Deuterium bottleneck
At the time of 13.8 seconds the temperature was 3
billion degrees, cool enough for helium nuclei to
survive.  But helium nuclei cannot be made without
first making deuterium, and deuterium is not stable at
that temperature.  Thus while there are still neutrons
around, protons and neutrons still cannot form nuclei
because of this deuterium bottleneck.

Helium created
When the universe reaches an age of three minutes and
2 seconds, and the ratio of neutrons to protons has
dropped to 13%, finally deuterium is stable.  These
surviving neutrons are quickly swallowed up to form
deuterium which in turn combine to form the very
stable helium nuclei.  Since there are equal numbers of
protons and neutrons in a helium nucleus, the 13% of
neutrons combined with an equal number of protons to
give 26% by weight of helium nuclei and 74% protons
or hydrogen nuclei.

By the time the helium nuclei form, the universe has
become too cool to burn the helium to form heavier
elements.  The creation of the heavier elements has to
wait until stars begin to form one third of a million years
later.

The formation of elements inside of stars was the basis
of the continuous creation theory.  As we mentioned,
one could explain the abundance of all the elements
except helium as being a by product of the evolution of
stars.  To explain the helium abundance it was neces-
sary to abandon his continuous creation theory and
accept that there might have been a big bang after all.
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The Thermal Photons
After the electron positron pairs had vanished, what is
left in the universe are the photons, neutrinos, anti
neutrinos, and the few matter particles consisting of
protons, helium nuclei and a trace of deuterium and
lithium.  There are enough electrons to balance the
charge on the hydrogen and helium nuclei, but the
photons are energetic enough to break up any atoms
that might try to form.  The neutrinos have stopped
interacting with anything and the matter particles are
outnumbered by photons in a ratio of 100 billion to one.
At this time the photons dominate the universe.

One way to understand why the universe cools as it
expands is to picture the expansion of the universe as
stretching the wavelength of the photons.  Since the
energy of a photon is related to its wavelength (the
longer the wavelength the lower the energy), this
stretching of wavelengths lowers the photon energies.
Because the photons dominate the young universe,
when the photons lose energy and cool down, so does
everything else that the photons are interacting with.

.7 million years
Until the universe reaches the age of nearly a million
years, the photons are knocking the matter particles
around, preventing them from forming whole atoms or
gravitational structures like stars.  But at the age of .7
million years the temperature has dropped to 3000
degrees, and something very special happens at that
point.  The matter particles are mostly hydrogen, and if
you cool hydrogen below 3000 degrees it becomes
transparent.  The transition in going from above 3000
degrees to below, is like going from inside the surface
of the sun to outside.  We go from an opaque, glowing
universe to a transparent one.

Transparent universe
When the universe becomes transparent, the photons
no longer have any effect on the matter particles and the
matter can begin to form atoms, stars, and galaxies.
Everything we see today, except for the primordial
hydrogen and helium, was formed after the universe
became transparent.

Think about what it means that the universe became
transparent at an age of .7 million years.  In our
telescopes, as we look at more and more distant galax-
ies, the light from these galaxies must have taken more
and more time to reach us.  As we look farther out we
are looking farther back in time.  With the Hubble
telescope we are now looking at galaxies formed when
the universe was less than a billion years old, less than
10% of its current age.

Imagine that you could build a telescope even more
powerful than the Hubble, one that was able to see as
far out, as far back to when the universe was .7 million
years old.  If you could look that far out what would you
see?  You would be staring into a wall of heated opaque
hydrogen.  You would see this wall in every direction
you looked.  If you tried to see through the wall, you
would be trying to look at the universe at earlier, hotter
times. It would be as futile as trying to look inside the
sun with a telescope.

Although this wall at .7 million light years consists of
essentially the same heated hydrogen as the surface of
the sun, looking at it would not be the same as looking
at the sun.  The light from this wall has been traveling
toward us for the last 14 billion years, during which
time the expansion of the universe has stretched the
wavelength and cooled the photons to a temperature of
less than 3 degrees, to a temperature of 2.74 degrees
above absolute zero to be precise.

Photons at a temperature of 2.74 degrees can be ob-
served, not by optical telescopes but by radio antennas
instead.  In 1964 the engineers Arno Penzias and
Robert Wilson were working with the radio antenna
that was communicating with the Telstar satellite.  The
satellite was a large aluminized balloon that was sup-
posed to reflect radio signals back to earth.  The radio
antenna had to be very sensitive to pick up the weak
reflected signals.



Int-30  An Overview of Physics

In checking out the antenna, Penzias and Wilson were
troubled by a faint noise that they could not eliminate.
Further study showed that the noise was characteristic
of a thermal bath of photons whose temperature was
around 3 degrees.  After hearing a seminar on the theory
of the big bang and on the possibility that there might
be some light remaining from the explosion, Penzias
and Wilson immediately realized that the noise in their
antenna was that light.  Their antenna in effect was
looking at light from the time the universe became
transparent.  At that time, only a few astronomers and
physicists were taking the big bang hypothesis seri-
ously.  The idea of the universe beginning in an
explosion seemed too preposterous.  After  Penzias and
Wilson saw the light left over from the hotter universe,
no other view has been acceptable.

The fact that the universe became transparent at an age
of .7 million years, means that the photons, now called
the cosmic background radiation, travelled undis-
turbed by matter.  By studying these photons carefully,
which we are now doing in various rocket and satellite
experiments, we are in a sense, taking an accurate
photograph of the universe when the universe was .7
million years old.

This photograph shows an extremely uniform uni-
verse.  The smoothness shows us that stars and galaxies
had not yet begun to form.  In fact the universe was so
smooth that it is difficult to explain how galaxies did
form in the time between when the universe went
transparent and when we see galaxies in the most
distant Hubble telescope photographs.  The COBE
(Cosmic Background Explorer) satellite was able to
detect tiny fluctuations in the temperatures of the
background radiation, indicating that there was per-
haps just enough structure in the early hot universe to
give us the stars, galaxies and clustering of galaxies we
see today.

One of the questions you may have had reading our
discussion of the early universe, is how do we know
that the photons, and earlier the particle-anti particle
pairs outnumbered the matter particles by a ratio of 100
billion to one?  How do we estimate the tiny excess of
matter over anti matter that left behind all the matter we
see today?  The answer is that the thermal photons we
see today outnumber protons and neutrons by a factor
of 100 billion to one and that ratio should not have
changed since the universe was a few minutes old.

We also mentioned that it would be futile to try to look
under the surface of the sun using a telescope.  That is
true if we try to use a photon telescope.  However we
can, in effect, see to the very core of the sun using
neutrinos.  In the burning of hydrogen to form helium,
for each helium nucleus created, two protons are con-
verted to neutrons via the weak interaction.  In the
process two neutrinos are emitted.  As a result the core
of the sun is a bright source of neutrinos which we can
detect and study here on earth.

While it would be futile to use photons to see farther
back to when the universe was about .7 million years
old, we should be able to see through that barrier using
neutrinos.  The universe became transparent to neutri-
nos at the end of the first second.  If we could detect
these neutrinos, we would have a snapshot of the
universe as it looked when it was one second old.  Thus
far, we have not found a way to detect these cosmic
background neutrinos.Figure 34-11

Penzias and Wilson, and the Holmdel radio telescope.



The subject of this book is the behavior of matter—the
particles that make up matter, the interactions between
particles, and the structures that these interactions
create.  There is a wondrous variety of activity, as
patterns and structures form and dissipate, and all of
this activity takes place in an arena we call space and
time.  The subject of this chapter is that arena —space
and time itself.

Initially, one might think that a chapter on space and
time would either be extraordinarily dull, or too eso-
teric to be of any use.  From the it’s too dull point of
view, distance is measured by meter sticks, and there
are relationships like the Pythagorean theorem and
various geometric and trigonometric rules already
familiar to the reader.  Time appears to be less chal-
lenging—it is measured by clocks and seems to march
inexorably forward.

On the too esoteric side are the theories like Einstein’s
General Theory of Relativity which treats gravity as a
distortion of space and time, the Feynman-Wheeler
picture of antimatter as being matter traveling back-
ward in time, and recent “super symmetry” theories
which assume a ten dimensional space.  All of these
theories are interesting, and we will briefly discuss
them.  We will do that later in the text after we have built
up enough of a background to understand why these
theories were put forth.

What can we say in an introductory chapter about
space and time that is interesting, or useful, or neces-
sary for a physics text?  Why not follow the traditional

approach and begin with the development of Newton’s
theory of mechanics.  You do not need a very sophisti-
cated picture of space and time to understand Newto-
nian mechanics, and this theory explains an enormous
range of phenomena, more than you can learn in one
or several years.  There are three main reasons why we
will not start off with the Newtonian picture.  The first
is that the simple Newtonian view of space and time is
approximate, and the approximation fails badly in
many examples we will discuss in this text.  By starting
with a more accurate picture of space and time, we can
view these examples as successful predictions rather
than failures of the Newtonian theory.

The second reason is that the more accurate picture of
space and time is based on the simplest, yet perhaps
most general law in all of physics—the principle of
relativity.  The principle of relativity not only underlies
all basic theories of physics, it was essential in the
discovery of many of these theories.  Of all possible
ways matter could behave, only a very, very few are
consistent with the principle of relativity, and by con-
centrating on these few we have been able to make
enormous strides in understanding how matter inter-
acts.  By beginning the text with the principle of
relativity, the reader starts off with one of the best
examples of a fundamental physical law.

Our third reason for starting with the principle of
relativity and the nature of space and time, is that it is
fun.  The math required is simple – only the Pythagorean
theorem.  Yet results like clocks running slow, lengths
contracting, the existence of an ultimate speed, and

Chapter 1
Principle of Relativity

CHAPTER 1 PRINCIPLE  OF  RELATIVITY
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questions of causality, are stimulating topics.  Many of
these results are counter intuitive.  Your effort will not
be in struggling with mathematical formulas, but in
visualizing yourself in new and strange situations.  This
visualization starts off slowly, but you will get used to
it and become quite good at it.  By the end of the course
the principle of relativity, and the consequences known
as Einstein’s special theory of relativity will be second
nature to you.

THE PRINCIPLE OF RELATIVITY
In this age of jet travel, the principle of relativity is not
a strange concept.  It says that you cannot feel motion
in a straight line at constant speed.  Recall a smooth
flight where the jet you were in was traveling at perhaps
500 miles per hour.  A moving picture is being shown
and all the window shades are closed.  As you watch the
movie are you aware of the motion of the jet?  Do you
feel the jet hurtling through the air at 500 miles per
hour?  Does everything inside the jet crash to the rear
of the plane because of this immense speed?

No—the only exciting thing going on is the movie.  The
smooth motion of the jet causes no excitement whatso-
ever.  If you spill a diet Coke, it lands in your lap just as
it would if the plane were sitting on the ground.  The
problem with walking around the plane is the food and
drink cart blocking the aisles, not the motion of the
plane.  Because the window shades are closed, you
cannot even be sure that the plane is moving.  If you
open your window shade and look out, and if it is
daytime and clear, you can look down and see the land
move by.  Flying over the Midwestern United States
you will see all those square 40 acre plots of land move
by, and this tells you that you are moving.  If someone
suggested to you that maybe the farms were moving
and you were at rest, you would know that was ridicu-
lous, the plane has the jet engines, not the farms.

Despite the dull experience in a jumbo jet, we often are
able to sense motion.  There is no problem in feeling
motion when we start, stop, or go around a sharp curve.
But starting, stopping, and going around a curve are not
examples of motion at constant speed in a straight line,
the kind of motion we are talking about.  Changes in
speed or in direction of motion are called accelera-
tions, and we can feel accelerations.  (Note: In physics
a  decrease in speed is referred to as a negative
acceleration.)

Even without accelerations, even when we are moving
at constant speed in a straight line, we can have a strong
sense of motion.  Driving down a freeway at 60 miles
per hour in a low-slung, open sports car can be a
notable, if not scary, experience.
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This sense of motion can be misleading.  The first wide
screen moving pictures took the camera along on a
roller coaster ride.  Most people in the audience found
watching this ride to be almost as nerve wracking as
actually riding a roller coaster.  Some even became
sick.  Yet the audience was just sitting at rest in the
movie theater.

Exercise 1
Throughout this text we will insert various exercises
where we want you to stop and think about or work with
the material.  At this point we want you to stop reading
and think about various times you have experienced
motion.  Then eliminate all those that involved accelera-
tions, where you speeded up, slowed down, or went
around a curve.  What do you have left, and how real
were the sensations?

One of my favorite examples occurred while I was at a
bus station in Boston.  A number of busses were lined
up side by side waiting for their scheduled departure
times.  I recall that after a fairly long wait, I observed that
we were moving past the bus next to us.  I was glad that
we were finally leaving.  A few seconds later I looked out
the window again; the bus next to us had left and we
were still sitting in the station.  I had mistaken that bus’s
motion for our own!

A Thought Experiment
Not only can you feel accelerated motion, you can
easily see relative motion.  I had no problem seeing the
bus next to us move relative to us.  My only difficulty
was in telling whether they were moving or we were
moving.

An example of where it is more obvious who is moving
is the example of the jet flying over the Midwestern
plains.  In the daytime the passengers can see the farms
go by; it is easy to detect the relative motion of the plane
and the farms.  And it is quite obvious that it is the plane
moving and the farms are at rest.  Or is it?

To deal with this question we will go through what is
called a thought experiment where we solve a prob-
lem by imagining a sometimes contrived situation, and
then figure out what the consequences would be if we
were actually in that situation.  Galileo is well known
for his use of thought experiments to explain the
concepts of the new mechanics he was discovering.

sun sun

supersonic jet

San 
Francisco

Boston

rotating 
earth

San Francisco

Boston
rotating 

earth

supersonic jet
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Figure 1
One view of a three hour trip from Boston to San
Francisco.  It is possible, even logical, to think of
the jet as hovering at rest while the earth turns
underneath.

b) Supersonic jet
three hours later
over San Francisco.

a) Supersonic jet over
Boston just after takeoff.

For our thought experiment, imagine that we are going
to take the Concorde supersonic jet from Boston,
Massachusetts to San Francisco, California.  The jet
has been given special permission to fly across the
country at supersonic speeds so that the trip, which is
scheduled to leave at noon, takes only three hours.

When we arrive in San Francisco we reset our watches
to Pacific Standard Time to make up for the 3 hour
difference between Boston and San Francisco.  We
reset our watches to noon.  When we left, it was noon
and the sun was overhead.  When we arrive it is still
noon and the sun is still overhead.  One might say that
the jet flew fast enough to follow the sun, the 3 hour trip
just balancing the 3 hours time difference.

But there is another view of the trip shown in Figure (1).
When we took off at noon, the earth, the airplane and
sun were lined up as shown in Figure (1a).  Three hours
later the earth, airplane and sun are still lined up as
shown in Figure (1b).  The only difference between
(1a) and (1b) is that the earth has been rotating for three
hours so that San Francisco, rather than Boston is now
under the plane.  The view in Figure (1) is what an
astronaut approaching the earth in a spacecraft might
see.
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In the above definition the capsule can use anything you
want as an example—a jet plane, a car, or a room in a
building.  Generally, think of it as a sealed capsule like
the jet plane where the moving picture is being shown
and all of the window shades are shut.  Of course you can
look outside, and you may see things going by.  But, as
shown in Figure (1), seeing things outside go by does not
prove that you and the capsule are moving.  That cannot
be used as evidence of your own uniform motion.

Think about what kind of experiments you might per-
form in the sealed capsule to detect your uniform mo-
tion.  One experiment is to drop a coin on the floor.  If you
are at rest, the coin falls straight down.  But if you are in
a jet travelling 500 miles per hours and the flight is
smooth, and you drop a coin, the coin still falls straight
down.  Dropping a coin does not distinguish between
being at rest or moving at 500 miles per hour; this is one
experiment that does not violate the principle of relativ-
ity.

There are many other experiments you can perform.
You could use gyroscopes, electronic circuits, nuclear
reactions, gravitational wave detectors, anything you
want.  The principle of relativity states that none of these
will allow you to detect your uniform motion.

Exercise 2

Think about what you might put inside the capsule and
what experiments you might perform to detect the
motion of the capsule.  Discuss your ideas with others
and see if you can come up with some way of violating
the principle of relativity.

Basic Law of Physics
We mentioned that one of the incentives for beginning
the text with the principle of relativity is that it is an
excellent example of a basic law of physics.  It is simple
and easy to state—there is no experiment that you can
perform that allows you to detect your own uniform
motion.  Yet it is general—there is no experiment that
can be done at any time, at any place, using anything,
that can detect your uniform motion.  And most impor-
tant, it is completely subject to experimental test on an
all-or-nothing basis.  Just one verifiable experiment
detecting one’s own uniform motion, and the principle
of relativity is no longer a basic law.  It may become a
useful approximation, but not a basic law.

For someone inside the jet, looking down at the Mid-
western farms going by, who is really moving?  Are the
farms really at rest and the plane moving?  Or is the plane
at rest and the farms going by?  Figure (1) suggests that
the latter point of view may be more accurate, at least
from the perspective of one who sees the bigger picture
including the earth, airplane, and sun.

But, you might ask, what about the jet engines and all the
fuel that is being expended to move the jet at 1000 miles/
hour?  Doesn’t that prove that it is the jet that is moving?
Not necessarily.  When the earth rotates, it drags the
atmosphere around with it creating a  1000 mi hrmi hr wind
that the plane has to fly through in order to stand still.
Without the jet engines and fuel, the plane would be
dragged back with the land and never reach San Fran-
cisco.

This thought experiment has one purpose.  To loosen
what may have been a firmly held conviction that when
you are in a plane or car, you are moving and the land that
you see go by must necessarily be at rest.  Perhaps, under
some circumstances it is more logical to think of your-
self at rest and the ground as moving.  Or, perhaps it
does not make any difference.  The principle of relativ-
ity allows us to take this last point of view.

Statement of the
Principle of Relativity
Earlier we defined uniform motion as motion at constant
speed in a straight line.  And we mentioned that the
principle of relativity said that you could not feel this
uniform motion.  Since it is not exactly clear what is
meant by “feeling” uniform motion, a more precise
statement of the principle of relativity is needed, a
statement that can be tested by experiment.  The follow-
ing is the definition we will use in this text.

Imagine that you are in a capsule and
you may have any equipment you
wish inside the capsule.  The principle
of relativity states that there is no
experiment you can perform that will
allow you to tell whether or not the
capsule is moving with uniform mo-
tion—motion in a straight line at con-
stant speed.
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Once a fundamental law like the principle of relativity
is discovered or accepted, it has a profound effect on the
way we think about things.  In this case, if there is no way
that we can detect our own uniform motion, then we
might as well ignore our motion and always assume that
we are at rest.  Nature is usually easier to explain if we
take the point of view that we are at rest and that other
people and things are moving by.  It is the principle of
relativity that allows us to take this self-centered point of
view.

It is a shock, a lot of excitement is generated, when what
was accepted as a basic law of physics is discovered not
to be exactly true.  The discovery usually occurs in some
obscure corner of science where no one thought to look
before.  And it will probably have little effect on most
practical applications.  But the failure of a basic law
changes the way we think.

Suppose, for example, that it was discovered that the
principle of relativity did not apply to the decay of an
esoteric elementary particle created only in the gigantic
particle accelerating machines physicists have recently
built.  This violation of the principle of relativity would
have no practical effect on our daily lives, but it would
have a profound psychological effect.  We would then
know that our uniform motion could be detected, and
therefore on a fundamental basis we could no longer
take the point of view that we are at rest and others are
moving.  There would be legitimate debates as to who
was moving and who was at rest.  We would search for
a formulation of the laws of physics that made it
intuitively clear who was moving and who was at rest.

This is almost what happened in 1860.  In that year,
James Clerk Maxwell summarized the laws of electric-
ity and magnetism in four short equations.  He then
solved these equations to predict the existence of a wave
of electric and magnetic force that should travel at a
speed of approximately   3 × 108  meters per second.
The predicted speed, which we will call c, could be
determined from simple measurements of the behavior
of an electric circuit.

Before Maxwell, no one had considered the possibility
that electric and magnetic forces could combine in a
wavelike structure that could travel through space.  The
first question Maxwell had to answer was what this
wave was.  Did it really exist?  Or was it some spurious
solution of his equations?

The clue was that the speed c of this wave was so fast
that only light had a comparable speed.  And more
remarkably the known speed of light, and the speed c
of his wave were very close—to within experimental
error they were equal.  As a consequence Maxwell
proposed that he had discovered the theory of light, and
that this wave of electric and magnetic force was light
itself.

Maxwell’s theory explained properties of light such as
polarization, and made predictions like the existence of
radio waves.  Many predictions were soon verified, and
within a few years there was little doubt that Maxwell
had discovered the theory of light.

One problem with Maxwell’s theory is that by mea-
surements of the speed of light, it appears that one
should be able to detect one’s own uniform motion.  In
the next section we shall see why.  This had two
immediate consequences.  One was a change in the
view of nature to make it easy to see who was moving
and who was not.  The second was a series of experi-
ments to see if the earth were moving or not.

In the resulting view of nature, all of space was filled
with an invisible substance called ether.  Light was
pictured as a wave in the ether medium just as ocean
waves are waves in the medium of water.  The experi-
ments, initiated by Michaelson and Morley, were de-
signed to detect the motion of the earth by measuring
how fast the earth was moving through the ether
medium.

The problem with the ether theory was that all experi-
ments designed to detect ether, or to detect motion
through it, seemed to fail.  The more clever the experi-
ment, the more subtle the apparent reason for the
failure.  We will not engage in any further discussion of
the ether theory, because ether still has never been
detected.  But we will take a serious look in the next
section at how the measurement of the speed of a pulse
of light should allow us to detect our own uniform
motion.  And then in the rest of the chapter we will
discuss how a young physicist, working in a patent
office in 1905, handled the problem.

Principle of Relativity
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Although you cannot see them, sound waves are a more
familiar form of wave motion.  Sound moving through
air, waves moving over water, and light, all have certain
common features and ways of behaving which we
classify as wave motion.  In later chapters we will study
the subject of wave motion in considerable detail.  For
now we will limit our discussion to a few of the features
we need to understand the impact of Maxwell’s theory.

Two examples of wave motion that are easy to study are
a wave pulse traveling down a rope as indicated in
Figure (4) or down a stretched Slinky®  (the toy coil
that ‘climbs’ down stairs) as shown in Figure (5).  The
advantage of using a stretched Slinky is that the waves
travel so slowly that you can study them as they move.
It turns out that the speed of a wave pulse depends upon
the medium along which, or through which, it is
traveling.  For example, the speed of a wave pulse along
a rope or Slinky is given by the formula

Figure 2
Rain drops creating circular waves on the surface of a
puddle.  (Courtesy Bill Jack Rodgers, Los Alamos
Scientific Laboratory.)

Figure 4
Wave pulse traveling along a rope.

Figure 3
This ocean wave traveled hundreds of miles from
Hurricane Bertha to the Maine coast (July 31, 1990).

WAVE MOTION
We do not need to know the details of Maxwell’s theory
to appreciate how one should be able to use the theory
to violate the principle of relativity.  All we need is an
understanding of some of the basic properties of wave
motion.

The most familiar examples of wave motion are the
waves on the surface of water.  We have seen the waves
that spread out in circles when a stone is dropped in a
pond, or rain hits a puddle in a sidewalk as shown in
Figure (2).  And most of us have seen the ocean waves
destroying themselves as they crash into the beach.
The larger ocean waves often originate at a storm far
out to sea, and have traveled hundreds or even a
thousand miles to reach you (see Figure (3)).  The very
largest ocean waves, created by earthquakes or explod-
ing volcanos have been known to travel almost around
the earth.

Figure 5
Wave pulse traveling along a Slinky.
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Speed of 
wave pulse

  =  τ
µ

(1)

where τ is the tension in the rope or Slinky, and µ the
mass per unit length.  Do not worry about precise
definitions of tension or mass, the important point is
that there is a formula for the speed of the wave pulse,
a formula that depends only on the properties of the
medium along which the pulse is moving.

The speed does not depend upon the shape of the pulse
or how the pulse was created.  For example, the Slinky
pulse travels much more slowly than the pulse on the
rope because the suspended Slinky has very little
tension τ.  We can slow the Slinky wave down even
more by hanging crumpled pieces of lead on each end
of the coils of the Slinky to increase its mass per unit
length µ.

Another kind of wave we can create in the Slinky is the
so called compressional wave shown in Figure (6).
Here the end of the Slinky was pulled back and
released, giving a moving pulse of compressed coils.
The formula for the speed of the compression wave is
still given by Equation (1), if we interpret τ as the
stiffness (Youngs modulus) of the suspended Slinky.

If we use a loudspeaker to produce a compressional
pulse in air, we get a sound wave that travels out from
the loudspeaker at the speed of sound.  The formula for
the speed of a sound wave is

Speed of 
sound

  =  B
ρ (2)

where B is  the bulk modulus  which can be thought of
as the rigidness of the material, and the mass per unit
length µ is replaced by the mass per unit volume ρ.

A substance like air, which is relatively compressible,
has a small rigidity B, while substances like steel and
granite are very rigid and have large values of B.  As a
result sound travels much faster in steel and granite
than in air.  For air at room temperature and one
atmosphere of pressure, the speed of sound is 343
meters or 1125 feet per second.  Sound travels about 20
times faster in steel and granite.  Again the important
point is that the speed of a wave depends on the
properties of the medium through which it is moving,
and not on the shape of the wave or the way it was
produced.

Measurement of the Speed of Waves
If you want to know how fast your car is traveling you
look at the speedometer.  Some unknown machinery in
the car makes the needle of the speedometer point at the
correct speed.  Since the wave pulses we are discussing
do not have speedometers, we have to carry out a series
of measurements in order to determine their speed.  In
this section we wish to discuss precisely how the
measurements can be made using meter sticks and
clocks so that there will be no ambiguity, no doubt
about precisely what we mean when we talk about the
speed of a wave pulse.  We will use the Slinky wave
pulse as our example, because the wave travels slowly
enough to actually carry out these measurements in a
classroom demonstration.

The first experiment, shown in Figure (7), involves two
students and the instructor.  One student stands at the
end of the stretched Slinky and releases a wave pulse
like that shown in Figure (6).  The instructor holds a
meter stick up beside the Slinky as shown.  The other
student has a stopwatch and measures the length of
time it takes the pulse to travel from the front to the back
of the stick.  (She presses the button once when the
pulse reaches the front of the meter stick, presses it
again when the pulse gets to the back, and reads the
elapsed time T.)  The speed of the pulse is then defined
to be

Speed of
Slinky pulse

  =  1 meter
T seconds

(3)

Wave Motion

Figure 6
To create a compressional wave on a  suspended
Slinky, pull the end back a bit and let go.
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Later in the course, when we have discussed ways of
measuring tension τ and mass per unit length µ, we can
compare the experimental result we get from Equation
(3) with the theoretically predicted result of Equation
(1).  With a little practice using the stopwatch, it is not
difficult to get reasonable agreement between theory
and experiment .

In our second experiment, shown in Figure (8a) every-
thing is the same except that the instructor has been
replaced by a student, let us say it is Bill, holding the
meter stick and running toward the student who re-
leases the wave pulse.  Again the second student
measures the length of time it takes the pulse to travel
from the front to the back of the meter stick.  Let us call

this the time T1.  This time T1 is less than T because Bill
and the meter stick are moving toward the pulse.

To Bill, the pulse passes his one meter long stick in a
time T1, therefore the speed of the pulse past him is

 v1 =
1 meter

T1 seconds
=

speed of pulse
relative to Bill

(4a)

Bill should also have carried the stopwatch so that v1
would truly represent his measurement of the speed of
the pulse.  But it is too awkward to hold the meter stick,
and run and observe when the pulse is passing the ends
of the stick.

The speed v1 measured by Bill is not the same as the
speed v measured by the instructor in Figure (7).  v1 is
greater than v because Bill is moving toward the wave
pulse.  This is not surprising:  if you are on a freeway
and everyone is traveling at a speed v = 55 miles per
hour, the oncoming traffic in the opposite lane is
traveling past you at a speed of 110 miles per hour
because you are moving toward them.

In Figure (8b) we again have the same situation as in
Figure (7) except that Bill is now replaced by Joan who
is running away from the student who releases the
pulse.  Joan is moving in the same direction as the pulse
and it takes a longer time T2 for the pulse to pass her.
(Assume that Joan is not running faster than the pulse.)
The speed of the pulse relative to Joan is

v2  =   1 meter
T2 seconds

  =  speed of pulse
relative to Joan

(4b)

Joan’s speed  v2 will be considerably less than the speed
v observed by the instructor.

Figure 7
Experiment to measure the speed of a wave
pulse on a suspended Slinky.  Here the
instructor holds the meter stick at rest.

Figure 8b
Joan runs away from the source of
the pulse while measuring its speed.

Figure 8a
Bill runs toward the source of the
pulse while measuring its speed.
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In these three experiments, the instructor is special
(wouldn’t you know it).  Only the instructor measures
the speed v predicted by theory, only for the instructor
is the speed given by v  = τ/µ   .  Both the students Bill
and Joan observe different speeds, one larger and one
smaller than the theoretical value.

What is special about the instructor?  In this case the
instructor gets the predicted answer because she is at
rest relative to the Slinky.  If we hadn’t seen the
experiment, but just looked at the answers, we could
tell that the instructor was at rest because her result
agreed with the predicted speed of a Slinky wave.  Bill
got too high a value because he was moving toward the
pulse; Joan, too low a value because she was moving in
the same direction.

The above set of experiments is not strikingly pro-
found.  In a sense, we have developed a new and rather
cumbersome way to tell who is not moving relative to
the Slinky.  But the same procedures can be applied to
a series of experiments that gives more interesting
results.  In the new series of experiments, we will use
a pulse of light rather than a wave pulse on a Slinky.

Since the equipment is not likely to be available among
the standard set of demonstration apparatus, and since
it will be difficult to run at speeds comparable to the
speed of light we will do this as a thought experiment.
We will imagine that we can measure the time it takes
a light pulse to go from the front to the back of a meter
stick.  We will imagine the kind of results we expect to

get, and then see what the consequences would be if we
actually got those results.

The apparatus for  our new thought experiment is
shown in Figure (9).  We have a laser which can
produce a very short pulse of light – only a few
millimeters long.  The meter stick now has photo
detectors and clocks mounted on each end, so that we
can accurately record the times at which the pulse of
light passed each end.  These clocks were synchro-
nized, so the time difference is the length of time T it
takes the pulse of light to pass the meter stick.

Before the experiment, the instructor gives a short
lecture to the class.  She points out that according to
Maxwell’s theory of light, a light wave should travel at
a speed c given by the formula

c  =  1
µ0ε0

(5)

where µ0 and  εo are constants in the theory of electric-
ity.  She says that later on in the year, the students will
perform an experiment in which they measure the
value of the product µ0ε0.  This experiment involves
measuring the size of coils of wire and plates of
aluminum, and timing the oscillation of an electric
current sloshing back and forth between the plates and
the coil.  The important point is that these measure-
ments do not involve light.  It is analogous to the Slinky
where the predicted speed τ/µ of a Slinky wave
involved measurements of the stiffness τ  and mass per
unit length   µ, and had nothing to do with observations
of a Slinky wave pulse.

Wave Motion

Figure 9
Apparatus for the thought experiment.  Now we wish
to measure the speed of a laser wave pulse, rather
than the speed of a Slinky wave pulse.  The photo
detectors are used to measure the length of time the
laser pulse takes to pass by the meter stick.

meter stick

laser

photo detectors
with clocks

laser pulse

Figure 10a
Plates and coil for
measuring the
experimental value
of µ0ε0.

electric
current

plates

coil

Figure 10b
The plates and coil we
use in the laboratory.
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Although she is giving out the answer to the lab
experiment, she points out that the value of  c from these
measurements is

c  =  1
µ0ε0

  =  3 × 108 meters/second (6)

which is a well-known but uncomfortably large and
hard to remember number.  However, she points out,
3 × 108 meters is almost exactly one billion (109) feet.
If you measure time, not in seconds, but in billionths of
a second, or nanoseconds, where

 1 nanosecond  ≡  10-9 seconds (7)

then since light travels only one foot in a nanosecond,
the speed of light is simply

Figure 12b
Joan runs away from the source of
the pulse while measuring its speed.

laser pulse
laser

Figure 12a
Bill runs toward the source of the
pulse while measuring its speed.

  c = 3 × 108 meter
sec = 109 feet

sec

c = 1 foot
10–9sec

c = 1
foot

nanosecond

(8)

She says that because this is such an easy number to
remember, she will use it throughout the rest of the
course.

The lecture on Maxwell’s theory being over, the in-
structor starts in on the thought experiment.  In the first
run she stands still, holding the meter stick, and the
student with the laser emits a pulse of light as shown in
Figure (11).  The pulse passes the 3.28 foot length of the
meter stick in an elapsed time of 3.28 nanoseconds, for
a measured speed

v  light pulse   =  3.28 feet
3.28 nanoseconds

                        =  1 foot
nanosecond

(9)

The teacher notes, with a bit of complacency, that she
got the predicted speed of 1 foot/nanosecond.  Again,
the instructor is special.

Then the instructor invites Bill to hold the meter stick
and run toward the laser as shown in Figure (12a).
Since this is a thought experiment, she asks Bill to run
at nearly the speed of light, so that the time should be
cut in half and Bill should see light pass him at nearly
a speed of 2c.

laser pulse
laser

Figure 11
Experiment to measure the speed of a light
wave pulse from a laser.  Here the
instructor holds the meter stick at rest.

laser pulse
laser
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Then she invites Joan to hold the meter stick and run at
about half the speed of light in the other direction as
shown in Figure (12b).  One would expect that the light
would take twice as long to pass Joan as it did the
instructor and that Joan should obtain a value of about
c/2 for the speed of light.

Suppose it turned out this way.  Suppose that the
instructor got the predicted answer 1 foot/nanosecond,
while Bill who is running toward the pulse got a higher
value and Joan, running with the pulse got a lower value.
Just as in our Slinky pulse experiment we could say that
the instructor was at rest while both Bill and Joan were
moving.

But, moving relative to what?  In the Slinky experiment,
the instructor was at rest relative to the Slinky – the
medium through which a Slinky wave moves.  Light
pulses travel through empty space.  Light comes to us
from stars 10 billion light years away, almost across the
entire universe.  The medium through which light
moves is empty space.

If the experiment came out the way we described, the
instructor would have determined that she was at rest
relative to empty space, while Bill and Joan would have
determined that they were moving.  They would have
violated the principle of relativity, which says that you
cannot detect your own motion relative to empty space.

The alert student might argue that the pulses of light
come out of the laser like bullets from a gun at a definite
muzzle velocity, and that all the instructor, Bill and Joan
are doing is measuring their speed relative to the laser.
Experiments have carefully demonstrated that the speed
of a pulse of light depends in no way on the motion of
the emitter just as the Slinky pulse depended in no way
on how the student started the pulse.  Maxwell’s theory
predicts that light is a wave, and many experiments have
verified the wave nature of light, including the fact that
its speed does not depend on how it was emitted.

From the logical simplicity of the above thought experi-
ment, from the ease with which we should be able to
violate the principle of relativity (if we could accurately
measure the speed of a pulse of light passing us), it is not
surprising that after Maxwell developed this theory of
light, physicists did not take the principle of relativity
seriously, at least for the next 45 years.

Michaelson-Morley Experiment
The period from 1860 to 1905 saw a number of
attempts to detect one’s own or the earth’s motion
through space by measuring the speed of pulses of
light.  Actually it was easier and far more accurate to
compare the speeds of light traveling in different
directions.  If you were moving forward through space
(like Bill in our thought experiment), you should see
light coming from in front of you traveling faster than
light from behind or even from the side.

Michaelson and Morley used a device called a
Michaelson interferometer which compared the speeds
of pulses of light traveling at right angles to each other.
A detailed analysis of their device is not hard, just a bit
lengthy.  But the result was that the device should be
able to detect small differences in speeds, small enough
differences so that the motion of the earth through
space should be observable -- even the motion caused
by the earth orbiting the sun.

At this point we can summarize volumes of the history
of science by pointing out that no experiment using the
Michaelson interferometer, or any device based on
measuring or comparing the speed of light pulses, ever
succeeded in detecting the motion of the earth.

Exercise 3
Units of time we will often use in this course are the
millisecond, the microsecond, and the nanosecond,
where

    
 1 millisecond = 10– 3 seconds (one thousandth)

1 microsecond = 10– 6 seconds (one millionth)
1 nanosecond = 10– 9 seconds (one billionth)

How many feet does light travel in

     a)  one millisecond   (1ms)?
     b)  one microsecond (1µs )?
     c)  one nanosecond  (1ns )?

Wave Motion
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EINSTEIN’S PRINCIPLE
OF RELATIVITY
In 1905 Albert Einstein provided a new perspective on
the problems we have been discussing.  He was appar-
ently unaware of the Michaelson-Morley experiments.
Instead, Einstein was familiar with Maxwell’s equa-
tions for electricity and magnetism, and noted that
these equations had a far simpler form if you took the
point of view that you are at rest.  He suggested that
these equations took this simple form, not just for some
privileged observer, but for everybody.  If the principle
of relativity were correct after all, then everyone, no
matter how they were moving, could take the point of
view that they were at rest and use the simple form of
Maxwell’s equations.

How did Einstein deal with measurements of the speed
of light?  We have seen that if someone, like Bill in our
thought experiment, detects a pulse of light coming at
them at a speed faster than c = 1 foot/nanosecond, then
that person could conclude that they themselves were
moving in the direction from which the light was
coming.  They would have thereby violated the prin-
ciple of relativity.

Einstein’s solution to that problem was simple.  He
noted that any measurement of the speed of a pulse of
light that gave an answer different from c = 1 foot/
nanosecond could be used to violate the principle of
relativity. Thus if the principle of relativity were cor-
rect, all measurements of the speed of light must give
the answer c.

Let us put this in terms of our thought experiment.
Suppose the instructor observed that the light pulse
passed the 3.24 foot long meter stick in precisely 3.24
nanoseconds.  And suppose that Bill, moving at nearly
the speed of light toward the laser, also observed that
the light took 3.24 nanoseconds to pass by his meter
stick.  And suppose that Joan, moving away from the
laser at half the speed of light, also observed that the
pulse of light took 3.24 nanoseconds to pass by her
meter stick.  If the instructor, Bill and Joan all got
precisely the same answer for the speed of light, then
none of their results could be used to prove that one was
at rest and the others moving.  Since their answer of
3.24 feet in 3.24 nanoseconds or 1 foot/nanosecond is
in agreement with the predicted value c = 1/ µ0ε0

from Maxwell’s theory, they could all safely assume
that they were at rest.  At the very least, their measure-
ments of the speed of the light pulse could not be used
to detect their own motion.

As we said, the idea is simple.  You always get the
answer c whenever you measure the speed of a light
pulse moving past you.  But the idea is horrendous.
Einstein went against more than 200 years of physics
and centuries of observation with this suggestion.

Suppose, for example, we heard about a freeway where
all cars traveled at precisely 55 miles per hour – no
exceptions.  Hearing about this freeway, our three
people in the thought experiment decide to test the rule.
The instructor sets up measuring equipment in the
median strip and observes that the rule is correct.  Cars
in the north bound lane travel north at 55 miles per hour,
and cars in the south bound lane go south at 55 miles per
hour.

For his part of the experiment, Bill gets into one of the
north bound cars.  Since Bill knows about the principle
of relativity he takes the point of view that he is at rest.
If the 55 miles per hour speed is truly a fundamental
law, then he, who is at rest, should see the south bound
cars pass at 55 miles per hour.

Likewise, Joan, who is in a south bound car, can take
the point of view that she is at rest.  She knows that if
the 55 miles per hour speed limit is a fundamental law,
then north bound cars must pass her at precisely 55
miles per hour.  If the instructor, Bill and Joan all
observe that every car on the freeway always passes
them at the same speed of 55 miles per hour, then none
of them can use this observation to detect their own
motion.

Freeways do not work that way.  Bill will see south
bound cars passing him at 110 miles per hour.  And
Joan will see north bound cars passing at 110 miles per
hour.  From these observations Bill and Joan will
conclude that in fact they are moving – at least relative
to the freeway.

Measurements of the speed of a pulse of light differ,
however, in two significant ways from measurements
of the speed of a car on a freeway.  First of all, light
moves through empty space, not relative to anything.
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Secondly, light moves at enormous speeds, speeds that
lie completely outside the realm of common experi-
ence.  Perhaps, just perhaps, the rules we have learned
so well from common experience, do not apply to this
realm.  The great discoveries in physics often came
when we look in some new realm on the very large
scale, or the very small scale, or in this case on the scale
of very large, unfamiliar speeds.

The Special Theory of Relativity
Einstein developed his special theory of relativity from
two assumptions:

1) The principle of relativity is correct.

2) Maxwell’s theory of light is correct.

As we have seen, the only way Maxwell’s theory of
light can be correct and not violate the principle of
relativity, is that every observer who measures the
speed of light, must get the predicted answer
c = 1/ µ0ε0   =  1 foot/nanosecond.  Temporarily we
will use this as the statement of Einstein’s second
postulate:

2a) Everyone, no matter how he or she is moving,
must observe that light passes them at
precisely the speed c.

Postulates  (1) and (2a) salvage both the principle of
relativity and Maxwell’s theory, but what else do they
predict?  We have seen that measurements of the speed
of a pulse of light do not behave in the same way as
measurements of the speed of cars on a freeway.
Something peculiar seems to be happening at speeds
near the speed of light.  What are these peculiar things?
How do we find out?

To determine the consequences of his two postulates,
Einstein borrowed a technique from Galileo and used
a series of thought experiments.  Einstein did this so
clearly, explained the consequences so well in his 1905
paper, that we will follow essentially the same line of
reasoning.  The main difference is that Einstein made
a number of strange predictions that in 1905 were hard
to believe.  But these predictions were not only verified,
they became the cornerstone of much of 20th century
physics.  We will be able to cite numerous tests of all the
predictions.

Moving Clocks
Our first thought experiment for Einstein’s special
relativity will deal with the behavior of clocks.  We saw
that the measurement of the speed of a pulse of light
required a timing device, and perhaps the peculiar
results can be explained by the peculiar behavior of the
timing device.

Also the peculiar behavior seems to happen at high
speeds near the speed of light, not down at freeway
speeds.  Thus the question we would like to ask is what
happens to a clock that is moving at a high speed, near
the speed of light?

That is a tough question.  There are many kinds of
clocks, ranging from hour glasses dripping sand, to the
popular digital quartz watches, to the atomic clocks
used by the National Bureau of Standards.  The oldest
clock, from which we derive our unit of time, is the
motion of the earth on its axis each 24 hours.  We have
both the problem of deciding which kind of clock we
wish to consider moving at high speeds, and then figure
out how that clock behaves.

The secret of working with thought experiments is to
keep everything as simple as possible and do not try to
do too much at once.  If we want to understand what
happens to a moving clock, we should start with the
simplest clock we can find.  If we cannot understand
that one, we will imagine an even simpler one.

A clock that is fairly easy to understand is the old
grandfather’s clock shown in Figure (13), where the
timing device is the swinging pendulum.  There are also
wheels, gears, and hands, but these merely count
swings of the pendulum.  The pendulum itself is what
is important.  If you shorten the pendulum it swings
faster and the hands go around faster.

swinging
pendulum

wheels &
gears

hands

Moving Clocks

Figure 13
Grandfather’s clock.
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For our thought experiment it is convenient to construct
two identical light pulse clocks as shown in Figure (15).
We wish to take great care that they are identical, or at
least that they run at precisely the same rate.  Once they
are finished, we adjust them so that the pulses bounce
up and down together for weeks on end.

Now we get to the really hypothetical part of our
thought experiment.  We give one of the clocks to an
astronaut, and we keep the other for reference.  The
astronaut is instructed to carefully pack his clock,
accelerate up to nearly the speed of light, unpack his
clock, and go by us at a constant speed so that we can
compare our reference clock to his moving clock.

Before we describe what we see, let us take a look at a
brief summary of the astronaut’s log  book of the trip.
The astronaut writes, “ I carefully packed the light pulse
clock because I did not want it damaged during the
accelerations.  My ship can maintain an acceleration of
5gs, and even then it took about a month to get up to our
final speed of just over half the speed of light.”

“Once the accelerations were over and I was coasting,
I took the light pulse clock out of its packing and set it
up beside the window, so that the class could see the
clock as it went by.  Before the trip I was worried that
I might have some trouble getting the light pulse into
the clock, but it was no problem at all.  I couldn't even
tell that I was moving!  The light pulse went in and the
clock started ticking just the way it did back in the lab,
before we started the trip.”

“It was not long after I started coasting, that the class
went by.  After that, I packed everything up again,
decelerated, and returned to earth.”

We could ask what we would see if we observed a
grandfather's clock moving past us at a high speed, near
the speed of light.  The answer is likely to be “I don’t
know”.  The grandfather’s clock, with its swinging
pendulum mechanism, is still too complicated.

A simpler timing device was considered by Einstein,
namely a bouncing pulse of light.  Suppose, we took the
grandfather’s clock of Figure (13), and replaced the
pendulum by two mirrors and a pulse of light as shown
in Figure (14).  Space the mirrors 1 foot apart so that the
pulse of light will take precisely one nanosecond to
bounce either up or down.  Leave the rest of the
machinery of the grandfather’s clock more or less
intact.  In other words have the wheels and gears now
count bounces of the pulse of light rather than swings
of the pendulum.  And recalibrate the face of the clock
so that for each bounce, the hand advances one nano-
second.  (The marvelous thing about thought experi-
ments is that you can get away with this.  You do not
have to worry about technical feasibility, only logical
consistency.)

The advantage of replacing the pendulum with a bounc-
ing light pulse is that, so far, the only thing whose
behavior we understand when moving at nearly the
speed of light is light itself.  We know that light always
moves at the speed c in all circumstances, to any
observer.  If we use a bouncing light pulse as a timing
device, and can figure out how the pulse behaves, then
we can figure out how the clock behaves.

mirror

pulse of light
bouncing 
between mirrors

mirror

1 ft

Figure 14
Light pulse clock.  We can construct a clock by
having a pulse of light bounce between two mirrors.
If the mirrors are one foot apart, then the time
between bounces will be one nanosecond.  The face
of the clock displays the number of bounces.

Figure 15
Two identical light pulse clocks.
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What we saw as the astronaut went by is illustrated in
the sketch of Figure (16). On the left is our reference
clock, on the right the astronaut’s clock moving by.
You will recall that the astronaut had no difficulty
getting the light pulse to bounce, and as a result we saw
his clock go by with the pulse bouncing inside.

For his pulse to stay in his clock, his pulse had to travel
along the saw-tooth path shown in Figure (16).  The
saw-tooth path is longer than the up and down path
taken by the pulse in our reference clock.  His pulse had
to travel farther than our pulse to tick off one nanosec-
ond.

Here is what is peculiar.  If Einstein’s postulate is right,
if the speed of a pulse of light is always c under any
circumstances, then our pulse bouncing up and down,

and the astronaut’s pulse traveling along the saw tooth
path are both traveling at the same speed c.  Since the
astronaut’s pulse travels farther, the astronaut’s clock
must take longer to tick off a nanosecond.  The
astronaut’s clock must be running slower!

Because there are no budget constraints in a thought
experiment, we are able to get a better understanding of
how the astronaut’s clock was behaving by having the
astronaut repeat the trip, this time going faster, about
.95 c.  What we saw is shown in Figure (17).  The
astronaut’s clock is moving so fast that the saw tooth
path is stretched way out.  The astronaut’s pulse takes
a long time to climb from the bottom to the top mirror
in his clock, his nanoseconds take a long time, and his
clock runs very slowly.

c cc c

our clock astronaut's moving clock

c

astronautv

Figure 16
In order to stay in the astronaut’s moving clock, the light pulse must follow a longer, saw-tooth, path.

Figure 17
When the astronaut goes faster, his light pulse has to go farther in order to register a bounce.  Since the speed of
light does not change, it takes longer for one bounce to register, and the astronaut's moving clock runs slower.

c

c

our clock astronaut's moving clock

c

astronautv

c

Moving Clocks
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distance vT'  as shown.  This gives us a right triangle
whose base is vT' , whose hypotenuse is cT' , and
whose height, determined from our clock, is cT.  Ac-
cording to the Pythagorean theorem, these sides are
related by

cT' 2  =  vT' 2 + cT 2 (10)

Carrying out the squares, and collecting the terms with
T'  on one side, we get

c2T' 2 - v2T' 2  =  c2 - v2 T' 2  =  c2T2

  
T'2 =

c2T2

c2 - v2
=

c2T2 × 1/c2

c2 - v2 × 1/c2
=

T2

1 - v2/c2

Taking the square root of both sides gives

 
T' =

T

1 - v2/c2
(11)

Equation (11) gives a precise relationship between the
length of our nanosecond T and the astronaut’s longer
nanosecond T' .  We see that the astronaut’s basic time
unit T'  is longer than our basic time unit T by a factor
1/ 1 - v2 /c2.

The factor 1/ 1 - v2 /c2 appears in a number of calcu-
lations involving Einstein’s special theory of relativity.
As a result, it is essential to develop an intuitive feeling
for this number.  Let us consider several examples to
begin to build this intuition.  If v = 0, then

 
T' =

T

1 - v2/c2
=

T

1 - 0

T' =
T
1

= T (v = 0) (12)

It does not take too much imagination to see that if the
astronaut came by at the speed of light c, the light pulse,
also traveling at a speed c, would have to go straight
ahead just to stay in the clock.  It would never be able
to get from the bottom to the top mirror, and his clock
would never tick off a nanosecond.  His clock would
stop!

Exercise 4

Discuss what the astronaut should have seen when the
class of students went by.  In particular, draw the
astronaut's version of Figure (16) and describe the
situation from the astronaut's point of view.

It is not particularly difficult to calculate the amount by
which the astronaut’s clock runs slow.  All that is
required is the Pythagorean theorem.  In Figure (18),  on
the left,  we show the path of the light pulse in our
reference clock, and on the right the path in the
astronaut’s moving clock.  Let T be the length of time
it takes our pulse to go from the bottom to the top
mirror, and T'  the longer time light takes to travel along
the diagonal line from his bottom mirror to his top
mirror.  We can think of T as the length of one of our
nanoseconds, and T'  as the length of one of the
astronaut’s longer nanoseconds.

The distance an object, moving at a speed v, travels in
a time T, is  vT.   (If you go 30 miles per hour for 3 hours,
you travel 90 miles.)  Thus,  in Figure (18), the distance
our light pulse travels in going from the bottom to the
top mirror is cT as shown.  The astronaut’s light pulse,
which takes a time T'  to travel the diagonal path, must
have gone a distance cT'  as shown.

During the time T' , while the astronaut’s light pulse is
going along the diagonal path, the astronaut’s clock,
which is traveling at a speed v, moves forward a

cT
' cc c

our clock astronaut's clock

cT

vT'

time for one
bounce, T

time for one
bounce, T'

Figure 18
In our clock, the light pulse
travels a distance cT  in one
bounce.  In the astronaut's
clock, the pulse travels a
distance cT'  while the clock
moves forward a distance vT'
during one bounce.
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and we see that a clock at rest keeps the same time as
ours.  If the astronaut goes by at one tenth the speed of
light, v = .1 c, and we get

 
T' =

T

1 - .1c
2
/c2

=
T

1 - .01

T' =
T

.99
= 1.005T (v = c/10) (13)

In this case the astronaut’s seconds lengthen only by a
factor 1.005 which represents only a .5% increase.  If
the astronaut’s speed is increased to half the speed of
light, we get

 
T' =

T

1 - .5c
2
/c2

=
T

1 - .25

T' =
T

.75
= 1.15T (v = c/2) (14)

Now we are getting a 15% increase in the length of the
astronaut’s seconds.

When we work with atomic or subatomic particles, it is
not difficult to accelerate these particles to speeds close
to the speed of light.  Shortly we will consider a particle
called a muon, that is traveling at a speed v = .994 c.  For
this particle we have

 
T' =

T

1 - .994c
2
/c2

=
T

1 - .988

T' =
T

.012
= 9T (v = .994c)

(15)

Here we are beginning to see some large effects.  If the
astronaut were traveling this fast, his seconds would be
9 times longer than ours, his clock would be running
only 1/9th as fast.

If we go all the way to v = c, Equation (11) gives

  
T' =

T

1 - c2/c2
=

T

1 - 1

T' =
T

0
= ∞ (v = c) (16)

In this case, the astronaut’s seconds would be infinitely
long and the astronaut’s clock would stop.  This agrees
with our earlier observation that if the astronaut went
by at the speed of light, the light pulse in his clock would
have to go straight ahead just to stay in the clock.  It
would not have time to move up or down, and therefore
not be able to tick off any seconds.

So far we have been able to use a pocket calculator to
evaluate 1/ 1 - v2 /c2.  But if the astronaut were flying
in a commercial jet plane at a speed of 500 miles per
hour, you have problems because 1/ 1 - v2 /c2 is so
close to 1 that the calculator cannot tell the difference.
In a little while we will show you how to do such
calculations, but for now we will just state the answer.

   1

1 - v2/c2
= 1 + 2.7 × 10–13 for a speed

of 500 mi/hr
(17)

To put this result in perspective suppose the astronaut
flew on the jet for what we thought was a time T = 1 hour
or 3600 seconds.  The astronaut’s light pulse clock
would show a longer time T'  given by

  
T' =

T

1 - v2/c2

= 1 + 2.7 × 10-13 × 3600 seconds

= 1 hour + .97 × 10–9 seconds

Since .97 x 10-9 seconds is close to a nanosecond, we
can write

T'   ≈  1 hour + 1 nanosecond (18)

The astronaut’s clock takes 1 hour plus 1 nanosecond
to move its hand forward 1 hour.  We would say that his
light pulse clock is losing a nanosecond per hour.

Students have a tendency to memorize formulas, and
Equation (11), T'  =  T/ 1 - v2 /c2 looks like a good
candidate.  But don’t!  If you memorize this formula,
you will mix up  T' and T, forgetting which seconds
belong to whom.  There is a much easier way to always
get the right answer.

Moving Clocks
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the rate of the moving clock is reduced by a factor
1 - v2 /c2 .

The factor 1 - v2 /c2  will appear numerous times
throughout the text.  But in every case you should have
an intuitive idea of whether the quantity under consid-
eration should increase or decrease.  If it increases,
divide by the 1 - v2 /c2 , and if it decreases, multiply
by 1 - v2 /c2.  This approach gives the right answer,
reduces memorization, and eliminates obscure nota-
tion like T'  and T.

Other Clocks
So far we have an interesting but limited result.  We
have predicted that if someone carrying a light pulse
clock moves by us at a speed v, we will see that their
light pulse clock runs slow by a factor 1 - v2 /c2.  Up
until now we have said nothing about any other kind of
clock, and we have the problem that no one has actually
constructed a light pulse clock.  But we can easily
generalize our result with another thought experiment
fairly similar to the one we just did.

For the new thought experiment let us rejoin the
discussion between the astronaut and the class of
students.  We begin just after the students have told the
astronaut what they saw.  “I was afraid of that,” the
astronaut replies.  “I never did trust that light pulse
clock.  I am not at all surprised that it ran slow.  But now
my digital watch,  it’s really good.  It is based on a quartz
crystal and keeps really good time.  It wouldn’t run
slow like the light pulse clock.”

For any speed v less than or equal to c (which is all we
will need to consider) the quantity 1 - v2 /c2 is always
a number less than or equal to 1, and 1/ 1 - v2 /c2 is
always greater than or equal to 1.  For the examples we
have considered so far, we have

    Table 1

v 1 - v2 /c2 1/ 1 - v2 /c2

0 1 1

500 mi/hr 1 -   2.7 × 10-13 1 +   2.7 × 10-13

c/10 .995 1.005

c/2 .87 1.15

.994c 1/9 9

c 0 ∞

You also know intuitively that for the moving light
pulse clock, the light pulse travels a longer path, and
therefore the moving clock’s seconds are longer.

If you remember that 1 - v2 /c2  appears somewhere
in the formula, all you have to do is ask yourself what
to do with a number less than one to make the answer
bigger; clearly, you have to divide by it.

As an example of this way of reasoning, note that if a
moving clock’s seconds are longer, then the rate of the
clock is slower.  The number of ticks per unit time is
less.  If we want to talk about the rate of a moving clock,
do we multiply or divide by 1 - v2 /c2?  To get a
reduced rate, we multiply by 1 - v2 /c2 since that
number is always less than one.  Thus we can say that
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“Are you insinuating,” the astronaut continued, “that
the reason I did not detect my light pulse running slow
was because my digital watch was also running slow?”

“Almost,” replied Bill,  “but you have other timing
devices in your capsule.  You shave once a day because
you do not like the feel of a beard.  This is a cyclic
process that could be used as the basis of a new kind of
clock.  If your shaving cycle clock did not slow down
just like the light pulse clock, you could time your
shaving cycle with the light pulse clock and detect your
motion.  You would notice that you had to shave more
times per light pulse month when you were moving
than when you were at rest.  This would violate the
principle of relativity.”

“Wow,” the astronaut exclaimed, “if the principle of
relativity is correct, and the light pulse clock runs
slow, then every process, all timing devices in my ship
have to run slow in precisely the same way so that I
cannot detect the motion of the ship.”

The astronaut’s observation highlights the power and
generality of the principle of relativity.  It turns a limited
theory about the behavior of one special kind of clock
into a general theory about the behavior of all possible
clocks.  If the light pulse clock in the astronaut’s
capsule is running slow by a factor 1 - v2 /c2 , then all
clocks must run  slow by exactly the same factor so that
the astronaut cannot detect his motion.

“I’ll bet it would,” Bill interrupts.  “How much?,” the
astronaut responds indignantly.  “The cost of one more
trip,” Bill answers.

In the new trip, the astronaut is to place his digital watch
right next to the light pulse clock so that the astronaut
and the class can see both the digital watch and the light
pulse clock at the same time.  The idea is to compare the
rates of the two timing devices.

“Look what would happen,” Bill continues, “if your
digital watch did not slow down.  When you come by,
your digital watch would be keeping “God’s time” as
you call it, while your light pulse clock would be
running slower.”

“The important part of this experiment is that because
the faces of the two clocks are together, if we see them
running at different rates, you will too.  You would
notice that here on earth, when you are at rest, the two
clocks ran at the same rate.  But when you were
moving at high speed, they would run at different
rates.  You could use this difference in rates to detect
your own motion, and therefore violate the principle
of relativity.”

The astronaut thought about this for a bit, and then
responded, “I’ll grant that you are partly right.  On my
previous trips, after the accelerations ceased and I
started coasting toward the class, I did not feel any
motion.  I had no trouble unpacking the equipment and
setting it up.  The light pulse went in just as it had back
in the lab, and I was sure that the light pulse clock was
working just fine.  I certainly would have noticed any
difference in the rates of the two clocks.”

Moving Clocks
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Real Clocks
Our theory still has a severe limitation.  We have to
assume that the light pulse clock runs slow.  But no one
has yet built a light pulse clock.  Thus our theory is still
based on thought experiments and conjectures about
the behavior of light.  If we had just one real clock that
ran slow by a factor 1 - v2 /c2, then the principle of
relativity would guarantee that all other clocks ran slow
in precisely the same way.  Then we would not need any
conjectures about the behavior of light.  The principle
of relativity would do it all!

In 1905 when Einstein proposed the special theory of
relativity, he did not have any examples of moving
clocks that were observed to run slow.  He had to rely
on his intuition and the two postulates.  It was not until
the early 1930s, in studies of the behavior of an
elementary particle called the muon, that experimental
evidence was obtained showing that a real moving
clock actually ran slow.

A muon at rest has a half life of 2.2 microseconds or
2,200 nanoseconds.  That means that if we start with
1000 muons, 2.2 microseconds later about half will
have decayed and only about 500 will be left.  Wait
another 2.2 microseconds and half of the remaining
muons will decay and we will have only about 250 left,
etc.  If we wait 5 half lives, just over 10  microseconds,
only one out of 32 of the original particles remain

  (1/2 × 1/2 × 1/2 × 1/2 × 1/2 = 1/32).

Muons are created when cosmic rays from outer space
strike the upper atmosphere.  Few cosmic rays make it
down to the lower atmosphere, so that most muons are
created in the upper atmosphere, several miles up.  The
interesting results, observed in the 1930s was that there
were almost as many high energy muons striking the
surface of the earth as there were several miles up.  This
indicated that most of the high energy muons seemed
to be surviving the several mile trip down through the
earth’s atmosphere.

Suppose we have a muon traveling at almost the speed
of light, almost 1 foot per nanosecond.  To go a mile,
5280 feet, would take 5,280 nanoseconds or about 5
microseconds.  Therefore a 2 mile trip takes at least 10
microseconds, which is 5 half lives.  One would expect
that in this 2 mile trip, only one out of every 32 muons
that started the trip would survive.  Yet the evidence
was that most of the high energy muons, those traveling
close to the speed of light, survived.  How did they do
this?

We can get an idea of why the muons survive when we
realize that the muon half life can be used as a timing
device for a clock.  Imagine that we have a box with a
dial on the front as shown in Figure (19).  We set the
hand to 0 and put 1000 muons in the box.  We wait until
half the muons decay, whereupon we advance the hand
2.2 microseconds, replace the decayed muons so that
we again have 1000 muons, and then wait until half
have decayed again.  If we keep repeating this process
the hand will advance one muon half life in each cycle.
Here we have a clock based on the muon half life rather
than the swings of a pendulum or the vibrations of a
quartz crystal.

The fact that most high energy muons raining down
through the atmosphere survive the trip means that
their half life is in excess of 10 microseconds, much
longer than the 2.2 microsecond half life of a muon at
rest.  A clock based on these moving muons would run
much slower than a muon clock at rest.  Thus the
experimental observation that the muons survive the
trip down through the atmosphere gives us our first
example of a real clock that runs slow when moving.

muons go
into box

MUON CLOCK

2.2
4.4

6.6
8.

8
11

0

Figure 19
In our muon clock, every time half of the muons
inside decay, we replace them and move the
hand on the face forward by 2.2 microseconds.
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In the early 1960s, a motion picture was made that
carefully studied the decay of muons in the trip down
from the top of Mount Washington in New Hampshire
to sea level (the sea level measurements were made in
Cambridge, Massachusetts), a trip of about 6000 feet.
Muons traveling at a speed of v = .994c were studied
and from the number surviving the trip, it was deter-
mined that the muon half life was lengthened to about
20 microseconds, a factor of 9 times longer than the 2.2
microsecond lifetime of muons at rest.  Since
1/ 1 - v2 /c2 = 9 for v = .994c, a result we got back in
Equation (16), we see that the moving picture provides
an explicit example of a moving clock that runs slow by
a factor 1 - v2 /c2 .

At the present time there are two ways to observe the
slowing down of real clocks.  One is to use elementary
particles like the muon, whose lifetimes are lengthened
significantly when the particle moves at nearly the
speed of light.  The second way is to use modern atomic
clocks which are so accurate that one can detect the tiny
slowing down that occurs when the clock rides on a
commercial jet.  We calculated that a clock traveling

500 miles per hour should lose one nanosecond every
hour.  This loss was detected to an accuracy of 1% when
physicists at the University of Maryland in the early
1980s flew an atomic clock for 15 hours over Chesa-
peake Bay.

In more recent times atomic clocks have become so
accurate that the slowing down of the clock has become
a nuisance.  When these clocks are moved from one
location to another, they have to be corrected for the
time that was lost due to their motion.  For these clocks,
even a one nanosecond error is too much.

Thus today the slowing down of moving clocks is no
longer a hypothesis but a common observational fact.
The slowing down by 1 - v2 /c2 has been seen both
for clocks moving at the slow speeds of a commercial
jet and the high speeds travelled by elementary par-
ticles.  We now have real clocks that run slow by a
factor 1 - v2 /c2 and no longer need to hypothesize
about the behavior of light pulses.  All of our conjec-
tures in this chapter hinge on the principle of relativ-
ity alone.

Figure 19a -- Muon Lifetime Movie
The lifetimes of 568 muons, traveling at a speed of .994c, were plotted as vertical
lines. If the muon’s clocks did not run slow, these lines would show how far the
muons could travel before decaying. One can see that very few of the muons
would survive the trip from the top of Mt. Washington to sea level. Yet the
majority do survive.

Movie
To play the movie, click the
cursor in the photo to the
left. Use up or down arrows
on the keyboard to raise or
lower volume. Left and right
arrows step one frame
foreward or back and esc
stops it. The movie is 36
minutes long. The Movie
Time Dilation: An
Experiment with Mu-Mesons
is presented with the
permission of Education
Development Center Inc.,
Newton, Massachusetts.
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Figure 20
The Andromeda galaxy, about a million light years
away, and about 1/10 million light years in diameter.

Time Dilation
If all moving clocks run slow, does time itself run slow
for the moving observer?  That raises the question of
how we define time.  If time is nothing more than what
we measure by clocks, and all clocks run slow, we might
as well say that time runs slow.  And we can give this
effect a name like time dilation, the word dilation
referring to the stretching out of seconds in a moving
clock.

But time is such a personal concept, it plays such a basic
role in our lives, that it seems almost demeaning that
time should be nothing more than what we measure by
clocks.  We have all had the experience that time runs
slow when we are bored, and fast when we are busy.
Time is associated with all aspects of our life, including
death.  Can such an important concept be abstracted to
be nothing more than the results of a series of measure-
ments?

Let us take the following point of view.  Let physicists’
time be that which is measured by clocks.  Physicists’
time is what runs slow for an object moving by.  If your
sense of time does not agree with physicists’ time, think
of that as a challenge.  Try to devise some experiment to
show that your sense of time is measurably different
from physicists’ time.  If it is, you might be able to devise
an experiment that violates the principle of relativity.

Space Travel
In human terms, time dilation should have its greatest
effect on space travelers who need to travel long dis-
tances and therefore must go at high speeds.  To get an
idea of the distances involved in space travel, we note
that light takes 1.25 seconds to travel from the earth to
the moon (the moon is 1.25 billion feet away), and 8
minutes to travel from the sun to the earth.  We can say
that the moon is 1.25 light seconds away and the sun is
8 light minutes distant.

Currently Neptune is the most distant planet (Pluto will
be the most distant again in a few years).  When Voyager
II passed Neptune, the television signals from Voyager,
which travel at the speed of light, took 2.5 hours to reach
us.  Thus our solar system has a radius of 2.5 light hours.
It takes 4 years for light to reach us from the nearest star
from our sun; stars are typically one to a few light years
apart.

If you look up at the sky at night and can see the Milky
Way, you will see part of our galaxy, a spiral structure
of stars that looks much like our neighboring galaxy
Andromeda shown in Figure (20).  Galaxies are about
100,000 light years across, and typically spaced about a
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million light years apart.  As we will see  there are even
larger structures in space;  there are interesting things to
study on an even grander scale.

Could anyone who is reading this text survive a trip to
explore our neighboring galaxy Andromeda, or just
survive a trip to some neighboring star, say, only 200
light years away?

Before Einstein’s theory, one would guess that the best
way to get to a distant star would be to go so fast that the
trip would not take very long.  But now we have a
problem.  In Einstein’s theory, the speed of light is a
special speed.  If we had the astronaut carry our light
pulse clock at a speed greater than the speed of light, the
light pulse could not remain in the clock.  The astronaut
would also notice that he could not keep the light pulse
in the clock, and could use that fact to detect his own
uniform motion.  In other words, the principle of relativ-
ity implies that we or the astronaut cannot travel faster
than the speed of light.

That the speed of light is a limiting speed is common
knowledge to physicists working with elementary par-
ticles.  Small particle accelerators about a meter in
diameter can accelerate electrons up to speeds ap-
proaching v = . 9999c.  The two mile-long accelerator
at Stanford University, which holds the speed record
for accelerating elementary particles here on earth, can
only get electrons up to a speed v = . 999999999c.  The
speed of light is Nature’s speed limit, how this speed
limit is enforced is discussed in Chapter 6.

Does Einstein’s theory preclude the possibility that we
could visit a distant world in our lifetime; are we
confined to our local neighborhood of stars by Nature’s
speed limit?  The behavior of the muons raining down
through the atmosphere suggests that we are not con-
fined.  The muons, you will recall, live only 2.2
microseconds (on the average) when at rest.  Yet the
muons go much farther than the 2200 feet that light
could travel in a muon half life.  They survive the trip
down through the atmosphere because their clocks are
running slow.

If humans could accompany muons on a trip at a speed
v = .994c, the human clocks should also run slow, their
lifetimes should also expand by the same factor of 9.  If
the human clocks did not run slow and the muon clocks
did, the difference in rates could be used to detect
uniform motion in violation of the principle of
relativity.

The survival of the muons suggest that we should be
able to travel to a distant star in our own lifetime.
Suppose, for example, we wish to travel to the star Zeta
(we made up that name) which is 200 light years away.
If we traveled at the speed v = .994c, our clocks should
run slow by a factor 1/ 1 - v2 /c2 = 1/9, and the trip
should only take us   200 × 1 91 9 = 22.4  years.  We
would be only 22.4 years older when we get there.  A
healthy, young crew should be able to survive that.

Space Travel
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The Lorentz Contraction
A careful study of this proposed trip to star Zeta
uncovers a consequence of Einstein’s theory that we
have not discussed so far.  To see what this effect is, to
see that it is just as real as the slowing down of moving
clocks, we will treat this proposed trip as a new thought
experiment which will be analyzed from several points
of view.

In this thought experiment, the instructor and the class,
who participated in the previous thought experiments,
decide to travel to Zeta at a speed of v = .994c.  They
have a space ship constructed which on the inside looks
just like their classroom, so that classroom discussions
can be continued during the trip.

On the earth, a permanent government subagency of
NASA is established to record transmissions from the
space capsule and maintain an earth bound log of the
trip.  Since the capsule, traveling at less than the speed
of light, will take over 200 years to get to Zeta,  and since
the transmissions upon arrival will take 200 years to get
back, the NASA agency has to remain in operation for
over 400 years to complete its assignment.  NASA’s
summary of the trip, written in the year 2406, reads as
follows:  “The spacecraft took off in the year 2001 and
spent four years accelerating up to a speed of v = .994c.
During this acceleration everything was packed away,
but when they got up to the desired speed, the rocket
engines were shut off and they started the long coast to
the Zeta.  This coast started with a close fly-by of the
earth in late January of the year 2005.  The NASA
mission control officer who recorded the fly-by noted
that his great, great, great, grandchildren would be alive
when the spacecraft reached its destination.”

The mission control officer then wrote down the fol-
lowing calculations that were later verified in detail.
“The spacecraft is traveling at a speed v = .994c, so that
it will take 1/.994 times longer than it takes a pulse of
light to reach the star.  Since the star is 200 light years
away, the spacecraft should take 200/.994 = 201.2
years to get there.

But the passengers inside are also moving at a speed
v = .994c, their clocks and biological processes run
slow by a factor 1 - v2 /c2 = 1/9, and the amount of
time they will age is

  amount of time
space travelers
age

= 201.2 years × 1
9

= 22.4 years

Even the oldest member of the crew, the instructor, will
be able to survive.”

The 2406 entry continued;  “During the intervening
years we maintained communication with the capsule
and everything seemed to go well.  There were some
complaints about our interpretation of what was hap-
pening but that did not matter, everything worked out
just as we had predicted.  The spacecraft flew past Zeta
in March of the year 2206, and we received the commu-
nications of the arrival this past March.  The instructor
said she planned to retire after they decelerated and the
spacecraft landed on a planet orbiting Zeta.  She was
not quite sure what her class of middle aged students
would do.”



1-25

NASA’s predictions may have come true, but from the
point of view of the class in the capsule, not everything
worked out the way NASA said it did.

As NASA mentioned, a few years were spent acceler-
ating the space capsule to the speed v = .994c.  The
orbit was chosen so that just after the engines were shut
off and the coast to Zeta began, the spacecraft would
pass close to the earth for one final good-by.

There was quite a change from the acceleration phase
to the coasting phase.  During the acceleration every-
thing had to be securely fastened, and there was the
constant vibration of the engines.  But when the engines
were shut off, you couldn’t feel motion any more;
everything floated as in the TV pictures of the early
astronauts orbiting the earth.

When the coasting started, the instructor and class
settled down to the business of monitoring the trip.  The
first step was to test the principle of relativity.  Was
there any experiment that they could do inside the
capsule that could detect the motion of the capsule?
Various experiments were tried, but none demon-
strated that the capsule itself was moving.  As a result
the students voted to take the point of view that they and
the capsule were at rest, and the things outside were
moving by.

Very shortly after the engines were shut off, the earth
went by.  This was expected, and the students were
ready to measure the speed of the earth as it passed.
There were two windows 100 feet apart on the back
wall of the classroom, as shown in Figure (21).  When
the earth came by, there was an orbiting spacecraft,
essentially at rest relative to the earth, that passed close
to the windows.  The students measured the time it took
the front edge of this orbiting craft to travel the 100 feet
between the windows.  They got 100.6 nanoseconds
and therefore concluded that the orbiting craft and the
earth itself were moving by at a speed

vearth  =  100 feet
100.6 nanoseconds

          =  .994 feet
nanosecond

  =  .994 c

So far so good.  That was supposed to be the relative
speed of the earth.

In the first communications with earth, NASA mission
control said that the space capsule passed by the earth
at noon, January 17, 2005.  Since all the accurate clocks
had been dismantled to protect them from the accelera-
tion, and only put back together when the coasting
started, the class was not positive about what time it
was.  They were willing to accept NASA’s statement
that the fly-by occurred on January 17, 2005.  From
then on, however, the class had their own clocks in
order—light pulse clocks, digital clocks and an atomic
clock.  From then on they would keep their own time.

For the next 22 years the trip went smoothly.  There
were numerous activities, video movies, etc., to keep
the class occupied.  Occasionally, about once every
other month, a star went by.  As each star passed, its
speed v was measured and the class always got the
answer v = .994c.  This confirmed that the earth and the
neighboring stars were all moving together like bright
dots on a huge moving wall.

Figure 21
To measure the speed of the earth as it passes
by, the class measures the time it takes a small
satellite to pass by the windows in the back of
the classroom.  The windows are 100 feet apart.

100 ft

classroom in
space capsule

earth
vearth

Lorentz Contraction
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The big day was June 13, 2027, the 45th birthday of Jill
who was eighteen when the trip was planned.  This was
the day, 22.4 years after the earth fly-by, that Zeta went
by.  The students made one more speed measurement
and determined that Zeta went by at a speed v = .994c.
An arrival message was sent to NASA, one day was
allowed for summary discussions of the trip, and then
the deceleration was begun.

After a toast to Jill for her birthday, Bill began the
conversation.  “Over the past few years, the NASA
communications and even our original plans for the trip
have been bothering me.  The star charts say that Zeta
is 200 light years from the earth, but that cannot be
true.”

“Look at the problem this way.” Bill continues. “The
earth went by us at noon on January 17, 2005,  just 22.4
years ago.  When the earth went by, we observed that
it took 100.6 nanoseconds to pass by our 100 foot wide
classroom.  Thus the earth went by at a speed v = .994
feet/nanosecond, or .994c.  Where is the earth now,
22.4 years later?  How far could the earth have gotten,
traveling at a speed .994c for 22.4 years?  My answer
is

  distance of earth
from spaceship

= .994
light year

year
× 22.4 years

= 22 light years

“You’re right!” Joan interrupted, “Even if the earth had
gone by at the speed of light, it would have gone only
22.4 light years in the 22.4 years since fly-by.  The star
chart must be wrong.”

The instructor, who had just entered the room, said, “I
object to that remark.  As a graduate student I sat in on
part of a course in astronomy and they described how
the distance to Zeta was measured.”  The instructor
drew a sketch, Figure (22), and continued.  “Here is the
earth in its orbit about the sun, and two observations, six
months apart, are made of Zeta.  You see that the two
positions of the earth and the star form a triangle.
Telescopes can accurately measure the two angles I
labeled θ1 and θ2, and the distance across the earth’s
orbit is accurately known to be 16 light minutes.  If you
know two angles and one side of a triangle, then you can
calculate the other sides from simple geometry.  One
reason for choosing a trip to Zeta  is that we had accurate

measurements of the distance to that star.  We knew that
it was 200 light years away, and we knew that traveling
at a speed .994c, we could survive the trip in our
lifetime.”

Bill responded, “I think you entered the room too late
and missed my argument.  Let me summarize it.  Point
1:  the earth went by a little over 22 years ago.  Point 2:
we actually measured that the earth was traveling by us
at almost the speed of light.  Point 3:  even light cannot
go farther than 22 light years in 22 years.  The earth can
be no farther than about 22 light years away.  Point 4:
Zeta passed by us today, thus the distance from the
earth to Zeta is about 22 light years, not 200 light
years!”

“But what about NASA’s calculations and all their
plans,” the instructor said, interrupting a bit nervously.

“We do not care what NASA thinks,” responded Bill.
“We have had no acceleration since the earth went by.
Thus the principle of relativity guarantees that we can
take the point of view that we are at rest and that it is the
earth and NASA that are moving.  From our point of
view, the earth is 22 light years away.  What NASA
thinks is their business.”

Joan interrupts, “Let us not argue on this last day.  Let’s
figure out what is happening.  There is something more
important here than just how far away the earth is.”

earth's orbit

Sun01 02

03

Zeta

Figure 22
Instructor's sketch showing how the distance from the
earth to the star Zeta was measured.  (For a star 200
light years away,  θθ3  is 4.5 millionths of a degree.)



1-27

“Remember in the old lectures on time dilation where
the astronaut carried a light pulse clock.  We used the
peculiar behavior of that clock and the principle of
relativity to deduce that time ran slow for a moving
observer."

“Now for us, NASA is the moving observer.  More than
that, the earth, sun,  and the stars, including Zeta, have
all passed us going in the same direction and the same
speed v = .994c.  We can think of them as all in the same
huge space ship.  Or we can think of the earth and the
stars as painted dots on a very long rod.  A very long rod
moving past us at a speed v = .994c.  See my sketch
(Figure 23)."

“To NASA, and the people on earth, this huge rod, with
the sun  at one end and Zeta at the other, is 200 light
years long.  Our instructor showed us how earth people
measured the length of the rod.  But as Bill has pointed
out, to us this huge rod is only 22 light years long.  That
moving rod is only 1/9th as long as the earth people
think it is.”

“But,” Bill interrupts, the factor of 1/9 is exactly the
factor 1 - v2 /c2 by which the earth people thought
our clocks were running slow.  Everyone sees some-
thing peculiar.  The earth people see our clocks running
slow by a factor 1 - v2 /c2, and we see this hypotheti-
cal rod stretched from the sun to Zeta contracted by a
factor 1 - v2 /c2.”

“But I still worry about the peculiar rod of Joan’s,”  Bill
continues,  “what about real rods, meter sticks, and so
forth?  Will they also contract?”

At this point Joan sees the answer to that.  “Remember,
Bill, when we first discussed moving clocks, we had
only the very peculiar light pulse clock that ran slow.
But then we could argue that all clocks, no matter how
they are constructed, had to run slow in exactly the
same way, or we could violate the principle of
relativity.”

“We have just seen that my ‘peculiar’ rod, as you call
it, contracts by a factor 1 - v2 /c2.  We should be able
to show with some thought experiments that all rods, no
matter what they are made of, must contract in exactly
the same way as my peculiar one or we could violate the
principle of relativity.”

“That’s easy,” replies Bill.  Just imagine that we string
high tensile carbon filament meter sticks between the
sun and Zeta.  I estimate (after a short calculation) that
it should take only 6 × 1017 of them.  As we go on our
trip, it doesn’t make any difference whether the meter
sticks are there or not, everything between the earth and
Zeta passes by in 22 years.  We still see 6 × 1017 meter
sticks.   But each one must have shortened by a factor

1 - v2 /c2 so that all of them fit in the shortened
distance of 22 light years.  It does not make any
difference what the sticks are made of.”

Jim, who had not said much up until now, said, “OK,
from your arguments I see that the length of the meter
sticks, the length in the direction of motion must
contract by a factor 1 - v2 /c2,  but what about the
width?  Do the meter sticks get skinnier too?”

The class decided that Jim’s question was an excellent
one, and that a new thought experiment was needed to
decide.

Let’s try this,” suggested Joan.  “Imagine that we have
a space ship 10 feet in diameter and we build a brick
wall with a circular hole in it 10 feet in diameter (Figure
(24)).  Let us assume that widths, as well as lengths,
contract.  To test the hypothesis, we hire an astronaut to

Lorentz Contraction

Sun

Zeta

hypothetical
measuring
rod between
our sun and
the star Zeta

v = .994c

Figure 23
Joan's sketch of the Sun and Zeta
moving by.  This “object” passed by in
about 22 years, moving at nearly the
speed of light.  Thus the “object” was
about 22 light years long.
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Leaving our thought experiment, it is interesting to note
that the discovery of the contraction of moving lengths
occurred before Einstein put forth the special theory of
relativity.  In the 1890s, physicist George Fitzgerald
assumed that the length of one of the arms in
Michaelson’s interferometer, the arm along the direc-
tion of motion, contracted by a factor 1 - v2 /c2.  This
was just the factor needed to keep the interferometer
from detecting the earth’s motion in the Michaelson-
Morley experiments.  It was a short while later that
H.A. Lorentz showed that if the atoms in the arm of the
Michaelson interferometer were held together by elec-
tric forces, then such a contraction would follow from
Maxwell’s theory of electricity.  The big step, however,
was Einstein’s assumption that the principle of relativ-
ity is correct.  Then, if one object happens to contract
when moving, all objects must contract in exactly the
same way so that the contraction could not be used to
detect one’s own motion.  This contraction is called the
Lorentz-Fitzgerald contraction, or Lorentz contrac-
tion, for short.

Relativistic Calculations
Although we have not quite finished with our discus-
sion of Einstein’s special theory of relativity, we have
covered two of the important consequences, time dila-
tion and the Lorentz contraction, which will play
important roles throughout the text.  At this point we
will take a short break to discuss easy ways to handle
calculations involving these relativistic effects.  Then
we will take another look at Einstein’s theory to see if
there are any more new effects to be discovered.

After our discussion of time dilation, we pointed out the
importance of the quantity 1 - v2 /c2 which is a
number always less than 1.  If we wanted to know how
much longer a moving observer’s time interval was, we
divided by 1 - v2 /c2 to get a bigger number.  If we
wanted to know how much less was the frequency of a
moving clock, we multiplied by 1 - v2 /c2 to get a
smaller number.

With the Lorentz contraction we have another effect
that depends upon 1 - v2 /c2.  If we see an object go
by us, the object will contract in length.  To predict its
contracted length, we multiply the uncontracted length
by 1 - v2 /c2 to get a smaller number.  If, on the other

fly the 10 foot diameter capsule through the 10 foot hole
at nearly the speed of light, say at v = .994c.  If widths
contract like lengths, the capsule should contract to 10/
9 of a foot; it should be just over 13 inches in diameter
when it gets to the 10 foot hole.  It should have no
trouble getting through.”

“But look at the situation from the astronaut’s point of
view.  He is sitting there at rest, and a brick wall is
approaching him at a speed v = .994c.  He has been told
that there is a 10 foot hole in the wall, but he has also
been told that the width of things contracts by a factor

1 - v2 /c2.  That means that the diameter of the hole
should contract from 10 feet to 13 inches.  He is sitting
there in a 10 foot diameter capsule, a brick wall with a
13 inch hole is approaching him, and he is supposed to
fit through.  No way!  He bails out and looks for another
job.”

“That’s a good way to do thought experiments, Joan,”
replied the instructor.  “Assume that what you want to
test is correct, and then see if you can come up with an
inconsistency.  In this case, by assuming that widths
contract, you predicted that the astronaut should easily
make it through the hole in the wall.  But the astronaut
faced disaster.  The crash, from the astronaut’s point of
view would have been an unfortunate violation of the
principle of relativity, which he could use as evidence
of his own uniform motion.”

“To sum it up,” the instructor added, “we now have
time dilation where moving clocks run slow by a factor

1 - v2 /c2, and we see that moving lengths contract by
the same factor.  Only lengths in the direction of motion
contract, widths are unchanged.”
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Figure 24
Do diameters contract?
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hand, an object moving by us had a contracted length
l, and we stop the object, the contraction is undone and
the length increases.  We get the bigger uncontracted
length by dividing by 1 - v2 /c2.

As we mentioned earlier, first determine intuitively
whether the number gets bigger or smaller, then either
multiply by or divide by the 1 - v2 /c2 as appropriate.
This always works for time dilation, the Lorentz con-
traction, and, as we shall see later, relativistic mass.

We will now work some examples involving the
Lorentz contraction to become familiar with how to
handle this effect.

Example 1   Muons and Mt Washington
In the Mt. Washington experiment, muons travel 6000
feet from the top of Mt. Washington to sea level at a
speed v = .994c.  Most of the muons survive despite the
fact that the trip should take about 6 microseconds
(6000 nanoseconds), and the muon half life is τ = 2.2
microseconds for muons at rest.

We say that the muons survive the trip because their
internal timing device runs slow and their half life
expands by a factor 1/ 1 - v2 /c2 = 9.  The half life of
the moving muons should be

half life of
moving muons  =  τ

1 - v2 /c2

  = 2.2 microseconds × 9

=  19.8 microseconds

This is plenty of time for the muons to make the trip.

From the muon’s point of view, they are sitting at rest
and it is Mt. Washington that is going by at a speed v =
.994c.  The muon’s clocks aren’t running slow, instead
the height of Mt. Washington is contracted.

To calculate the contracted length of the mountain, start
with the 6000 foot uncontracted length, multiply by

1 - v2 /c2 = 1/9 to get

  contracted height
of Mt. Washington

= 6000 feet × 1
9

= 667 feet

Traveling by at nearly the speed of light, the 667 foot
high Mt. Washington should take about 667 nanosec-
onds or .667 microseconds to go by.  Since this is
considerably less than the 2.2 microsecond half life of
the muons, most of them should survive until sea level
comes by.

Example 2   Slow Speeds
Joan walks by us slowly, carrying a meter stick point-
ing in the direction of her motion.  If her speed is v = 1
foot/second, what is the contracted length of her meter
stick as we see it?

This is an easy problem to set up.  Since her meter stick
is contracted, we multiply 1 meter times the 1 - v2 /c2

with v = 1 foot/second.  The problem comes in evalu-
ating the numbers.  Noting that 1 nanosecond = 10-9

seconds, we can use the conversion factor 10-9 sec-
onds/nanosecond to write

  
v = 1

ft
sec

× 10-9 sec
nanosecond

= 10-9 ft
nanosecond

= 10-9 c

Thus we have

v
c  =  10-9 ,   v

2

c2
  =  10-18

and for Joan’s slow walk we have

1 - v2 /c2   =  1 - 10-18 (19)

If we try to use a calculator to evaluate the square root
in Equation (19), we get the answer 1.  For the calcula-
tor, the number 10-18 is so small compared to 1, that it
is ignored.  It is as if the calculator is telling us that when
Joan’s meter stick is moving by at only 1 foot/second,
there is no noticeable contraction.

But there is some contraction, and we may want to
know the contraction no matter how small it is.  Since
calculators cannot handle numbers like 1 – 10-18 , we
need some other way to deal with such expressions.  For
this, there is a convenient set of approximation formu-
las which we will now derive.

Lorentz Contraction
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Approximation Formulas
The approximation formulas deal with numbers close
to 1, numbers that can be written in the form (1 + a) or
(1 – a) where a is a number much less than 1.  For
example the square root in Equation (19) can be written
as

1 - 10-18   =  1 - α
where α = 10-18 is truly a number much less than 1.

The idea behind the approximation formulas is that if
a is much less than 1, a2 is very much less than 1 and can
be neglected.  To see how this works, let us calculate (1
+ a)2 and see how we can neglect  a2  terms even when
a is as large as .01.  An exact calculation is

1 + α 2  =  1 + 2α + α 2

which for α  =  .01,  α2  =  .0001 is

  1 + α 2
= 1 + .02 + .0001

= 1.0201

If we want to know how much 1 + α 2 differs from 1,
but do not need too much precision, we could round off
1.0201 to 1.02 to get

1 + α 2  ≈  1.02

(The symbol ≈ means “approximately equal to”).  But
in replacing 1.0201 by 1.02, we are simply dropping the
α 2 term in Equation (19).  We can write

  1 + α 2 ≈ 1 + 2α = 1 +.02 = 1.02 (20)

Equation (20) is our first example of an approximation
formula.

In Equation (20) the smaller a is the better the approxi-
mation.  If a = .0001 we have

1.0001 2  =  1.00020001     exact

Equation (20) gives

  
1 + .0001

2 ≈ 1 + .0002 = 1.0002

and we see that the neglected α2 terms become less and
less important.

Some useful approximation formulas are the following

1 + α 2  ≈  1 + 2α (20)

1 - α 2  ≈  1 - 2α (21)

1
1 + α

     ≈  1 - α (22)

1
1 - α

      ≈  1 + α (23)

1 - α      ≈  1 - α
2

(24)

1
1 - α

    ≈  1 + α
2

(25)

We have already derived Equation (20).  Equation (21)
follows from (20) if we replace α by –α.

Equation (22) can be derived as follows.  Multiply the
quantity 1 – a by (1+a)/(1+a) which is 1 to get

  
1 - α = 1 - α ×

1 + α

1 + α
=

1 - α2

1 + α ≈ 1
1 + α

In the last step we dropped the α2 terms.

To derive the approximate formula for a square root,
start with

  
1 -

α
2

× 1 -
α
2

= 1- 2
α
2

+
α2

4
≈ 1- α (26)

taking the square root of Equation (26) gives

1 - α
2

  ≈  1 - α

which is the desired result.  Again we only neglected α2

terms.

To derive Equation (25), first use Equation (24) to get

1
1 - α

  ≈  1
1 - α

2
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Exercise 6
We saw that time dilation in a commercial jet was not a
big effect either—clocks losing only one nanosecond
per hour in a jet traveling at 500 miles per hour.  This was
not an unnoticed effect, however, because modern
atomic clocks can detect this loss.

In our derivation of the one nanosecond loss, we stated
in Equation (17) that

    1

1 - v2/c2
≈ 1 +2.7 × 10-13 fora speed of

500 miles/hour
(17)

Starting with

  v = 500
miles
hour

× 5280
feet
mile

× 1
3600sec/hour

use the approximation formulas to derive the result
stated in Equation (17).

Exercise 7

Here is an exercise where you do not need the approxi-
mation formulas, but which should get you thinking
about the Lorentz contraction. Suppose you observe
that the Mars-17 spacecraft, traveling by you at a speed
of v = .995c, passes you in 20 nanoseconds. Back on
earth,  the Mars-17 spacecraft is stored horizontally in
a hanger that is the same length as the spacecraft. How
long is the hanger?

Then use Equation (23), with a replaced by a/2 to get

  1

1 -
α
2

≈ 1 +
α
2

which is the desired result.

For those who are interested, the approximation formu-
las we have written are the first term of the so called
binomial expansion:

1 + α n  =  1 + n α + 
n n-1

2
 α2 +  (27)

where the coefficients of α, α2, etc. are known as the
binomial coefficients.  If you need more accurate
approximations, you can use Equation (27) and keep
terms in α2 ,  α3 , etc.  For all the work in this text, the
first term is adequate.

Exercise 5
Show that Equations (20) through (25) are all examples
of the first order binomial expansion

   1 +α n ≈ 1 +nα (27a)

We are now ready to apply our approximation for-
mulas to evaluate 1 - 10-18  that appeared in Equa-
tion (17).  Since α = 10-18 is very small compared to
1, we have

1 - 10-18   =  1 - α   ≈  1 - α
2

  =  1 - 10-18

2

Thus the length of Joan’s meter stick is

  length of Joan's
contracted meter stick

= 1 meter × 1 - v2/c2

=  1 meter 1 - 10-18

2

=  1 meter - 5 × 10-19 meters
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A CONSISTENT THEORY
As we gain experience with Einstein’s special theory of
relativity, we begin to see a consistent pattern emerge.
We are beginning to see that there is general agreement
on what happens, even if different observers have
different opinions as to how it happens.  A good
example is the Mt. Washington experiment observing
muons traveling from the top of Mt. Washington to sea
level.  Everyone agrees that the muons made it.  The
muons are actually seen down at sea level.  How they
made it is where we get the differing points of view.  We
say that they made it because their clocks ran slow.
They say they made it because the mountain was short.
Time dilation is used from one point of view, the
Lorentz contraction from another.

Do we have a complete, consistent theory now?  In any
new situation will we always agree on the predicted
outcome of an experiment, even if the explanations of
the outcome differ?  Or are there some new effects, in
addition to time dilation and the Lorentz contraction,
that we will have to take into account?

The answer is that there is one more effect, called the
lack of simultaneity which is a consequence of
Einstein’s theory.  When we take into account this lack
of simultaneity as well as time dilation and the Lorentz
contraction, we get a completely consistent theory.
Everyone will agree on the predicted outcome of any
experiment involving uniform motion.  No other new
effects are needed to explain inconsistencies.

The lack of simultaneity turns out to be the biggest
effect of special relativity, it involves two factors of

1 - v2 /c2 .  But in this case the formulas are not as
important as becoming familiar with some of the
striking consequences.  We will find ourselves dealing
with problems such as whether we can get answers to
questions that have not yet been asked, or whether
gravity can crush matter out of existence.  Strangely
enough, these problems are related.

LACK OF SIMULTANEITY
One of the foundations of our intuitive sense of time is
the concept of simultaneity.  “Where were you when
the murder was committed,” the prosecutor asks.  “At
the time of the murder,” the defendant replies, “I was
eating dinner across town at Harvey’s Restaurant.”  If
the defendant can prove that the murder and eating
dinner at Harvey’s were simultaneous events, the jury
will set him free.  Everyone knows what simultaneous
events are, or do they?

One of the most unsettling consequences of Einstein’s
theory is that the simultaneity of two events depends
upon the point of view of the observer.  Two events that
from our point of view occurred simultaneously, may
not be simultaneous to an observer moving by.  Worse
yet, two events that occurred one after the other to us,
may have occurred in the reverse order to a moving
observer.

To see what happens to the concept of simultaneous
events, we will return to our thought experiment in-
volving the instructor and the class.  The action takes
place on the earth before the trip to the star Zeta, and
Joan has just brought in a paperback book on relativity.

“I couldn’t understand that book either,”  the instructor
says to Joan, “he starts with Einstein’s analogy of trains
and lightening bolts, but then switches to wind and
sound waves, which completely confused me.  There
are many popular attempts to explain Einstein’s theory,
but most do not do very well when it comes to the lack
of simultaneity.”

“One of the problems with these popular accounts,” the
instructor continues, “is that we have to imagine too
much.  In today’s lecture I will try to avoid that.  In class
we are going to carry out a real experiment involving
two simultaneous events.  We are going to discuss that
experiment until everyone in class is completely clear
about what happened.  No imagining yet, just observe
what actually occurred.  When there are no questions
left, then we will look at our real experiment from the
point of view of someone moving by.  At that point the
main features of Einstein’s theory are easy to see.”
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Figure 25
Lecture demonstration experiment in which two
flashbulbs are fired simultaneously by trigger
signals from a laser.  The laser and beam splitter
are at the center of the lecture bench, so that the
laser light travels equal distances to reach the
red and green bulbs.  A photocell, battery and
relay are mounted in each flashbulb base.

Figure 26
Although Joan sees the light from the
green flash first, she knows that the two
flashes were simultaneous because of
the way the experiment was set up.
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Joan

trigger pulse trigger pulse

“The apparatus for our experiment is set up here on the
lecture bench (Figure 25).  On the left side of the bench
I have a red flash bulb and on the right side a green flash
bulb.  These flash bulbs are attached to batteries and
photocells so that when a light beam strikes their base,
they go off.”

“In the center of the desk is a laser and in front of it a
beam splitter that uses half silvered mirrors.  When I turn
the laser on, the laser beam comes out, strikes the beam
splitter, and divides into two beams.  One beam travels
to the left and sets off the red flash bulb, while the other
beam goes to the right and triggers the green flash bulb.
I will call the beams emerging from the beam splitter
‘trigger beams’ or ‘trigger pulses’.”

“Let us analyze the experiment before we carry it out,”
the instructor continues.  “We will use the Einstein
postulate that the speed of light is c to all observers.  Thus
the left trigger pulse travels at a speed c and so does the
right one as I showed on the sketch.  Since the beam
splitter is in the center of the desk, the trigger pulses
which start out together, travel the same distance at the
same speeds to reach the flash bulbs.  As a result the flash
bulbs must go off simultaneously.”

“The flashing of the flashbulbs are an example of what
I mean by simultaneous events,” the instructor adds
with emphasis.  “I know that they will be simultaneous
events because of the way I set up the experiment".

"OK, let’s do the experiment.”

While the instructor is adjusting the apparatus, one of
the flashbulbs goes off accidentally which amuses the
class, but finally the apparatus is ready, the laser beam
turned on, and both bulbs fire.

“Well, were they simultaneous flashes?” the instructor
asks the class.

“I guess so,” Bill responds, a bit hesitantly.

“How do you know,” the instructor asks.

“Because you set it up that way,” answers Bill.

Turning and pointing a finger at Joan who is sitting on
the right side of the room nearer the green flash bulb (as
in Figure 26), the instructor says, “Joan, for you which
flash was first?”  Joan thought for a second and replied,
“The green bulb is closer, I should have seen the green
light first.”

“But which occurred first?” the instructor interrupts.

“What are you trying to get at?” Joan asks.
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Figure 27a
In our thought experiment,  a Martian astronaut
passes by our lecture bench at a high speed v.

laser
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c cv v

v What the Martian sees

Figure 27b
The Martian astronaut sees the green flashbulb
running into its trigger signal and firing quickly.
The red flashbulb is running away from it's
trigger signal, and therefore will not fire for a
long time.  Clearly the green flash occurs first.

“Let me put it this way,” the instructor responds.  “Around
1000 BC, the city of Troy fell to the invading Greek
army.  About the same time, a star at the center of the
Crab Nebula exploded in what is known as a supernova
explosion.  Since the star is 2000 light years away, the
light from the supernova explosion took 2000 years to
get here.  The light arrived on July 4, 1057, about the
time of the Battle of Hastings.  Now which are simulta-
neous events?  The supernova explosion and the Battle
of Hastings, or the supernova explosion and the fall of
Troy”

“I get the point,” replied Joan.  “Just because they saw
the light from the supernova explosion at the time of the
Battle of Hastings, does not mean that the supernova
explosion and that battle occurred at the same time.  We
have to calculate back and figure out that the supernova
explosion occurred about the time the Greeks were
attacking Troy, 2000 years before the light reached us.”

“As I sit here looking at your experiment,” Joan
continues,  “I see the light from the green flash before
the light from the red flash, but I am closer to the green
bulb than the red bulb.  If I measure how much  sooner
the green light arrives, then measure the distances to the
two bulbs, and do some calculations, I’ll probably find
that the two flashes occurred at the same time.”

“It is much easier than that.” the instructor exclaimed,
“Don’t worry about when the light reaches you, just
look at the way I set up the experiment – two trigger
pulses, starting at the same time, traveling the same
distance at the same speed.  The flashes must have
occurred simultaneously.  I chose this experiment
because it is so easy to analyze when you look at the
trigger pulses.”

“Any other questions?” the instructor asks.  But by this
time the class is ready to go on.  “Now let us look at the
experiment from the point of view of a Martian moving
to the right a high speed v  (Figure 27a).  The Martian
sees the lecture bench, laser, beam splitter and two flash
bulbs all moving to the left as shown (Figure 27b).  The
lecture bench appears shortened by the Lorentz con-
traction, but the beam splitter is still in the middle of the
bench.  What is important is that the trigger pulses,
being light, both travel outward from the beam splitter
at a speed c .

As the bench passes by, the Martian sees that the green
flash bulb quickly runs into the trigger pulse like this
( c v ).  But on the other side there is a race
between the trigger pulse and the red flash bulb,
( cv ), and the race continues for a
long time after the green bulb has fired.  For the
Martian, the green bulb actually fired first, and the two
flashes were not simultaneous.”
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Figure 28a
Now a Venusian astronaut passes by our lecture
bench at a high speed v in the other direction.
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Figure 28b
The Venetian astronaut sees the red flashbulb
running into its trigger signal and firing quickly.
The green flashbulb is running away from its
trigger signal, and therefore will not fire for a
long time.  Clearly the red flash occurs first.

“How much later can the red flash occur?” asks Bill.

The instructor replied, “The faster the bench goes by, the
closer the race, and the longer it takes the trigger pulse to
catch the red flash bulb.  It isn’t too hard to calculate the
time difference.  In the notes I handed out before class, I
calculated that if the Martian sees our 12 foot long lecture
bench go by at a speed

v = .99999999999999999999999999999992c (28)

then the Martian will determine that the red flash occurred
one complete earth year after the green flash.  Not only
are the two flashes not simultaneous, there is no funda-
mental limit as to how far apart in time that the two flashes
can occur.”

The reader will find the instructor’s class notes in Appen-
dix A of this chapter.

At this point Joan asks a question.  “Suppose an astronaut
from the planet Venus passed our experiment traveling
the other way.  Wouldn’t she see the red flash first?”

“Let’s draw a sketch,” the instructor replies.  The
result is in Figure (28b).  “The Venetian astronaut
sees the lecture bench moving to the left.  Now the red
flash bulb runs into the trigger signal, and the race is
with the green flash bulb.  If the Venetian were going
by at the same speed as the Martian (Equation 30)
then the green flash would occur one year after the
red one.”

“With Einstein’s theory, not only does the simulta-
neity of two events depend upon the observer’s point
of view, even the order of the two events—which
one occurred first—depends upon how the observer
is moving!”
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Figure 30
To a Martian passing by, our computer is moving to
the left at a speed near the speed of light.  The race
between the red bulb and its trigger signal takes so
long that the green bulb fires first.  As a result,
Joan sees the answer to a question that Bill has not
yet thought of.  (This is what could happen if
information travels faster than the speed of light.)
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Figure 29
To test the speed of the computer,
Bill thinks of a question, and types it
in, when he sees the red flash.  Joan
checks to see if the answer arrives at
the same time as the green flash.

CAUSALITY
“You can reverse the order of two events that are years
apart!” Bill exclaimed.  “Couldn’t something weird
happen in that time?”

“What about cause and effect,” asked Joan.  “If you can
reverse the order of events, can't you  reverse cause and
effect?  Can’t the effect come before the cause?”

“In physics,” the instructor responds, “there is a prin-
ciple called causality which says that you cannot
reverse cause and effect.  Causality is not equivalent to
the principle of relativity, but it is closely related, as we
can see from the following thought experiment.”

“Suppose,” she said, “we read an ad for a brand new
IBM computer that is really fast.  The machine is so fast
that when you type a question in at one end, the answer
is printed out at the other end, 4 nanoseconds later.  We
look at the ad, see that the machine is 12 feet long, and
order one to replace our lecture bench.  After the
machine is installed, we decide to test the accuracy of
the ad.  Do we really get answers in 4 nanoseconds?  To
find out, we set up the laser, beam splitter and flash
bulbs on the computer instead of the lecture bench.  The

main difference in the setup is that the laser and beam
splitter have been moved from the center, over closer
to the end where we type in questions.  We have set it
up so that the trigger pulse travels 4 feet to the red bulb
and 8 feet to the green bulb as shown in the sketch
(Figure 29).  Since the trigger pulse takes 4 nanosec-
onds to get to the red bulb, and 8 nanoseconds to reach
the green bulb, the red flash will go off 4 nanoseconds
before the green one.  We will use these 4 nanoseconds
to time the speed of the computer.”

“Bill,” the instructor says, motioning to him, “you
come over here, and when you see the red flash think
of a question.  Then type it into the machine.  Do not
think of the question until after you see the red flash, but
then think of it and type it in quickly.  We will assume
that you can do that in much less than a nanosecond.
You can always do that kind of thing in a thought
experiment.”

“OK, Joan,” the instructor says, motioning to Joan,
“you come over here and look for the answer to Bill’s
question.  If the ad is correct, if the machine is so fast
that the answer comes out in 4 nanoseconds, then the
answer should arrive when the green flash goes off.”
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Figure 31
If the answer to Bill's question takes
12 nanoseconds to travel through
the 12 foot long computer, then this
is the setup required to check the
timing.  The red bulb fires
instantaneously, and everyone
agrees that the red flash occurs first,
and the answer appears later.
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The instructor positions Bill and Joan and the equip-
ment as shown in Figure (29), turns on the laser and
fires the flash bulbs.

“Did you type in the question,” the instructor asks Bill,
“when the red flash occurred?”

“Of course,” responds Bill, humoring the instructor.

“And did the answer arrive at the same time as the green
flash,” the instructor asks Joan.

“Sure,” replies Joan, “why not?”

“Suppose it did,” replied the instructor.  “Suppose the
ad is right, and the answer is printed when the green
flash goes off.  Let us now look at this situation from the
point of view of a Martian who is traveling to the right
at a very high speed.  The situation to the Martian looks
like this (Figure 30).  Although the red bulb is closer to
the beam splitter, it is racing away from the trigger
pulse ( cv  ).  If the computer is going
by fast enough, the race between the red bulb and its
trigger pulse will take much longer than the head-on
collision between the green bulb and its trigger pulse.
The green flash will occur before the red flash.”

“And I,” interrupts Joan, “will see the answer to a
question that Bill has not even thought of yet!”

“I thought you would be in real trouble if you could
reverse the order of events,” Joan added.

“It is not really so bad,” the instructor continued.  “If the
ad is right, if the 12 foot long computer can produce
answers that travel across the machine in 4 nanosec-
onds, we are in deep trouble.  In that case we could see

answers to questions that have not yet been asked.  That
machine can be used to violate the principle of causal-
ity.  But there was something peculiar about that
machine.  When the answer went through the machine,
information went through the machine at three times
the speed of light.  Light takes 12 nanoseconds to cross
the machine, while the answer went through in 4
nanoseconds.”

“Suppose,” asks Bill, “that the answer did not travel
faster than light.  Suppose it took 12 nanoseconds
instead of 4 nanoseconds for the answer to come out.”
The instructor replied, “To measure a 12 nanosecond
delay with our flash bulb apparatus, we would have to
set the beam splitter right up next to the red bulb like this
(Figure 31) in order for the trigger signal to reach the
green bulb 12 nanoseconds later.  But with this setup,
the red bulb flashes as soon as the laser is turned on.  No
one, no matter how they are moving by, sees a race
between the red bulb and the trigger signal.  Everybody
agrees that the green flash occurs after the red flash.”

“You mean,” interrupts Joan, “that you cannot violate
causality if information does not travel faster than the
speed of light?”

“That’s right,” the instructor replies, “that’s one of the
important and basic consequences of Einstein’s theory.”

“That’s interesting,” adds Bill.  “It would violate the
principle of relativity if we observed the astronaut’s
capsule, or probably any other object, traveling faster
than the speed of light.  The speed of light is beginning
to play an important role.”
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“That’s pretty far out,” replied Joan.  “I didn’t know
that physics could say anything about how information
– ideas – moved.”

Jim, who had been sitting in the back of the classroom
and not saying much, raised his hand.  “At the begin-
ning of the course when we were talking about sound
pulses, you said that the more rigid the material, the
faster the speed of sound in the material.  You used
Slinky pulses in your demonstrations because a Slinky
is so compressible that a Slinky pulse travels slowly.
You can’t compress air as easily as a Slinky, and sound
pulses travel faster in air.  Since steel is very rigid,
sound goes very fast in steel.”

“During these discussions about the speed of light, I
have been wondering.  Is there any kind of material that
is so rigid that sound waves travel at the speed of light?”

“What made you ask that?” the instructor asked.

“I’ve been reading a book about the life and death of
stars,” Jim replied.  I just finished the chapter on
neutron stars, and they said that the nuclear matter in a
neutron star was very incompressible.  It had to be to
resist the strong gravitational forces.  I was wondering,
how fast is the speed of sound in this nuclear matter?”

“Up close to the speed of light,” the instructor replied.

“If the nuclear matter were even more rigid, more
incompressible, would the speed of sound exceed the
speed of light?” Jim asked.

“It can’t,” the instructor replied.

“Then,” Jim asked, “doesn’t that put a limit on how
incompressible, how rigid matter can be?”

“That looks like one of the consequences of Einstein’s
theory,” the instructor replies.

“Then that explains what they were trying to say in the
next chapter on black holes.  They said that if you got
too much matter concentrated in a small region, the
gravitational force would become so great that it would
crush the matter out of existence.”

“I didn’t believe it, because I thought that the matter
would be squeezed down into a new form that is a lot
more incompressible than nuclear matter, and the
collapse of the star would stop.  But now I am beginning
to see that there may not be anything much more rigid
than nuclear matter.  Maybe black holes exist after all.”

“Will you tell us about neutron stars and black holes?”
Joan asks eagerly.

“Later in the course,” the instructor responds.
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APPENDIX A

Class Handout
To predict how long it takes for the trigger pulse to
catch the red bulb in Figure (27b), let l be the
uncontracted half length of the lecture bench (6 feet for
our discussion).  To the Martian, that half of the lecture
bench has contracted to a length  l 1 - v2 /c2.

In the race, the red bulb traveling at a speed v,  starts out
a distance  l 1 - v2 /c2 ahead of the trigger pulse,
which is traveling at a speed c.  Let us assume that the
race lasts a time t and that the trigger pulse catches the
red bulb a distance x from where the trigger pulse
started.  Then we have

x  = ct (30)

In the same time t, the green bulb only travels a distance
x -  l 1 - v2 /c2, but this must equal vt;

vt  =  x - l 1 - v2 /c2 (31)

Using Equation (30) in (31) gives

vt  =  ct - l 1 - v2 /c2

t c – v   =  l 1 – v2 /c2

Solving for t gives

t  =  l 1 - v2 /c2
c - v   =  

l 1 + v/c  1 - v/c
c 1 - v/c

 

   =  
l 1 + v/c

c 1 - v/c

If v is very close to c, then 1 + v/c   ≈  2 and we get

t  ≈  l 2
c  1

1 - v/c

If we plug in the numbers t  =  3 × 107 seconds (one
earth year), l = 6 feet, c = 109 feet/second, we get

   
1 - v/c =

l 2
ct

=
6 ft 2

109 ft/sec × 3 × 107 sec

= 2.8 × 10-16

Squaring this gives

  1 - v/c = 8 × 10-32

Thus if

v =  (1 - 8 × 10-32)c

    = .99999999999999999999999999999992c

then the race will last a whole year.  On the other side,
the trigger signal runs into the green flash bulb in far
less than a nanosecond because the lecture bench is
highly Lorentz contracted.



CHAPTER 2 VECTORS

In the first chapter on Einstein’s special theory of
relativity, we saw how much we could learn from the
simple concept of uniform motion.  Everything in the
special theory can be derived from (1) the idea that you
cannot detect your own uniform motion, and (2) the
existence of a real clock that runs slow by a factor

  1 – v2 c2v2 c2 .

We are now about to study more complicated kinds of
motion where either the speed, the direction of motion,
or both, are changing.  Our work with non-uniform
motion will be based to a large extent on a concept
discovered by Galileo about 300 years before Einstein
developed the special theory of relativity.  It is interest-
ing that after studying complex forms of motion for over
300 years, we still had so much to learn about simple
uniform motion.  But the history of science is like that.
Major discoveries often occur when we see the simple
underlying features after a long struggle with complex
situations.  If our goal is to present scientific ideas in the
orderly progression from the simple to the complex, we
must expect that the historical order of their discovery
will not necessarily follow the same route.

Galileo was studying the motion of projectiles, trying
to predict where cannon balls would land.  He devised
a set of experiments involving cannon balls rolling
along slightly inclined planes.  These experiments
effectively slowed down the action, allowing Galileo to
see the way the speed of a falling object changed as the
object fell.  To explain his results Galileo invented the
concept of acceleration and pointed out that the simple

feature of projectile motion is that projectiles move
with constant or uniform acceleration.  We can think of
this as one step up in complexity from the uniform
motion discussed in the previous chapter.

To study motion today, we have many tools that were
not available to Galileo.  In the laboratory we can slow
down the action, or stop it, using strobe photographs or
television cameras.  To describe and analyze motion
we have a number of mathematical tools, particularly
the concept of vectors and the subject of calculus.  And
to predict motion, to predict not only where cannon
balls land but also the trajectory of a spacecraft on a
mission to photograph the solar system, we now have
digital computers.

As we enter the study of more complex forms of motion,
you will notice a shift in the way ideas are presented.
Throughout the text, our goal is to construct a modern
view of nature starting as much as possible from the
basic underlying ideas.  In our study of special relativ-
ity, the underlying idea, the principle of relativity, is
more accurately expressed in terms of your experience
flying in a jet than it is by any formal set of equations.
As a result we were able to extract the content of the
theory in a series of discussions that drew upon your
experience.

In most other topics in physics, common experience is
either not very helpful or downright misleading.  If you
have driven a car, you know where the accelerator
pedal is located and have some idea about what

Chapter 2
Vectors
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VECTORS
In this chapter we will study the vector as a mathemati-
cal object.  The idea is to have the concept of vectors in
our bag of mathematical tools ready for use in our study
of more complex motion, ready to be applied to the
ideas of velocity, acceleration and later, force and
momentum.

In a sense, we will develop a new math for vectors. We
will begin with a definition of displacement vectors,
and will then explain how two vectors are added. From
this, we will develop a set of rules for the arithmetic of
vectors. In some ways, the rules are the same as those
for numbers, but in other ways they are different. We
will see that most of the rules of arithmetic apply to
vectors and that learning the vector convention is
relatively simple.

Displacement Vectors
A displacement vector is a mathematical way of ex-
pressing the separation or displacement between two
objects. To see what is involved in describing the
separation between objects, consider a map such as the
one in Figure (1), which shows the position of the two
cities, New York and Boston. If we are driving on well-
marked roads, it is sufficient, when planning a trip, to
know that these two cities are separated by a distance
of 190 miles. However, the pilot of a small plane flying
from New York to Boston in a fog must know in what
direction to fly; he must also know that Boston is
located at an angle of 54 degrees east of north from New
York.

Corning, NY

Pittsburgh

Boston

New York

acceleration is.  But unless you have already learned it
in a physics course, your view of acceleration will bear
little relationship to the concept of acceleration devel-
oped by Galileo and now used by physicists.  It is
perhaps unfortunate that we use the word acceleration
in physics, for we often have to spend more time
dismantling the students’ previous notions of accelera-
tion than we do building the concept as used in physics.
And sometimes we fail.

The physical ideas that we will study are often simply
expressed in terms of mathematical concepts like a
vector, a derivative, or an integral.  This does not mean
that we will drop physical intuition and rely on math-
ematics.  Instead we will use them both to our best
advantage.  In some examples, the physical situation is
obvious, and can be used to provide insight into the
related mathematics.  The best way, for example, to
obtain a solid grip on calculus is to see it applied to
physics problems.  On the other hand, the concept of a
vector, whose mathematical properties are easily de-
veloped, is an extremely powerful tool for explaining
many phenomena in physics.

Figure 1
Displacement vectors. Boston and Corning, N. Y., have
equal displacements from New York and Pittsburgh,
respectively. These displacements are located at different
parts of the map, but they are the same displacement.
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The statement that Boston is located a distance of 190
miles and at an angle of 54 degrees east of north from
New York provides sufficient information to allow a
pilot leaving New York to reach Boston in the thickest
fog. The separation or displacement between the two
cities is completely described by giving both the dis-
tance and the direction.

Looking again at Figure (1), we see that Corning, N.Y.,
is located 190 miles, at an angle of 54 degrees east of
north, from Pittsburgh. The very same instructions,
travel 190 miles at an angle of 54 degrees, will take a
pilot from either Pittsburgh to Corning or New York to
Boston. If we say that these instructions define what we
mean by the word displacement, then we see that
Corning has the same displacement from Pittsburgh as
Boston does from New York. (For our discussion we
will ignore the effects of the curvature of the earth.) The
displacement itself is completely described when we
give both the distance and direction, and does not
depend upon the point of origin.

The displacement we have been discussing can be
represented graphically by an arrow pointing in the
direction of the displacement (54 degrees east of north),
and whose length represents the distance (190 mi). An
arrow that represents a displacement is called a dis-
placement vector, or simply a vector. One thing you
should note is that a vector that defines a distance and
a direction does not depend on its point of origin. In
Figure (1) we have drawn two arrows; but they both
represent the same displacement, and thus are the same
vector.

Arithmetic of Vectors
Suppose that a pilot flies from New York to Boston and
then to Buffalo. To his original displacement from New
York to Boston he adds a displacement from Boston to
Buffalo. What is the sum of these two displacements?
After these displacements he will be 300 miles from
New York at an angle 57 degrees west of north, as
shown in Figure (2). This is the net displacement from
New York, which is what we mean by the sum of the
first two displacements.

If the pilot flies to five different cities, he is adding
together five displacements, which we can represent by
the vectors a, b, c, d, and e shown in Figure (3). (An
arrow placed over a symbol is used to indicate that the
symbol represents a vector.)  Since the pilot’s net
displacement from his point of origin, represented by
the bold vector, is simply the sum of his previous five
displacements, we will say that the bold vector is the
sum of the other five vectors. We will write this sum as
( a + b + c + d + e ), but remember that the addition of
vectors is defined graphically as illustrated in
Figure (3).

If the numbers 405 and 190 are added, the answer is
595. But, as seen in Figure (2), if you add the vector
representing the 405-mile displacement from Boston
to Buffalo to the vector representing the l90-mile
displacement from New York to Boston, the result is a
vector representing a 300-mile displacement. Clearly,
there is a difference between adding numbers and
vectors. The plus sign between two numbers has a
different meaning from that of the plus sign between
two vectors.

Boston

New York

405 mi

300 mi
190 m

i

Buffalo

57° 54°

e

d

c
b

a

a
b

c
d

e

+
+

+
+

Figure 2
Addition of vectors. The vector sum of the
displacement from New York to Boston plus
the displacement from Boston to Buffalo is
the displacement from New York to Buffalo.

Figure 3
The sum of five displacements

  a ,b, c, d, and e equals the
vector    a+b+c+d+e.
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+
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a(       )b+

a(       )b+

a(       )b+
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a (       )b++
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a
(       )b+c c

b
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(       )b+c
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Although vectors differ from numbers, some similari-
ties between the two can be noted, particularly with
regard to the rules of arithmetic. First, we will review
the rules of arithmetic for numbers, and then see which
of these rules also apply to vectors.

Rules for Number Arithmetic
1.  Commutative law. In adding two numbers, a and b,
the order of addition makes no difference.

 a + b = b + a

2.  Associative law. In adding three or more numbers,
a, b, and c, we have

(a + b) + c = a + (b + c)

That is, if we first add a to b, and then add c, we get the
same result as if we had added a to the sum (b + c).

3.  The negative of a number is defined by

a + (– a) = 0

where (– a) is the negative of a.

4.   Subtraction is defined as the addition of the negative
number.

a – b = a + (– b)

These rules are so obvious when applied to numbers
that it is hard to realize that they are rules. Let us apply
the foregoing rules to vectors, using the method of
addition of displacements.

Rules for Vector Arithmetic
1. The commutative law implies that

a + b = b + a

Figure (4 ) verifies this rule graphically. The reader
should be able to see that a + b and b + a are the same
vectors.

2.  The associative law applied to vectors would imply

 ( a + b) + c = a + ( b + c )

From Figure (5 ) you should convince yourself that this
law works.

+

+

b

a a

a b

b

a

a

b

b

Figure 4

Figure 5
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3. The negative of a vector is defined by

a + –a = 0

The only way to get a zero displacement is to return to
the point of origin. Thus, the negative of a vector is a
vector of the same length but pointing in the opposite
direction (Figure 6).

4.  The subtraction of vectors is now easy.  If we want
a - b , we just find a + –b.  That is

a – b = a + –b

To subtract, we just add the negative vector  as shown
in Figure (7).

Multiplication of a
Vector by a Number
Suppose we multiply a vector a  by the number 5. What
do we mean by the result  5a? Let us again try to follow
the rules of arithmetic to answer this question. In
arithmetic we were taught that

5a=a+a+a+a+a

Let us try the same rule for vectors.

 5a = a + a + a + a + a

With this definition we see that  5a   is a vector in the
same direction as a but five times as long (see Figure 8).

We may also multiply a vector by a negative number
(see Figure 9); the minus sign just turns the vector
around. For example,

 – 3a = 3 – a = – a + – a + – a

When we multiply a vector by a positive number, we
merely change the length of the vector; multiplication
by a negative number changes the length and reverses
the direction.

Figure 6

a

–a

a

a
b

–b

(a – b) 
–b

a

a

5

Figure 8

(–3)a a

–a

–a

–a

Figure 9

Figure 7
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Example 1
The vector s  starts from point a and we would like to
redraw it starting from point b, as shown in Figure (11).

Solution: We want to draw a line through b that is
parallel to s  . This can be done with a straightedge and
triangle as shown in Figure (12).

Place the straight edge and triangle so that one side of
the triangle lies along the straight edge and the other
along the vector s. Then slide the triangle along the
straight edge until the side of the triangle that was
originally along s now passes through b. Draw this line
through b. If nothing has slipped, the line will be
parallel to s as shown in Figure (13).

Magnitude of a Vector
Often we will want to discuss only the length or
magnitude of a vector, regardless of the direction in
which it is pointing. For example, if we represent the
displacement of Boston from New York by the vector
s , then the magnitude of s  (the length of this displace-
ment) is 190 miles.  We use a vertical bar on each side
of the vector to represent the magnitude ; thus, we write

 s  = 190 mi (see Figure 10).

Vector Equations
Just as we can solve algebraic equations involving
numbers, we can do the same for vectors. Suppose, for
example, we would like to find the vector  x in the
vector equation

 2a + 3b + 2x = c

Solving this equation the same way we would any
other, we get

  x = 1/2c – a – 3/2b

Graphically, we find  (1/2)c,  –a , and  (–3/2)b ; we then
vectorially add these quantities together to get the
vector x.

Graphical Work
In the early sections of this text, we shall do a fair
amount of graphical work with vectors. As we can see
from the previous examples, the main problem in
graphical work is to move a vector accurately from one
part of the page to another. This is easily done with a
plastic triangle and ruler as described in the following
example.

Figure 10
New York

Boston

ss = 190 mi

b

a

s

Figure 12
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b
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s

b

a

s

Figure 13
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We now have the direction of s starting from b. Thus,
we have only to put in the length. This is most easily
done by marking the length of s on the edge of a piece
of paper and reproducing this length, starting from b as
shown in Figure (14).

By being careful, using a sharp pencil, and practicing,
you should have no difficulty in performing accurate
and rapid graphical work. The practice can be gained
by doing Problems 1 through 5. (Note that it is essential
to distinguish a vector from a number. Therefore, when
you are solving problems or working on a laboratory
experiment, it is recommended that you always place
an arrow over the symbol representing a vector.)

Exercise 1   Commutative law
The vectors a ,b,and c  of Figure 15 are shown enlarged
on the tear out page 2-19. Using that page for your work,
find

(a)   a + b + c     (in black);

(b)   b + c + a     (in red);

(c)  c + a + b     (in blue).

(Label all your work.)

Does the commutative law work?

b

a

s

s

Figure 14

Exercise 2   Associative law
Use the tear out page 2-20 for the vectors of Figure (16),
find

(a)   a + b              (in black);

(b)   (a + b) + c       (in red);

(c)   (b + c)            (in black);

(d)   a + (b + c)       (in blue).

Exercise 3   Subtraction
 Use the tear out page 2-21 for the three vectors a , b,
and c  shown in Figure (17), find the following vectors
graphically, labeling your results.

 (a)   a + b

 (b)   a – b

 (c)   b – a

 (d)   (a – b) + (b – a)

 (e)   b + c – a

Exercise  4   Equations
Suppose that a physical law is given by the vector
equation

 Pi =Pf

Suppose that Pf  is the sum of two vectors; that is,

 Pf = Pf1 + Pf2

Given the two vectors Pi and  Pf1 (Figure 18), find  Pf2.
(These vectors are found on the tear out page 2-22.)

c

a
b

c

a

b
Figure 16

Figure 17

ca

b

pi

p
f1Figure 18

Figure 15
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Exercise  5
Assume that the vectors Pf ,  Pf1, and  Pf2 are related by
the vector law:

 Pf = Pf1 + Pf2

In addition, the magnitudes of the vectors are related by

 Pf
2

= Pf1
2

+ Pf2
2

If you are given Pf  and only the direction  of  Pf1 (Figure
19), find  Pf1 and  Pf2 graphically. (These vectors are
found on the tear out page 2-22.)

COMPONENTS
Another way to work with vectors, one that is espe-
cially convenient for solving numerical problems, is
through the use of a coordinate system and compo-
nents.  To illustrate this method, suppose we were
giving instructions to a pilot on how to fly from New
York to Boston. One way, which we have mentioned,
would be to tell the pilot both the direction and the
distance she must fly, as “fly at an angle of 54 degrees
east of north for a distance of 190 miles.” But we could
also tell her “fly 132 miles due east and then fly 112
miles due north.” This second routing, which describes
the displacement in terms of its easterly and northerly
components, as illustrated in Figure (20), is less direct,
but will also lead the pilot to Boston.

We can use the same alternate technique to describe a
vector drawn on a piece of paper. In Figure (20), we
drew two lines to indicate easterly and northerly direc-
tions. We have drawn the same lines in Figure (21), but
now we will say that these lines represent the x and y
directions. The lines themselves are called the x and y
axes, respectively, and form what is called a coordinate
system.

Just as the displacement from New York to Boston had
both an easterly and northerly component, the vector a 
in Figure (21) has both an x and a y component. In fact,
the vector a  is just the sum of its component vectors ax

and ay:

a = ax + ay (1)

Figure 19

pf

f1

direction
     of  p

a

a

ay

x
x

y

θ

Figure 21
Component vectors.  The sum of the component
vectors  ax   and  ay   is equal to the vector a  .

north

Boston

New York
east

154 mi

54°

190 m
i

11
2 

m
i

Figure 20
Two ways to reach Boston from New York.
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Trigonometry can be used to find the length or magni-
tude of the component vectors; we get

ax ≡ ax  = a  cos θ (2)

ay ≡ ay  = a  sin θ (3)

Often we will represent the magnitude of a component
vector by not using the arrow, as was done in the
foregoing equations.  (The equal sign with three bars,
ax ≡ ax ,  simply means that  ax  is defined to be the same
symbol as ax .) It is common terminology to call the
magnitude of a component vector simply the compo-
nent; for example, ax ≡ ax   is called the x component
of the vector a.

Addition of Vectors by Adding Components
An important use of components is as a means for
handling vectors numerically rather than graphically.
We will show how this works by using an example of
the addition of vectors by adding components.

 Consider the three vectors shown in Figure (22). Since
each vector is the vector sum of its individual compo-
nents vectors, we have

 a = ax + ay          b = bx + by         c = cx + cy

By adding all three vectors  a,  b, and c  together, we get

 a + b + c = (ax + ay) + (bx + by) + (cx + cy)

The right-hand side of this equation may be rearranged
to give

a + b + c = (ax + bx + cx) + (ay + by + cy) (4)

Equation 4 gives us a new way to add vectors, as
illustrated in Figure (23). Previously we would have
added the vectors  a,  b, and c  directly, as shown in
Figure (24). The new rule shows how we can first add
the x components (ax + bx + cx) as shown in Figure
(23a), then separately add the y components
(ay + by + cy) as shown in Figure (23b), and then add
these vector sums vectorially, as shown in Figure (23c),
to get the vector (a + b + c).

Figure 24

Figure 22

Figure 23

b

b

ax

x

cx

ay

cy

a

c
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ax

(a   + b  + c  )x     x     x

(a   + b  + c  )x     x     x

(a   + b  + c  )y     y     y

(a   + b  + c  )y     y     y

(a   +  b  + c  )

cx

ay

cy

bx

by

(a)

(c)

(b)

ba

c

(a   +  b  + c  )
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 The advantage of using components is that we can
numerically add or subtract the lengths of vectors that
point in the same direction. Thus, to add 500 vectors,
we would compute the lengths of all the x components
and add (or subtract) these together. We would then
add the lengths of the y components, and finally, we
would vectorially add the resulting x and y compo-
nents. Since the x and y components are at right
angles, we may find the total length and final direc-
tion by using the Pythagorean theorem and trigo-
nometry, as shown in Figure (25).

It is not necessary to always choose the x components
horizontally and the y components vertically. We may
choose a coordinate system (x', y') tilted at an angle, as
shown in Figure (26). To use the language of the
mathematician, ax'  is the component of (or projection
of) a  in the direction x'. We see that the vector sum of
all the component vectors still adds up to the vector
itself.

y

θ
a

a
y

ax

x

aytan θ = 

a =2 ay
2+ax

2

ax

Figure 25

Exercise 6
Imagine you are given the vectors  a, b, andc  and the
two sets of coordinate axes (x1, y1) and (x2, y2) shown
in Figure (27). Using the vectors found on the tear out
page 2-23

a) Find  (a + b + c) by direct addition of vectors.

b) Choose  x1 and  y1 as your coordinate axes. Find (in
red) the  x1 and  y1 components of  a, b, c. Then

(i) Find  (ax1 + bx1 + cx1)

(ii) Find  (ay1 + by1 + cy1)

(iii) Find  (ax1 + bx1 + cx1) +  (ay1 + by1 + cy1).

How does this compare with  (a + b + c)?

c) Repeat part (b) for the coordinate axis   (x2, y2).

Vector Equations in Component Form
Often we will run into a situation where we have a
vector equation of the form

 c = a + b
but you have to solve the equation using components.
This is easy to do, because to go from a vector equation
to component equations, just rewrite the equation three
(or two) times, once for each component. The above
equation becomes

 cx = ax + bx

 cy = ay + by

 cz = az + bz

a

b
c

y

y

1

1

2

2x

x

Figure 27
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a ay'ax' +=

Figure 26
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VECTOR MULTIPLICATION
We have seen how the rules work for vector addition,
subtraction, and the multiplication of a vector by a
number.  Does it make any sense to multiply two
vectors together?  In considering the multiplication of
the two vectors, the first question to answer is: what is
the result?  What kind of a thing do we get if we multiply
a vector pointing east by a vector pointing north?  Do
we get a vector pointing in some third direction?   Do
we get a number that does not point?  Or do we get some
quantity more complex than a vector?  And perhaps a
more important question – why would one want to
multiply two vectors together?

We will see in the study of physics that there are various
reasons why we will want to multiply vectors, and we
can get various answers.  One kind of multiplication
produces a number; this is called scalar multiplication
or the dot product.  We will see examples of scalar
multiplication shortly.  A few chapters later we will
encounter the vector cross product where the result of
the multiplication of two vectors is itself a vector, one
that points in a direction perpendicular to the two
vectors being multiplied together.  Finally there is a
form of multiplication that leads to a quantity more
complex than a vector, an object called a tensor or a
matrix.  A tensor is an object that maintains the
directional nature of both vectors involved in the
product.  Tensors are useful in the formal mathematical
description of the basic laws of physics, but are not
needed and will not be used in this text.

The names scalar, vector, and tensor describe a hierar-
chy of mathematical quantities.  Scalars are numbers
like, 1, 3, and -7, that have a magnitude but do not point
anywhere.  Vectors have both a magnitude and a
direction.  Tensors have the basic properties of both
vectors used to construct them.  In fact there are higher
rank tensors that have the properties of 3, 4, or more
vectors.  People working with Einstein’s generalized
gravitational theory have to work all the time with
tensors.

One of the remarkable discoveries of the twentieth
century is that there is a close relationship between the
mathematical properties of scalars, vectors, and ten-
sors, and the physical properties of the various elemen-
tary particles.  Later on we will discuss particles such
as the π meson now used in cancer research, the photon
which is the particle of light (a beam of light is a beam
of photons), and the graviton, the particle hypothesized
to be responsible for the gravitational force.  It turns out
that the physical properties of the π meson resemble the
mathematical properties of a scalar, the properties of
the photon are described by a vector (we will see this
later in the text), and it requires a tensor to describe the
graviton (that is why people working with gravitational
theories have to work with tensors).

One of the surprises of physics and mathematics is that
there are particles like the electron, proton and neutron,
the basic constituents of atoms, that are not described
by scalars, vectors, or tensors.  To describe these
particles, a new kind of a mathematical object had to be
invented—an object called the spinor.  The spinor
describing the electron has properties half way be-
tween a scalar and a vector.  No one knew about the
existence of spinors until the discovery was forced by
the need to explain the behavior of electrons.  In this text
we will not go into the mathematics of spinors, but we
will encounter some of the unusual properties that
spinors have when we study the behavior of electrons
in atoms.  In a very real sense the spinor nature of
electrons is responsible for the periodic table of ele-
ments and the entire field of chemistry.

In this text we can discuss a great many physical
concepts using only scalars or vectors, and the two
kinds of vector products that give a scalar or vector as
a result.  We will first discuss the scalar or dot product
which is some ways is already a familiar concept, and
then the vector or cross product which plays a signifi-
cant role later in the text.
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The Scalar or Dot Product
In a scalar product, we start with two vectors, multiply
them together, and get a number as a result.  What kind
of a mathematical process does that involve?  The
Pythagorean theorem provides part of the answer.

Suppose that we have a vector a whose x and y
components are ax 

and ay  
as shown in Figure (28).

Then the magnitude or length a
  
of the vector is given

by the Pythagorean theorem as

a 2 = ax
2 + ay

2
(4)

In some sense  a 2 is the product of the vector a with
itself, and the answer is a number that is equal to the
square of the length of the vector a .

Now suppose that we use a different coordinate system
x' , y'

 
shown in Figure (29)  but have the same vector a.

In this new coordinate system the length of the vector
a is given by the formula

 a
2

= ax'
2 + ay'

2 (5)

The components  a'x  and  a'y  are different from ax and
ay, but we know that the length of a

 
 has not changed,

thus a 2
 
must be the same in Equations (4) and (5).  We

have found a quantity a 2
 
which has the same value in

all coordinate systems even though the pieces ax2 and
ay2 change from one coordinate system to another.
This is the key property of what we will call the scalar
product.

To formalize this concept, we will define the scalar
product of the vector a with itself as being the square
of the length of  a

 
.  We will denote the scalar product

by using the dot  symbol to denote scalar multiplica-
tion:

  Scalar product
of a with itself

≡ a ⋅a ≡ a
2

(6)

From Equations (4) and (6) we have in the (x, y)
coordinate system

a ⋅ a  =  ax2 + ay2 (7)

In the ( x' , y'
 
)

 
coordinate system we get

  a ⋅a = ax'
2 + ay'

2 (8)

The fact that the length of the vector a is the same in
both coordinate systems means that this scalar or “dot”
product of a with itself has the same value even though
the components or pieces ax2, ay2 or   ax'

2,  ay'
2

 
are

different.  In a more formal language, we can say that
the scalar product a ⋅ a  is unchanged by, or invariant
under changes in the coordinate system.  Basically we
can say that there is physical meaning to the quantity
a ⋅ a (i.e. the length of the vector) that does not depend
upon the coordinate system used to measure the vector.

Exercise 7

Find the dot product    a⋅a   for a vector with components
 ax, ay, az  in three dimensional space.  How does the

Pythagorean theorem enter in this case?

a ay

ax
x

y

Figure 28

Figure 29

a

a'y

a'x

x'

y'
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The example of calculating a ⋅ a
 
 above gives us a clue

to guessing a more general definition of dot or scalar
products when we have to deal with the product of two
different vectors a and b .  As a guess let us try as a
definition

a ⋅ b  ≡  axbx + ayby (9)

or in  three dimensions

a ⋅ b  ≡  axbx + ayby + azbz (10)

This definition of a dot product does not represent the
length of either a or b  but perhaps a ⋅ b has the special
property that its value is independent of the choice of
coordinate system, just as a ⋅ a

 
 had the same value in

any coordinate system.  To find out we need to calculate
the quantity   ax

′ bx
′ + ay

′ by
′ + az

′ bz
′  in another coordi-

nate system and see if we get the same answer.  We will
do a simple case to show that this is true, and leave the
more general case to the reader.

Suppose we have two vectors a  and b  separated by an
angle q as shown in Figure (30).  Let the lengths a

  
and

b  be denoted by  a and b respectively.  Choosing a
coordinate system (x, y) where the x axis lines up with
a , we have

  ax = a , ay = 0

bx = b cos θ , by = b sin θ

and the dot product, Equation 9, gives

  a ⋅b = axbx + ayby

= ab cos θ + 0

a
x

y
b

θ

ax = a          
bx = b cos θ
by = b sin θ

Figure 30

a

x'
y' b

θ

  ax′ = a sin θ
ay′ = a cos θ

bx
′ = 0

by
′ = b

Next choose a coordinate system   x′,y′ rotated from
 x,y by an angle   90 – θ as shown in Figure (31).

Here b lies along the y′ axis and the dot product is given
by

  a ⋅b = ax′bx′ + ay′by′
= ab cos θ + 0

Again we get the result

  
a ⋅b = ab cos θ (11)

Equation (11) holds no matter what coordinate system
we use, as you can see by working the following
exercise.

Exercise 8
Choose a coordinate system    x″, y″   where the x axis
is an angle φ  below the horizontal as shown in Figure
(32).  First calculate the components   ax″, ay″, bx″, by″  and
then show that you still get

   a⋅ b ≡ ax″ bx″ + ay″ by″ = abcos θ

To do this problem, you need the following relation-
ships.

   sin θ + φ = sin θ cos φ + cos θ sin φ

cos θ + φ = cos θ cos φ – sin θ sin φ

sin2 φ + cos2 φ = 1 for any angle φ

)

(This problem is much messier than the example we
did.)

Figure 31

Figure 32 ax''

y'' b
θ

φ
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a

b

a

b

θ = 90°

a

b
θ

Figure 33
Here cosθθ  is
negative.

Interpretation of the Dot Product
When a and b are the same vector, then we had

  a ⋅a = a
2
  which is just the square of the length of

the vector.  If  a and b are different vectors but parallel
to each other, then  θ = 0°,   cos θ = 1,  and we get

a ⋅ b  =  ab

In other words the dot product of parallel vectors is just
the product of the lengths of the vectors.

Another extreme is when
the vectors are perpendicu-
lar to each other.  In this
case   θ = 90° ,   cos θ = 0
and a ⋅ b  =  0.  The dot
product of perpendicular
vectors is zero.  In a sense
the dot product of two vectors measures the parallelism
of the vectors.  If the two vectors are parallel, the dot
product is equal to the full product ab.  If they are
perpendicular, we get nothing.  If they are at some
intermediate angle, we get a number between ab and
zero.

Increasing θ
more, we see
that if the vectors
are separated by an
angle between 90° and
180° as in Figure (33), then
the cos θ  and the dot prod-
uct are negative.  A nega-
tive dot product indicates
an anti-parallelism.  The
extreme case is θ  = 180°
where  a ⋅ b  =  –ab.

Physical Use of the Dot Product
We have seen that the dot product  a ⋅ b  is given by the
simple formula  a ⋅ b  =  a b cos θ  and it has the special
property that

a ⋅ b  ≡ axbx + ayby + azbz

has the same value in any coordinate system even
though the components ax,bx etc., are different in
different coordinate systems.  The fact that a ⋅ b is the
same number in different coordinate systems means
that it is truly a number with no dependence on direc-
tion.  That is what we mean by a scalar quantity.  This
is a special property because a ⋅ b is made up of the
vectors a and b that do depend upon direction and
whose values do change when we go to different
coordinate systems.

In physics there are quantities like displacements x,
velocities v, forces F that all behave like vectors.  All
point somewhere and have components that depend
upon our choice of direction.  Yet we will deal with
other quantities like energy which does not point
anywhere.  Energy has a magnitude but no direction.
Yet our formulas for energy involve the vectors x, v,
and F.  How can we construct numbers or scalars from
vectors?  The answer is - take dot or scalar products of
the vectors.  This is the mathematical reason why most
of our formulas for energy will involve dot products.
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Vector Cross Product
The other kind of vector product we will use in this
course is the vector cross product where we multiply
two vectors a and b together to get a third vector c.
The notation is

a × b  =  c (12)

where the name cross product comes from the cross we
place between the vectors we are multiplying together.
When you first encounter the cross product, it does not
seem particularly intuitive.  But we use it so much in
later chapters that you will get quite used to it.  Perhaps
the best procedure is to skim over this material now,
and refer back to it later when we start using it in various
physics applications.

To define the cross product
a × b  =  c, we have to define
not only the magnitude but
also the direction of the result-
ing vector c.  Starting with
two vectors a and b pointing
in different directions as in Figure 34, what unique
direction is there for c to point?  Should c point half way
between a and b, or should it be closer to a because a is
longer than b ?  No, there is
nothing particularly unique or
obvious about any of the direc-
tions in the plane defined by a
and b.  The only truly unique
direction is perpendicular to
this plane.  We will say that c
points in this unique direction
as shown in Figure 35.

The direction perpendicular to the plane of a  and b is
not quite unique.  The vector c could point either up or
down as indicated by the solid or dotted vector in Figure
35.  To select between these two choices, we use what
is called the right hand rule which can be stated as
follows:  Point the fingers of your right hand in the
direction of the first of the two vectors in the cross
product    a ×× b  (in this case the vector a).  Then curl
your fingers until they point in the direction of the
second vector (in this case b), as shown in Figure 36.
If you orient your right hand so that this curling is
physically possible, then your thumb will  point in the
direction of the cross product vector c.

Exercise 9

What direction would the vector c  point if you used your
left hand rather than your right hand in the above rule?

We said that the vector cross product was not a particu-
larly intuitive concept when you first encounter it.  In
the above exercise, you see that if by accident you use
your left hand rather than your right hand, c = a × b
will point the other way.  One can reasonably wonder
how a cross product could appear in any law of physics,
for why would nature prefer right hand rules over left
handed rules.  It seems unbelievable that any basic
concept should involve anything as arbitrary as the
right hand rule.

There are two answers to this problem.  One is that in
most cases, nature has no preference for right handed-
ness over left handedness.  In these cases it turns out that
any law of physics that involves right hand rules turns
out to involve an even number of them so that any
physical prediction does not depend upon whether you
used a right hand rule or a left hand rule, as long as you
use the same rule throughout.  Since there are more
right handed people than left handed people, the right
hand rule has been chosen as the standard convention.

a

b

a

b
θ

c = a   b

Figure 34

Figure 35

Figure 36
Right hand rule for the vector cross product.

a

b

c = a   b

c = a   b

b

a
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Exercise 10
There is left and right handedness in the direction of the
threads on a screw or bolt.  In Figure (37a) we show a
screw with a right handed thread.  By this, we mean that
if we turn the screw in the direction that we can curl the
fingers of our right hand, the screw will move through
wood in the direction that the thumb of our right hand
points.

In Figure (37b),  we have a left hand thread.  If we turn
the screw in the direction we can curl the fingers of our
left hand, the screw will move through the direction
pointed by our left thumb.

For this exercise find some screws and bolts, and
determine whether the threads are right handed or left
handed.  Manufacturers use one kind of thread pre-
dominately over the other.  Which is the predominant
thread?  Can you locate examples of the other kind of
thread?  (The best place to look for the other kind of
thread is in the mechanism of some water faucets.  Can
you find a water faucet where one side uses a right hand
thread and the other a left hand thread?  If you find one,
determine which is the right and which the left hand
thread.)

Until 1956 it was believed that the basic laws of physics
did not distinguish between left and right handedness.
The fact that there are more right handed than left
handed people, or that the DNA used by living organ-
isms had a right handed spiral structure (like a right
handed thread) was simply an historical accident.  But
then in 1956 it was discovered that the elementary
particle called the neutrino was fundamentally left
handed.  Neutrinos spin like a top.  If a neutrino is
passing by you and you point the thumb of your left
hand in the direction the neutrino is moving, the fingers
of your left hand curl in the direction that the neutrino
is spinning.  Or we may say that the neutrino turns in the
direction of a left handed thread,  as shown in Figure 38.

Another particle, called the anti-neutrino, is right handed.
If you point the thumb of your right hand in the
direction of motion of an anti-neutrino, the fingers of
your right hand can curl in the direction that the anti-
neutrino rotates. T.D. Lee and N.C. Yang received the
1957 Nobel prize in physics for their discovery that
some basic phenomena of physics can be used to
distinguish between left and right handedness.

The idea of right or left handedness in the laws of
physics will appear in several of our later discussions of
the basic laws of physics.  The point for now is that
having a quantity like the vector cross product that uses
the right hand convention may be a useful tool to
distinguish between left and right handedness.

Figure 38
The neutrino is inherently a left handed object.
When one passes by you, it spins in the direction
that the threads on a left handed screw turn.

direction
of motion

neutrino

direction 
of rotation

left-handed
screw

Figure 37a
Right handed thread.

Figure 37b
Left handed thread
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Exercise 11

Go back to Figure 34 where we show the vectors a and
b, and draw the vector c'  = b × a.  Use the right hand
rule as we stated it to determine the direction of c' .  From
your result, decide what happens when you reverse the
order in which you write the vectors in a cross product.
Which of the arithmetic rules does this violate?

Magnitude of the Cross Product
Now that we have the right hand rule to determine the
direction of c = a × b, we now need to specify the
magnitude of c.

A clue as to a consistent definition of the magnitude of
c is the fact that when a and b are parallel, they do not
define a plane.  In this special case there is an entire
plane perpendicular to both a and b, as shown in Figure
39.  Thus there is an infinite number of directions that
c  could point and still be perpendicular to both a and b.
We can avoid this mathematical ambiguity only if c has
zero magnitude when a and b are parallel.  We do not
care where c points if it has no length.

The simplest formula for the magnitude c   =  a × b ,
that is related to the product of a and b, yet has zero
length when a and b are parallel is

  
c = a × b = ab sinθ (13)

where a ≡ a   and b ≡ b   are the lengths of a and b
respectively, and θ is the angle between them.  Equa-
tion 13 is the definition we will use for the magnitude
of the vector cross product.

In Equation 13, we see that not only is the cross product
zero when the vectors are parallel, but is a maximum
when the vectors are perpendicular.  In the sense that
the dot product  a ⋅ b  was a measure of the parallelism
of the vectors a and b, the cross product is a measure of
their perpendicularity.  If a and b are perpendicular,
then the length of c is just the product  ab.  As the vectors
become parallel the length of c reduces to zero.

Component Formula for the Cross
Product
Sometimes one needs the formula for the components
of c  =  a × b  expressed in terms of the components of
a and b.  The result is a mess, and is remembered only
by those who frequently use cross products.  The
answer is

cx  =  aybz - azby

cy  =  azbx - axbz

cz  =  axby - aybx (14)

These formulas are not so bad if you are doing a
computer calculation and you are letting the computer
evaluate the individual components.

Exercise 12
Assume that a points in the x direction and b is in the
xy plane as shown in Figure 41.  By the right hand rule,
c will point along the z axis as shown.  Use Equation
14 to calculate the magnitude of cz and compare your
result with Equation 13.

a

b

plane of vectors
perpendicular to
a and b

Figure 39

a

b
θ

c

Figure 40

a

b
θ

c

x

z

y y

Figure 41
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RIGHT HANDED COORDINATE
SYSTEM
Notice in Figure 41, we have drawn an (x, y, z)
coordinate system where z rises up from the xy plane.
We could have drawn z down and still have three
perpendicular directions.  Why did we select the up-
ward direction for z?

The answer is that the coordinate system shown in
Figure 41 is a right hand coordinate system, defined
as follows.  Point the fingers of your right hand in the
direction of the first coordinate axis (x).  Then curl your
fingers toward the second coordinate axis (y).  If you
have oriented your right hand so that you can curl your
fingers this way, then your thumb points in the direction
of the third coordinate axis (z).

The importance of using a right handed coordinate
system is that Equation 14 for the cross product ex-
pressed as components works only for a right handed
coordinate system.  If by accident you used a left
handed coordinate system, the signs in the equation
would be reversed.

Exercise 13
Decide which of the (x, y, z) coordinate systems are right
handed and which are left handed.

Figure 42

y

z

x

z

y

x

y

z

x

x

z

y

x

y

z

(a) (b) (c)

(d) (e)
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c

a
b

Figure 15
Vectors for Exercise 1, page 7. Find

(a)  a + b + c     (in black);

(b)  b + c + a     (in red);

(c)  c + a + b     (in blue).
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Figure 16
Vectors for Exercise 2, page 7. Find

Tear out page

c

a

b

(a)  a + b               (in black);

(b)  (a + b) + c     (in red);

(c)  (b + c)            (in black);

(d)  a + (b + c)     (in blue).
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Figure 17
Vectors for Exercise 3, page 7. Find

Tear out page

ca

b

 (a)  a + b

 (b)  a - b

 (c)  b - a

 (d)  (a - b) + (b - a)

 (e)  b + c - a
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Figure 18
Vectors for Exercise 4, page 7.

Tear out page

pi

p
f1

Figure 19
Vectors for Exercise 5, page 8.

pf

f1

direction
     of  p

Pi = Pf

Suppose that Pf is the sum of two vectors; that is,

Pf = Pf1+ Pf2

 Given the two vectors Pi and Pf1 (Figure 18), find Pf2.

Pf = Pf1+ Pf2

In addition, the magnitudes of the vectors are related by

 Pf
2
 =  Pf1

2
+ Pf2

2

If you are given Pf and only the direction  of Pf1 , find Pf1
and Pf2 graphically.
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Figure 27
Vectors for Exercise 6, page 10.

(a) Find a + b + c  by direct addition of vectors.

(b) Choose x1 and y1 as your coordinate axes. Find (in
red) the x1 and y1 components of a, b, c. Then

(i) Find ax1 + bx1 + cx1

(ii) Find ay1 + by1 + cy1

(iii) Find (ax1 + bx1 + cx1) + (ay1 + by1 + cy1).

    How does this compare with (a + b + c)?

(c) Repeat part B for the coordinate axis (x2, y2). (you
can use the back side of this page.)

a

b
c

y

y

1

1

2

2x

x

Tear out page
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Figure 27
Vectors for Exercise 6, page 10, repeated.

(a) Find a + b + c  by direct addition of vectors.

(b) Choose x1 and y1 as your coordinate axes. Find (in
red) the x1 and y1 components of a, b, c. Then

(i) Find ax1 + bx1 + cx1

(ii) Find ay1 + by1 + cy1

(iii) Find (ax1 + bx1 + cx1) + (ay1 + by1 + cy1).

    How does this compare with (a + b + c)?

(c) Repeat part B for the coordinate axis (x2, y2).

a

b
c

y

y

1

1

2

2x

x

Tear out page



Figure 1
Marcel Duchamp, Nude Decending a Staircase
Philadelphia Museum of Art: Louise and Walter
Arensberg Collection



CHAPTER 3 DESCRIPTION OF MOTION

In the next few chapters, a similar technique will be
used to describe motion. We now have devices
available, such as the stroboscope (called the strobe),
that produce short bursts of light at regular inter-
vals; with the strobe, we can photograph the succes-
sive positions of an object, such as a ball moving on
the end of a string (see Figure 2). Although we do not
have the artist’s freedom of expression to convey the
concept of motion by using a strobe photograph, we
do obtain a more accurate measure of the motion.

On the facing page is a reproduction (Figure 1) of
Marcel Duchamp’s painting, Nude Descending a
Staircase, which was first displayed in New York at
The International Exhibition of Modern Art, gener-
ally known as the Armory Show, in 1913. The objec-
tive of the painting, to convey a sense of motion, is
achieved by repeating the stylized human form five
times as it descends the steps. At the risk of obscur-
ing the artistic qualities of the painting, we may
imagine this work as a series of five flash photo-
graphs taken in sequence as the model walked
downstairs.

Chapter 3
Description of Motion

Figure 2
Strobe photograph showing the motion of a ball on the end of a string.
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The photograph in Figure (2) was taken with the
strobe flashing five times per second while the ball
was moving slowly. As a result, we see a smooth
curve and have a fairly complete idea of the ball’s
entire motion. When we run the strobe at a rate of
five flashes per second but move the ball more
rapidly in a complicated pattern, the result is as
shown in Figure (3). From this picture it is difficult
to guess the ball’s path; thus Figure (3) provides us
with a poor representation of the motion of the ball.
But if we turn the strobe up from 5 to 15 flashes per
second (as in Figure 4), the rapid and complicated
motion of the ball is easily understood.

The motion of any object can be described by locat-
ing its position at successive intervals of time. A
strobe photograph is particularly useful because it
shows the position at equal time intervals through-

out the picture; that is, in Figure (2) at intervals of
1/5 sec and in Figure (4) at intervals of 1/15 sec. For
this text, we will use a special symbol, ∆t, to repre-
sent the time interval between flashes of the strobe.
The t stands for time, while the ∆ (Greek letter delta)
indicates that these are short time intervals between
flashes. Thus, ∆t = 1/5 sec in Figures (2) and (3), and
∆t = 1/15 sec in Figure (4).

For objects that are moving slowly along fairly
smooth paths, we can use fairly long time intervals
∆t between strobe flashes and their motion will be
adequately described. As the motion becomes faster
and more complicated, we turn the strobe up to a
higher flashing rate to follow the object, as in Figure
(4). To study complicated motion in more detail, we
locate the position of the object after shorter and
shorter time intervals ∆t.

Figure 3
Strobe photograph of a moving object.  In this photograph, the time
between flashes is so long that the motion is difficult to understand.
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s4

s5

s6
s7

s8

Figure 5
Displacement vectors.  The displacement between
flash number 1 and flash number 2 is represented
by the displacement vector s1 and so on.  The
entire path taken by the ball is represented by the
series of eight displacement vectors.

Figure 4
Strobe photograph of a similar motion.  In this
photograph, the time between flashes was reduced
and the motion is more easily understood.

DISPLACEMENT VECTORS
When we represent the motion of an object by
a strobe photograph, we are in fact representing
this motion by a series of displacements, the
successive displacements of the object in equal
intervals of time. Mathematically, we can de-
scribe these displacements by a series of dis-
placement vectors, as shown in Figure (5). This
illustration is a reproduction of Figure (2) with
the successive displacement vectors drawn from
the center of the images.
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Figure 6

Representation of the path of a ball for various ∆t.  As the shorter and shorter ∆t is
used, the path of the ball is more accurately represented, as in figures (b) through (d).

(a) (b)

(c) (d)

(e) (f)

s1 s1

s1

s1

s1

s2
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In a sense we are approximating the path of the ball
by a series of straight lines along the path. This is
reasonably accurate provided that ∆t is short enough,
as shown in Figure (6).

In Figure (6), (a) is the strobe photograph shown in
Figure (4), taken at a strobe interval of ∆t = 1/15 sec;
(b) shows how this photograph would have looked if
we had set the strobe for ∆t = 10/15 sec, or 2/3 sec.
Only one out of ten exposures would have been
produced. If we had represented the path of the ball
by the vector s1 it would have been a gross misrep-
resentation.  In (c), which would be the strobe
picture at ∆t = 6/15 sec, we see that the ball is no
longer moving in a straight line, but still s1 and s2
provide a poor representation of the true motion.
Cutting ∆t  in half to get (d), ∆t = 3/15  sec, we would
discover that there is a kink in the path of the ball.
While taking the picture, we would have had to be
careful in noticing the sequence of positions in order
to draw the correct displacement vectors.

Reducing ∆t to 2/15 sec (e), would give us a more
detailed picture of the kink. This is not too different
from (d); moreover, we begin to suspect that the

Figure 8
Strobe photograph of a steel ball projectile.
The strobe flashes were 1/10 second apart.

Figure 7
Experimental setup for taking strobe photographs. A
Polaroid camera is used record the motion of a ball
moving in front of a grid.  The grid, made of stretched
fish line, is mounted in front of a black painted wall.

seven displacement vectors in (e) represent the path
fairly accurately. When we reduce ∆t to 1/15 sec (f),
we get more pictures of the same kink and the curve
becomes smoother. It now appears that in most
places the 14 displacement vectors form a fairly
accurate picture of the true path. We notice, how-
ever, that  the very bottom of the kink is cut off
abruptly; here, shorter time intervals are needed to
get an accurate picture of the motion.

A Coordinate System
In the strobe photographs discussed so far, we have
a precise idea of the time scale, 1/5 second between
flashes in Figure (2), 1/15 second in Figure (4), but
no idea about the distance scale.  As a result we know
the direction of the succeeding displacement vec-
tors, but do not know their magnitude.

One way to introduce a distance scale is to photo-
graph the motion in front of a grid as shown in Figure
(7).  With this setup we obtain  photographs like that
shown in Figure (8), where we see the strobe motion
of a steel ball projectile superimposed on the grid.
The grid is illuminated by room lights which are
dimmed to balance the exposure of the grid and the
strobe flashes.
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Using techniques like that illustrated in Figure (9) to
locate the centers of the images, we can transfer the
information from the strobe photograph to graph
paper and obtain the results shown in Figure (10).
Figure (10) is the end result of a fair amount of
tedious lab work, and the starting point for our
analysis.  For those who do not have strobe facilities,
or the time to extract the information from a strobe
photograph, we will include in the text a number of
examples already transferred to graph paper in the
form of  Figure (10).

Using a television camera attached to an Apple II
computer, we can, in under 2 minutes,  obtain results
that look like Figure (10).  We will include a few of
these computer strobe photographs in our examples
of motion.  However the computer strobe is not yet
commercially available because we plan to use a
computer with more modern graphics capabilities. It
is likely that within a few years, one will be able to
easily and quickly obtain results like those in Figure

(10).  The grid, which has now become the graph
paper in Figure (10), serves as our coordinate system
for locating the images.

0 1

2            

s0
s1

s2   

0 10 20

Figure 11
Measuring the length of the vector   S1 .

Figure 9
Using a pin and cylinder to locate the center of the
ball.  Move the cylinder until it just covers the image of
the ball and then gently press down on the pin.  The
pin prick will give an accurate location for the center.

Manipulation of Vectors
Figure (10) represents the kind of experimental data
upon which we will base our description of motion.
We have, up to now, described the motion of the
projectile in terms of a series of displacement vec-
tors labeled s-1, s0, s3 as shown.  To go further, to
introduce concepts like velocity and acceleration,
we need to perform certain routine operations on
these displacement vectors, like adding and sub-
tracting them.  A number of vector operations were
discussed in Chapter 2, let us briefly review here
those that we need for the analysis of strobe photo-
graphs.  We will also introduce the concept of a
coordinate vector which will be useful in much of
our work.
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Measuring the Length of a Vector
One of the first pieces of information we need from
a strobe photograph is the magnitude or length of the
displacement vectors we have drawn.  Figure (11)
illustrates the practical way to obtain the lengths of

the individual vectors from a graph like Figure (10).
Take a piece of scrap paper and mark off the length
of the vector as shown in the upper part of the figure.
Then rotate the paper until it is parallel to the grid
lines, and note the distance between the marks.
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s3         

 Ball coordinates
-1)  ( 8.4, 79.3)
 0)  (25.9, 89.9)
 1)  (43.2, 90.2)
 2)  (60.8, 80.5)
 3)  (78.2, 60.2)
 4)  (95.9, 30.2)

Figure 10
Strobe photograph transferred to graph paper.  Using the pin and cylinder of Figure (9), we located the
coordinates of the center of each image in Figure (8), and then reconstructed the strobe photograph as
shown.  We can now perform our analysis on the large graph paper rather than the small photograph.
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In Figure (11), we see that the marks are 20 small
grid spacings apart.  In Figure (10), we see that each
grid spacing represents a distance of 1 centimeter.
Thus in Figure (11), the vector s1 has a magnitude of
20 centimeters.  We can write this formally as

s1   =  20 cm

This technique may seem rather simple, but it works
well and you will use it often.

Graphical Addition and Subtraction
Since we are working with experimental data in
graphical form, we need to use graphical techniques
to add and subtract vectors.  These techniques,
originally introduced in Chapter 2, are reviewed
here in Figures (12) and (13).  Figure (12a) and (12b)
show the addition of two vectors by placing them
head to tail.  Think of the vectors A and B as separate
trips; the sum A + B  is our net displacement as we
take the trips A and B in succession.  To subtract B
from A, we simply add  (–B)  to A as shown in Figure
(12c).

To perform vector addition and subtraction, we need
to move the vectors from one place to another.  This
is easily done with a triangle and a straight edge as
indicated in Figure (13).  The triangle and straight
edge allows you to draw a parallel line; then mark a
piece of paper as in Figure (11), to make the new
vector have the same length as the old one.

For those who are mathematically inclined, this
simple graphical work with vectors may seem el-
ementary, especially compared to the exercises en-
countered in an introductory calculus course.  But,
as we shall see, this graphical work emphasizes the
basic concepts.  We will have many opportunities
later to extract sophisticated formulas from these
basic graphical operations.

For these exercises, you may use the practice
graph on page 3-28, and the tear out sheet on page
3-29.

Exercise 1

Find the magnitudes of the vectors  s0, s1, s2,  and  s3

in Figure (10).

Exercise 2
Explain why the vector s0 4, given by

s0 4  =  s0 + s1 + s2 + s3

has a magnitude of 91.3 cm which is quite a bit less
than the sum of the lengths s0  + s1  + s2  + s3 .

Exercise 3

Use graphical methods to find the vector s3 - s2 .
(The result should point vertically downward and
have a length of about 10 cm.)

A

B

–B

(A – B)

A

B

Figure 12
Addition and subtraction of vectors.

Figure 13
Moving vectors around. (This
was discussed in Figure 2-12.)

BA + 

B
A

(b)

(a) (c)
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Coordinate System
and Coordinate Vectors
A coordinate system allows us to convert graphical
work into a numerical calculation that can, for ex-
ample, be carried out on a computer.  Figure (14)
illustrates two convenient ways of describing the
location of a point.  One is to give the x and y
coordinates of the point (x,y), and the other is to use
a coordinate vector  R  which we define as a vector
that is drawn from the origin of the coordinate
system to the point of interest.

Figure (15) illustrates the way an arbitrary vector S  can
be expressed in terms of coordinate vectors.  From the
diagram we see that R2 is the vector sum of  R1 + S, thus
we can solve for the vector S  to get the result

S  =  R2 – R1.

R
R ≡ (X,Y)

(X,Y)

Y

X

R

Y

X

1

R2R1

R2

+

S = –

S = 
SR1

R2

Figure 14
The coordinate vector R , which starts
at the origin, locates the point (x,y).

Figure 15
Expressing the vector S  in terms of coordinate vectors.

ANALYSIS OF
STROBE PHOTOGRAPHS
In our analysis of the strobe photograph of projectile
motion, Figure (10), we are representing the path of
the ball by a series of displacement vectors S0 ... S3  
(We will think of the photograph as starting at point
(0).  The point labeled (-1) will be used later in our
calculation of the instantaneous velocity at point (0).
In a sense, we “know” that the ball actually went
along a smooth continuous curve, and we could have
represented the curve more accurately by reducing
∆ t as we did in Figure (6).  But with many images to
mark the trajectory, each displacement vector Si
becomes too short for accurate graphical work.  In
taking a strobe photograph, one must reach a com-
promise where the displacement vectors Si are long
enough to work with, but short enough to give a
reasonable picture of the motion.

Velocity
The series of displacement vectors in Figure (10)
show not only the trajectory of the projectile, but
because the images are located at equal time inter-
vals, we also have an idea of the speed of the
projectile along its path.  A long displacement vector
indicates a higher speed than a short one.  For each
of the displacement vectors we can calculate what
one would call the average speed of the projectile
during that interval.

The idea of an average speed for a trip should be
fairly familiar.  If, for example, you went on a trip for
a total distance of 90 miles, and you took 2 hours,
you divide 90 miles by 2 hours to get an average
speed of 45 miles per hour.  For more detailed
information about your speed, you break the trip up
into small segments.  For example, if you wanted to
know how fast you were moving down the interstate
highway, you measure how long it takes to pass two
consecutive mile markers.  If it took one minute,
then your average speed during this short time
interval is one mile divided by 1/60 hour which is 60
miles per hour.  If you broke the whole trip down into
1 minute intervals, measured how far you went
during each interval, and calculated your average
speed for each interval, you would have a fairly
complete record of your speed during your trip.  It is
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this kind of record that we get from a strobe photo-
graph of the motion of an object.

In physics, we use a concept that contains more
information than simply the speed of the object.  We
want to know not only how many miles per hour or
centimeters per second an object is moving, but also
what direction the object is moving.  This informa-
tion is all contained in the concept of a velocity
vector.

To construct a velocity vector for the projectile
shown in Figure (10), when, for example, the ball is
at position 1, we take the displacement vector S1,
divide it by the strobe time interval ∆ t, to get what
we will call the velocity vector v1:

v1  ≡  S1
∆ t

(1)

In Equation (1), what we have done is multiply the
vector S1 by the number (1/∆ t) to get v1.  From our
earlier discussion of vectors we know that multiply-
ing a vector by a number gives us a vector that points
in the same direction, but has a new length.  Thus v1
is a vector that points in the same direction as S1, but
it now has a length given by

v1   =  
S1

∆ t
  =  20 cm

.1 sec
  =  200 cm

sec

where we used S1   =  20 cm from Figure (11) and
we knew that ∆t = .1 sec for this strobe photograph.

Not only have we changed the length of  S1 by
multiplying by (1/∆t), we have also changed the
dimensions from that of a distance (cm) to that of a
speed (cm/sec).  Thus the velocity vector v1 contains
two important pieces of information.  It points in the
direction of the motion of the ball, and has a length
or magnitude equal to the speed of the ball.

(Physics texts get rather picky over the use of the
words speed and velocity.  The word speed is re-
served for the magnitude of the velocity, like 200
cm/sec.  The word velocity is reserved for the veloc-
ity vector as defined above; the velocity vector

describes both the direction of motion and the speed.
We will also use this convention throughout the
text.)

In our discussion of strobe photographs, we noted
that if we used too long a time interval ∆t, we got a
poor description of the motion as in Figures (6b) and
(6c).  As we used shorter time intervals as in Figures
(6d, e, and f), we got a better and better picture of the
path.

We have the same problem in dealing with the
velocity of an object.  If we use a very long ∆ t, we
get a crude, average, description of the object’s
velocity.  As we use a shorter and shorter ∆ t, our
description of the velocity, Equation (1), becomes
more and more precise.

Since, in this chapter, we will be working with
experimental data obtained from strobe photographs,
there is a practical limit on how short a time interval
∆ t we can use and have vectors big enough to work
with.  We will see that, for the kinds of motion that
we encounter in the introductory physics lab, a
reasonably short ∆ t like .1 sec gives reasonably
accurate results.

If you make more precise measurements of the
position of an object you generally find that as you
use shorter and shorter ∆ t to measure velocity, you
reach a point where the velocity vector no longer
changes.  What happens is that you reach a point
where, if you cut ∆ t in half, the particle goes in the
same direction but only half as far.  Thus both the
displacement S1 and the time interval ∆ t are both cut
in half, and the ratio    v1 = S1 /∆t   is unchanged.  This
limiting process, where we see that the velocity
vector changes less and less as ∆ t is reduced, is
demonstrated graphically in  our discussion of in-
stantaneous velocity at the end of the chapter.

Exercise (4)

What is the magnitude of the velocity vector  v3 , for the
ball in Figure (10).  Give your answer in cm/sec.
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Acceleration
In Chapter 1 on Einstein’s special theory of relativ-
ity, we limited our discussion to uniform motion,
motion in a straight line at constant speed.  If we took
a strobe photograph of an object undergoing uni-
form motion, we would get a result like that shown
in Figure (17).  All the velocity vectors would point
in the same direction and have the same length.  We
will, from now on, call this motion with constant
velocity , meaning that the velocity vector is con-
stant, unchanging.

From the principle of relativity we learned that there
is something very special about motion with con-
stant velocity—we cannot feel it.  Recall that one
statement of the principle of relativity was that there
is no experiment that you can perform to detect your
own uniform motion relative to empty space.  You
cannot tell, for example, whether the room you are
sitting in is at rest or hurdling through space at a
speed of 100,000 miles per hour.

Although we cannot feel or detect our own uniform
motion, we can easily detect non uniform motion.
We know what happens if we slam on the brakes and
come to a sudden stop—everything in the car falls
forward.  A strobe photograph of a car using the
brakes might look like that shown in Figure (18a).
Each successive velocity vector gets shorter and
shorter until the car comes to rest.

Equation (1) is well suited for graphical work but for
numerical calculations it is convenient to express Si in
terms of the coordinate vectors Ri.  This is done in
Figure (16), where we see that the vector sum

 Ri + Si = Ri+1  thus  Si = Ri+1 – Ri  and Equation (1)
becomes

vi  =  
Ri+1 – Ri

∆ t
(2)

If we call  Ri+1 – Ri  the “change in the position R

during the time ∆t ”, and denote this change by ∆R,
Equation (2)  becomes

vi  =  
Ri+1 – Ri

∆ t
  =  ∆R

∆ t
(2a)

which is perhaps a more familiar notation for those
who have already studied calculus.  In a calculus
course, one would define the velocity vi by taking
the limit as ∆ t → 0 (i.e., by turning the strobe
flashing rate “all the way up”).  In our experimental
work with strobe photographs, we reduce  ∆ t  only
to the point where we have a reasonable representa-
tion of the path; using too short a time interval makes
the experimental analysis impossible.

i

= R
i + 1

–  R iSi

R i

i + 1R

Vi = Si
t

= i + 1(R R– i )
t

Figure 16
Expressing the velocity vector  vi  , in terms
of the coordinate vectors   Ri  and   Ri+1.

V1 V2 V3 V4 V5 V6 V7

Figure 17
Motion with constant velocity.

V5V4V3V2V1

Figure 18a
Put on the brakes, and your velocity changes.
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Another way the velocity of a car can change is by
going around a corner as illustrated in Figure (18b).
In that figure the speed does not change, each veloc-
ity vector has the same length, but the directions are
changing.  It is also easy to detect this kind of change
in velocity—all the packages in the back seat of your
car slide to one side of the seat.

The point we want to get at is, what do we feel when our
velocity changes?  Consider two examples.  In the first,
we are moving at constant velocity, due east at 60 miles
per hour.  A strobe photograph showing our initial and
final velocity vectors vi and vf would look like that in
Figure (19a).  If we define the change in velocity ∆v by
the equation

∆v  ≡  vf - vi

then from Figure (19b) we see that ∆v  =  0 for
uniform motion.

For the second example, suppose we are traveling
due south at 60 miles per hour, and a while later are

moving due east at 60 miles per hour, as indicated in
Figure (20a).  Now we have a non zero change in
velocity ∆v as indicated in Figure (20b).

In our two examples, we find that if we have uniform
motion which we cannot feel, the change in velocity
∆v is zero.  If we have non uniform motion, ∆v is not
zero and we can feel that.  Is it ∆v, the change in
velocity, that we feel?

Almost, but not quite.  Let us look at our second
example, Figure (20), more carefully.  There are two
distinct ways that our velocity can change from
pointing south to pointing east.  In one case there
could have been a gradual curve in the road.  It may
have taken several minutes to go around the curve
and we would be hardly aware of the turn.

In the other extreme, we may have been driving
south, bounced off a stalled truck, and within a
fraction of a second finding ourselves traveling due
east.  In both cases our change in velocity ∆v = vf – vi
is the same, as shown in Figure (20b).  But the effect
on us is  terribly different.  The difference in the two
cases is that the change in velocity ∆v occurred
much more rapidly when we struck the truck than
when we went around the curve.  What we feel is not
∆v alone, but how fast ∆v happens.

If we take the change in velocity ∆v and divide it by
the time ∆t over which the change takes place, then
the smaller ∆t, the more rapidly the change takes
place, the bigger the result.  This ratio ∆v/∆t which
more closely represents what we feel than ∆v alone,
is given the special name acceleration.

V4

V3

V2

V1

Figure 18b
When you drive around a corner, your speed may not
change, but your velocity vector changes in direction.

Vf

Vi

(a)

Figure 20
∆v ≠ 0 when we change our direction of motion.

Vf

V  =  0i

Vf
–

Vi–

Vi

VfV  ≡∆

(a)

(b)

Figure 19
We see that    ∆∆v = 0  for motion with constant velocity.

V i

Vf

–
V f

V =
∆

(b) Vi–
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The Acceleration Vector
The quantity ∆v/∆t, which we call acceleration, is
usually denoted by the vector a

a  =  ∆v
∆ t

(3)

where ∆v is the change in the velocity vector during
the time ∆t.  To see how to apply Equation (3) to a
strobe photograph, suppose that Figure (21) repre-
sents a photograph of a particle moving with some
kind of non uniform velocity.  Labeling the image
positions 1, 2, 3, etc. and the corresponding velocity
vectors v1, v2, v3 , let us consider what the
particle’s acceleration was during the time it went
from position 2 to position 3.  At position 2 the
particle’s velocity was v2.  When it got to position 3
its velocity was v3.  The time it took for the velocity
to change from v2 to v3, a change ∆v = v3 - v2, was
the strobe time ∆t.  Thus according to Equation (3),
the particle’s acceleration during the interval 2 to 3,
which we will call a3, is given by

a3  ≡  ∆v23
∆ t

  =  
v3 – v2

∆ t
(4a)

(One could object to using the label a3 for the
acceleration during the interval 2 to 3.  But a closer
inspection shows that a3 is an accurate name.  Actu-
ally the velocity v3 is the average velocity in the
interval 3 to 4, and v2 is the average velocity in the
interval 2 to 3.  Thus ∆v = v3 - v2 is a change in
velocity centered on position 3.  As a result Equation
(4a) gives surprisingly accurate results when work-
ing with experimental strobe photographs.  In any
case such errors become vanishingly small when we
use sufficiently short ∆t 's.)

The physicists’ use of the word acceleration for the
quantity ∆v/∆t presents a problem for students.  The
difficulty is that we have grown up using the word
acceleration, and already have some intuitive feel-
ing for what that word means.  Unfortunately this
intuition usually does not match what physicists
mean by acceleration.  Perhaps physicists should
have used a different name for ∆v/∆t, but this did not
happen.  The problem for the student is therefore not
only to develop a new intuition for the quantity
∆v/∆t, but also to discard previous intuitive ideas of
what acceleration might be.  This can be uncomfort-
able.

The purpose of the remainder of this chapter is to
develop a new intuition for the physics definition of
acceleration.  To do this we will consider three
examples of motion; projectile motion, uniform
circular motion, and projectile motion with air resis-
tance.   In each of these cases, which can be carefully
studied in the introductory lab or simulated, we will
use strobe photographs to determine how the accel-
eration vector ∆v/∆t behaves.  In each case we will
see that there is a simple relationship between the
behavior of the acceleration vector and the forces
pulling or pushing on the object.  This relationship
between force and acceleration, which is the corner-
stone of mechanics, will be discussed in a later
chapter.  Here our goal is to develop a clear picture
of acceleration itself.

Determining Acceleration
from a Strobe Photograph
We will use strobe photographs to provide an ex-
plicit experimental definition of acceleration.  In the
next chapter we will see how the strobe definitions
go over to the calculus definition that you may have
already studied.  We prefer to start with the strobe
definition, not only because it provides a more
intuitive approach to the concept, but also because of
its experimental origin.  With an experimental defi-
nition we avoid some conceptual problems inherent
in calculus.  It turns out, surprisingly, that some of
the concepts involved in the calculus definition of
acceleration are inconsistent with physics.  We can
more clearly understand these inconsistencies when
we use an experimental definition of acceleration as
the foundation for our discussion.

Figure 21
Determining a for non uniform motion.

1

2

3
4

V1

V2

V3 V4
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If we have a strobe photograph with many images,
then by extending Equation (4a), the acceleration at
position i is

   
ai ≡

∆vi
∆t

=
vi – vi – 1

∆t
strobe definition
of acceleration (4)

We will call Equation (4) our strobe definition of
acceleration.  Implicit in this definition is that we
use a short enough ∆t so that all the kinks in the
motion are visible, but a long enough ∆t so that we
have vectors long enough to work with.

PROJECTILE MOTION
As our first example in the use of our strobe defini-
tion of acceleration, let us calculate the acceleration
of the ball at position 2 in our strobe photograph,
Figure (10), of projectile motion.

The first problem we face is that Equation (4)
expresses the acceleration vector a2 in terms of the
velocity vectors v1 and v2, while the strobe photo-
graph shows only the displacement vectors S1 and
S2, as seen in Figure (10a), a segment of Figure (10)
reproduced here.

The easiest way to handle this problem is to use the
formulas

v1  =  S1
∆t

 ;          v2  =  S2
∆t

in Equation (4a) to express a2 directly in terms of the
known vectors S1 and S2.  The result is

a2  =  
v2 – v1

∆t
  =  

S1/∆ t  – S2/∆ t
∆t

    
a2 =

S2 – S1

∆t2

experimental
measurment
of acceleration

(5)

Equation (5) tells us that we can calculate the accelera-
tion vector a2 by first constructing the vector  S2 – S1,
and then dividing by   ∆t2 .  That means that a2 points in
the direction of the vector   S2 – S1 , and has a length
equal to the length    S2 – S1  (in cm) divided by    ∆∆t 2.
As a result the magnitude of the acceleration vector has
the dimensions of  cm/sec2.

Let us apply Equation (5) to our projectile motion
photograph, Figure (10), to see how all this works.
The first step is to use vector subtraction to construct
the vector S2 – S1.  This is done in Figure (22).  First
we draw the vectors S1 and S2, and then construct
the vector –S1 as shown.  (The vector –S1 is the
same as S1 except that it points in the opposite
direction.)  Then we add the vectors S2 and –S1 to
get the vector S2 – S1 by the usual technique of
vector addition as shown

S2 – S1  =  S2 + –S1 (6)

2

1

3

s

–

1

s1

s2         
s1–s2         

Figure 22
The vector   S2 – S1 points straight down
and has a length of about 10 cm.

1

3

2
s1

s2         

Figure 10a
A section of the projectile motion photograph, Figure
(10), showing the displacement vectors  S1 and  S2 .
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Note that even if  S2 and  S1 had the same length, the
difference S2 – S1 would not necessarily be zero be-
cause this is vector subtraction, NOT NUMERICAL
SUBTRACTION.

Once we have constructed the vector   S2 – S1, we know
the direction of the acceleration vector a2 because it
points in the same direction  as   S2 – S1.  In Figure (22),
we see that   S2 – S1  points straight down, thus a2 points
straight down also.

Now that we have the direction of a2, all that is left
is to calculate its  magnitude or length.  This magni-
tude is given by the formula

a2   =  
S2 – S1

∆ t2
  =  

length of vector S2 – S1

∆ t2
(7)

To get the length of the   S2 – S1, we can use the
technique shown in Figure (11).  Mark off the length
of the vector   S2 – S1 on a piece of scrap paper, and
then use the grid to see how many centimeters apart
the marks are.  In this case, where   S2 – S1 points
straight down, we immediately see that   S2 – S1 is
about 10 cm long.  Thus the magnitude of a2 is given
by

a2   =  
S2 – S1

∆ t2
  =  10 cm

.1 sec 2
  =  1000 cm

sec2
(8)

where we knew ∆ t = .1 sec for the strobe photograph
in Figure (10).

Our conclusion is that, at position 2 in the projectile
motion photograph, the ball had an acceleration a2
that pointed straight down, and had a magnitude of
about 1000 cm/sec2.

For this exercise, you may use the  tear out sheet
on page 3-30.

Exercise  5

(Do this now before reading on.)  Find the
acceleration vectors a0,a1, and a3 for the projectile
motion in Figure (10).  From your results, what can you
say about the acceleration of a projectile?

UNIFORM CIRCULAR MOTION
To give the reader some time to think about the
above exercise on projectile motion, we will change
the topic for a while and analyze what is called
uniform circular motion.  In uniform circular mo-
tion, the particle travels like a speck of dust sitting on
a revolving turntable.

The explicit example we would like to consider is a
golf ball with a string attached, being swung in a
circle over the instructor’s head, as indicated in
Figure (23a).  We could photograph this motion, but
it is very easy to simulate a strobe photograph of
uniform circular motion by drawing a circle with a
compass, and marking off equal intervals as shown
in Figure (23b).  In that figure we have also sketched
in the displacement vectors as we did in our analysis
of the projectile motion photograph.

S1

S2

S3
S4

r
Strin

g
V

Golf ball

Figure 23a
Swinging a golf ball around at constant speed in a
circle.

Figure 23b
Simulating a strobe photograph of a golf
ball swinging at constant speed in a circle.
We marked off equal distances using a
compass.
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Figure (23b) shows the kind of errors we have to deal
with in using a strobe to study motion.  Clearly the
golf ball travels along the smooth circular path
rather than the straight line segments marked by the
vectors .  As we use shorter and shorter ∆ t our
approximation of the path gets better and better, but
soon the vectors get too short for accurate graphical
work.  Choosing images spaced as in Figure (23b)
gives vectors a reasonable length, and a reasonable
approximation of the circular path.

(It will turn out that when we use our strobe defini-
tion of acceleration, most errors caused by using a
finite ∆ t cancel, and we get a very accurate answer.
Thus we do not have to worry much about how far
apart we draw the images.)

Now that we have the displacement vectors we can
construct the acceleration vectors a1,a2, using
Equation (5).  The construction for a2 is shown in
Figure (24).  To the vector S2 we add the vector  –S1
to get the vector S2 – S1 as shown.

The first thing we note is that the vector   S2 – S1
points toward the center of the circle!  Thus the
acceleration vector a2 given by

a2  =  
S2 – S1

∆t2
(9)

also points toward the center of the circle.

Exercise (6)

(Do this now.)  Find the direction of at least 4 more
acceleration vectors  around the circle.  In each case
show that ai points toward the center of the circle.

We said earlier that the physicists’ definition of
acceleration,  which becomes ai = Si – Si–1 /∆ t2,
does not necessarily agree with your own intuitive
idea of acceleration.  We have just discovered that,
using the physicists’ definition, a particle moving at
constant speed along a circular path accelerates
toward the center of the circle.  Unless you had a
previous physics course, you would be unlikely to
guess this result.  It may seem counter intuitive.  But,
as we said, we are using these examples to develop
an intuition for the physics definition of accelera-
tion.  Whether you like it or not, according to the
physics definition, a particle moving at constant
speed around a circle, is accelerating toward the
center.  In a little while, the reason for this will
become clear.

Magnitude of the Acceleration
for Circular Motion
Although perhaps not intuitive, we have gotten a
fairly simple result for the direction of the accelera-
tion vector for uniform circular motion.  The center
is the only unique point for a circle, and that is where
the acceleration vector points.  The next thing we
need to know is how long the acceleration vectors
are; what is the magnitude of this center pointing
acceleration.  From the strobe definition, the magni-
tude a2  is  a2 = S2 – S1 /∆ t2, a rather awkward
result that appears to depend upon the size of ∆ t that
we choose.  However with a bit of geometrical
construction we can re-express this result in terms of
the particle’s speed v and the circle’s radius r.  The
derivation is messy, but the result is simple.  This is
one case, where, when we finish the derivation, we
recommend that the student memorize the answer
rather than try to remember the derivation.  Uniform
circular motion appears in a number of important
physics problems, thus the formula for the magni-
tude of the acceleration is important to know.

Figure 24
We find that the vector   S2 – S1  , and therefore the
acceleration, points toward the center of the circle.

S1

S2

S3

S4

S1–

S1–S2( )
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In Figure (25a) we have constructed two triangles,
which are shown separately in Figures (25b) and
(25c).  As seen in Figure (25b), the big triangle
which goes from the center of the circle to positions
(1) and (2) has two equal sides of length r, the radius
of the circle, and one side whose length is equal to
the particle’s speed v times the strobe time ∆t.

The second triangle, shown in Figure (25c), has
sides of length  S2  and  –S1 , but both of these are
of length v∆t as shown.  The third side is of length

 S2 – S1 , the length we need for our calculation of
the magnitude of the acceleration vector.

The trick of this calculation is to note that the angles
labeled θ in Figures (29b, c) are the same angle, so
that these two triangles are similar isosceles tri-
angles.  The proof that these angles are equal is given
in Figure (26) and its caption.

With similar triangles we can use the fact that the
ratios of corresponding sides are equal.  Equating the
ratio of the short side to the long side of the triangle
of Figure (25b), to the ratio of the short side to the
long side of the triangle in Figure (25c), we get

  
v∆t
r =

S2 – S1
v∆t

(10)

Multiplying Equation (10) through by v and divid-
ing both sides by ∆ t gives

  v2

r =
S2 – S1

∆t2 = a1 (11)

we got     S2 – S1 ∆t2S2 – S1 ∆t2 on the right side, but this is just
the magnitude of the acceleration vector a1.  Since
the same derivation applies to any position around
the circle, we get the simple and general result that,
for a particle moving with uniform circular motion,
the particle’s acceleration a points toward the center
of the circle, and has a magnitude

  
a = v2

r
accelerationof a particle
in uniform circular motion (12)

where v is the speed of the particle and r  is the radius
of the circle.  As we said, this simple result should be
memorized.

Figure 25
Derivation of the formula for the magnitude of the
acceleration of a particle with uniform circular motion.
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Figure 26
That the two angles labeled θθ  in Figure (25) are the
same, may be seen in the following geometrical
construction.  Since the sum of the angles in any
triangle is 180°, we get   αα + ϕϕ + 90°° = 180°° (from
triangle BCD).  Because BAC is an isosceles triangle,

  90°° – θθ + αα = ϕϕ.   Eliminating  ϕϕ  we get   2αα = θθ , which
is the result we expected.
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AN INTUITIVE DISCUSSION
OF ACCELERATION
We have now studied two examples of non uniform
motion, the projectile motion seen in the strobe
photograph of Figure (10), and the circular motion
of a golf ball on the end of a string, a motion we
illustrated in Figure (23).  In each case we calculated
the acceleration vector of the particle at different
points along the trajectory.  Let us now review our
results to see if we can gain some understanding of
why the acceleration vector behaves the way it does.

If you worked Exercise (5) correctly, you discov-
ered that all the acceleration vectors  are the same, at
least to within experimental accuracy.  As shown in
Figure (27), as the steel ball moves along its trajec-
tory, its acceleration vector points downward to-
ward the earth, and has a constant magnitude of
about 1000 cm/sec2.

As shown in Figure (28), the golf ball being swung
at constant speed around in a circle on the end of a
string, accelerates toward the center of the circle, in
the direction of the string pulling on the ball.  The
magnitude of the acceleration has the constant value.

We said that the string was pulling on the ball.  To see
that this is true, try swinging a ball on the end of a
string (or a shoe on the end of a shoelace) in a circle.
To keep the ball (or shoe) moving in a circle, you
have to pull in on the string.  In turn, the string pulls
in on the ball (or shoe).  If you no longer pull in on
the string, i.e., let go, the ball or shoe flies away and
no longer undergoes circular motion.  The string
pulling on the ball is necessary in order to have
circular motion.

What is the common feature of projectile and circu-
lar motion?  In both cases the object accelerates in
the direction of the force acting on the object.  When
you throw a steel ball in the air, the ball does not
escape earth’s gravity.  As the ball moves through
the air, gravity is constantly pulling down on the
ball.  The result of this gravitational pull or force is
to accelerate the ball in the direction of the gravita-
tional force.  That is why the projectile motion
acceleration vectors point down toward the earth.

 When we throw a ball a few feet up in the air, it does
not get very far away from the surface of the earth.
In other words we expect the gravitational pull to be
equally strong throughout the trajectory.  If the ball’s
acceleration is related to the gravitational pull, then
we expect the acceleration to also be constant through-
out the trajectory.  Thus it is not surprising that all the
vectors have the same length in Figure (27).

a
0

0 1

2

3

a1

a2

a3

Figure 27
All the acceleration vectors for
projectile motion point down toward
the earth.

r
strin

g

a

golf ball

Figure 28
The golf ball accelerates in the
direction of the string that is pulling
on it.
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In the case of circular motion, the string has to pull
in on the golf ball to keep the ball moving in a circle.
As a result of this pull of the string toward the center
of the circle, the ball accelerates toward the center of
the circle.  Again the acceleration is in the direction
of the force on the object.

This relationship between force and acceleration,
which we are just beginning to see in these two
examples, forms the cornerstone of what is called
classical or Newtonian mechanics.  We have more
details to work out, but we have just glimpsed the
basic idea of much of the first half of this course.  To
give historical credit for these ideas, it was Galileo
who first saw the importance of the concept of
acceleration that we have been discussing, and Isaac
Newton who pinned down the relationship between
force and acceleration.

Acceleration Due to Gravity
Two more topics, both related to projectile motion,
will finish our discussion in this section.  The first is
the fact that, if we can neglect air resistance, all
projectiles near the surface of the earth have the
same downward acceleration a.   If a steel ball and a
feather are dropped in a vacuum, they fall together
with the same acceleration.  This acceleration, which
is caused by gravity, is called the acceleration due
to gravity and is denoted by the symbol g.  The vector
g points down toward the earth, and, at the surface of
the earth, has a magnitude.

g   ≡  g = 980 cm/sec2 (13)

This is quite consistent with our experimental result
of about 1000 cm/sec2 that we got from the analysis
of the strobe photograph in Figure (10).

If we go up away from the earth, the acceleration due
to gravity decreases.  At an altitude of 1,600 miles,
the acceleration is down to half its value, about
500 cm/sec2.  On other planets g has different val-
ues.  For example, on the moon, g is only about 1/6
as strong as it is here on the surface of the earth, i.e.

gmoon   =  167 cm/sec2 (14)

From the relationship we have seen between force
and acceleration we can understand why a projectile
that goes only a few feet above the surface of the
earth should have a constant acceleration.  The
gravitational force does not change much in those
few feet, and therefore we would not expect the
acceleration caused by gravity to change much ei-
ther.

On the other hand there is no obvious reason, at this
point, why in the absence of air, a steel ball and a
feather should have the same acceleration.  Galileo
believed that all projectiles, in the absence of air
resistance, have the same acceleration. But it was
not until Newton discovered both the laws of me-
chanics (the relationship between acceleration and
force) and the law of gravity, that it became a
physical prediction that all projectiles have the same
gravitational acceleration.

In the early part of the 20th century, Einstein went a
step farther than Newton, and used the fact that all
objects have the same gravitational acceleration to
develop a geometrical interpretation of the theory of
gravity.  The gravitational force was reinterpreted as
a curvature of space, with the natural consequence
that a curvature of space affects all objects in the
same way.  This theory of gravity, known as
Einstein’s general theory of relativity, was a result
of Einstein’s effort to make the theory of gravity
consistent with the principle of relativity.

It is interesting how the simplest ideas, the principle
of relativity, and the observation that the gravita-
tional acceleration is the same for all objects, are the
cornerstones of one of the most sophisticated theo-
ries in physics, in this case Einstein’s general theory
of relativity.  Even today, over three quarters of a
century since Einstein developed the theory, we still
do not understand what many of the predictions or
consequences of Einstein’s theory will be.  It is
exciting, for these predictions may help us under-
stand the behavior of the universe from its very
beginning.

acceleration due to
gravity at the sur-
face of the earth
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Exercise (7)
The first earth satellite, Sputnik 1, traveled in a low,
nearly perfect, circular orbit around the earth as
illustrated in Figure (29).

(a) What was the direction of Sputnik 1’s acceleration
vector as it went around the earth?

(b) What was the direction of the force of gravity on
Sputnik 1 as the satellite went around the earth?

(c) How is this problem related to the problem of the
motion of the golf ball on the end of a string?  Give an
answer that your roommate, who has not had a
physics course, would understand.

Projectile Motion
with Air Resistance
Back to a more mundane subject, we wish to end this
discussion of acceleration with the example of pro-
jectile motion with air resistance.  Most introductory
physics texts avoid this topic because they cannot
deal with it effectively.  Using calculus, one can
handle only the simplest, most idealized examples,
and even then the analysis is beyond the scope of
most texts.  But using strobe photographs it is easy
to analyze projectile motion with air resistance, and
we learn quite a bit from the results.

What turned out to be difficult, was to find an
example where air resistance affected the motion of
a projectile enough to produce a noticeable effect.
We found that a golf ball and a ping pong ball have
almost the same acceleration when thrown in the air,
despite the considerable difference in weight or
mass.  Only when we used the rough surfaced
Styrofoam balls used for Christmas tree ornaments
did we finally get enough air resistance to give a
significant effect.

Sputnik 1 orbit

EARTH

Figure 29
Sputnik 1's circular orbit.

Figure 30a
Motion of a Styrofoam ball. This is the lightest ball we
could find.
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A strobe photograph of the projectile motion of the
Styrofoam ball is seen in Figure (30a), and an
analysis showing the resulting acceleration vectors
in Figure (30b).  In Figure (30b) we have also drawn
the acceleration vectors g that the ball would have
had if there had not been any air resistance.  We see
that the effect of air resistance is to bend back and
shorten the acceleration vectors.

Figure (31) is a detailed analysis of the Styrofoam’s
acceleration at point (3).  (We used an enlargement
of the strobe photograph to improve the accuracy of
our work, such detailed analysis is difficult using
small Polaroid photographs.)  In Figure (31) v3  is the
velocity of the ball, g is the acceleration due to
gravity, and a3 the ball’s actual acceleration.  The
vector aair, which represents the change in a caused
by air resistance is given by the vector equation

a3  =  g + aair (15)

The important feature of Figure (31) is that aair is
oppositely directed to the ball’s velocity v3.  To
understand why, imagine that you are the stick

figure riding on the ball in Figure (31).  You will feel
a wind in your face, a wind directed oppositely to v3.
This wind will push on the ball in the direction
opposite to v3, i.e., in the direction of aair.  Thus we
conclude that the acceleration aair is created by the
force of the wind on the ball.

What we learn from this example is that  if we have
two forces simultaneously acting on an object,
each force independently produces an accelera-
tion, and the net acceleration is the vector sum of
the independent accelerations.  In this case the
independent accelerations are  caused by gravity and
the wind.  The net acceleration a3 of the ball is given
by the vector Equation (15), a3  =  g + aair.  As we
will see in later chapters, this vector addition of
accelerations plays a fundamental role in mechan-
ics.

-1)  ( 5.2,   94.9)

 0)  (24.0, 101.4)
 1)  (40.8,   97.8)

 2)  (56.5,   85.3)

 3)  (70.8,   64.7)
 4)  (83.4,   37.1)

 5)  (95.2,     3.9)

Figure 30b
Acceleration of the Styrofoam ball.
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Figure 31
When we do a detailed comparison of  a  and
g at point 3, we see that the air resistance
produces an acceleration aair that points in the
direction of the wind felt by the ball.
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INSTANTANEOUS VELOCITY
In calculus, instantaneous velocity is defined by
starting with the equation vi  =  Ri+1 - Ri /∆ t and
then taking the limiting value of vi as we use shorter
and shorter time steps ∆ t.  This corresponds in a
strobe photograph to using a higher and higher
flashing rate which would give increasingly short
displacement vectors Si.  In the end result one
pictures the instantaneous velocity being defined at
each point along the continuous trajectory of the
object.

The effect of using shorter and shorter ∆ t  is illus-
trated in Figure (32).  In each of these sketches the
dotted line represents the smooth continuous trajec-

tory of the ball.  In Figure (32a) where ∆ t = 0.4 sec
and there are only two images the only possible
definition of v0 is the displacement between these
images, divided by ∆ t as shown.  Clearly ∆ t is too
large here for an accurate representation of the ball’s
motion.

A better description of motion is obtained in Figure
(32b) where∆ t = 0.1 sec as in the original photo-
graph.  We used this value of  in our analysis of the
projectile motion, Figure (10).  Reducing ∆ t by
another factor 1/4 gives the results shown in Figure
(32c).  At this point the images provide a detailed
picture of the path and v0  = S0/∆ t is now tangent to
the path at (0).  A further decrease in ∆ t would
produce a negligible change in v0.

1

=

∆t = 0.4 Sec

∆t

0

v0

v0
S 0

S 0

10

=

∆t = 0.1  Sec

∆t

v0
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S 0

S 0
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=
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∆t

v0

v0
S 0

S 0

~

~ =

∆t     0 Sec

instantaneous
velocity

∆t
vi

vi

S i

Figure 32
We approach the instantaneous velocity
as we make  ∆∆t  smaller and smaller.

a)

b)

c)

d)
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The instantaneous velocity at point (0) is the final
value of  v0, the value illustrated in Figure (32d)
which no longer changes as  ∆ t is reduced.  This is
an abstract concept in that we are assuming such a
final value exists.  We are assuming that we always
reach a point where using a stroboscope with a still
higher flashing rate produces no observable change
in the value of v0.  This assumption, which has
worked quite well in the analysis of large objects
such as ping pong balls and planets, has proven to be
false when investigated on an atomic scale.  Accord-
ing to the quantum theory which replaces classical
mechanics on an atomic scale when one uses a
sufficiently short ∆ t in an attempt to measure veloc-
ity, the measurement destroys the experiment rather
than giving a better value of v0.
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Instantaneous Velocity
from a Strobe Photograph
In the case of projectile motion (i.e., motion with
constant acceleration) there is a simple yet precise
method for determining an object’s instantaneous
velocity vi from a strobe photograph.  (Vectors
representing instantaneous velocity will be under-
lined in order to distinguish them from the vectors
representing the strobe definition of velocity.)  This
method, which also gives quite good approximate
values for other kinds of motion, will be used in our
computer calculations for determining the initial
velocity of the object.

To see what the method is, consider Figure (33)
where we have drawn the vector  obtained from
Figure (32d).  We have also drawn a line from the
center of image (–1) to the center of image (+1) and
notice that vi  ∆t is parallel to and precisely half as
long as this line.  Thus we can construct vi  ∆t by
connecting the preceding and following images and
taking half of that line.

The vector constructed by the above rule is actually
the average of the preceding velocity vector  v–1 and
the following vector v0.

 vi
 

=
v–1 + v0

2
(16)

as illustrated in Figure (33).  (Note that the vector
sum   v–1 + v0 ∆t  is the same as  the line  2v i  ∆t
which connects the preceding and following image.)
This is a reasonable estimate of the ball’s instanta-
neous velocity because  v–1 is the average velocity
during the time ∆ t before the ball got to (0), and v0
the average velocity during the interval after leaving
(0).  The ball’s velocity at (0) should have a value
intermediate between  v–1 and v0, which is what
Equation (16) says.

The constant acceleration formula

 S = vit + 1
2 at2 (17)

which may be familiar from a high school physics
course, provides a direct application of the concept
of instantaneous velocity. (Remember that this is not
a general formula; it applies only to motion with
constant acceleration where the vector a changes
neither in magnitude or direction.)  As illustrated in
Figure (34) the total displacement  of the projectile

Figure 33
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Illustration of the constant acceleration
formula as a vector equation.
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during a time t (here t = 3∆t) is the vector sum of vi t
and 1/2at2.  To draw this figure, we used

 vi   t = vi 3∆t = 3 vi∆t

and obtained  v i  ∆t from our method of determining
instantaneous velocity.  We also used

  1
2 a t2 = 1

2 a 3∆t
2

= 9
2 a∆t2

where we obtained a ∆t2 from the relation

  
a =

S2 - S1

∆t2

  a∆t2 = S2 - S1

as illustrated in Figure (35).

For these exercises, use the tear out sheet on
pages 3-31,32.

Exercise 8
Use Equation 17 to predict the displacements  of the
ball

(a) Starting at position (0) for a total time   t = 4∆t.

(b) Starting at position (1) for a total time   t = 3∆t.

Do the work graphically as we did in Figures 33-35.

Exercise 9
The other constant acceleration formula is

v f  = v i +at

where v i is the initial velocity, and v f the object’s
velocity a time t later.  Apply this equation to Figure 10
to predict the ball’s instantaneous velocity v f at point
(3) for a ball starting at point (0).  Check your predic-
tion by graphically determining the instantaneous
velocity at point (3).

Show your results on graph paper.

Exercise 10

Show that the constant acceleration formulas would
correctly predict projectile motion even if time ran
backward. (For example, assume that the ball went
backward as shown in Figure (36), and repeat Exer-
cise 8b, going from position 3 to position 0.)

Vi~
t = 

Vi~
∆t

Vi~
(3 ∆t)

2 a t 2 a(3∆t) 2a ∆t= 4.5=

2a ∆t4.5

2a∆t

1
2
_ 1

2
_

S2
S1–

Figure 35
How to construct the vectors vit and

 1 21 2 at2 from a strobe photograph.

appearence of ball 
moving backward 
in time

0

3

Figure 36
Run the motion of the ball backward in time, and
it looks like it was launched from the lower right.
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Spare graph paper
Use this graph paper if you
want  practice  with vectors.
This is not a tear out page.
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Instantaneous Velocity

Figure 1
Transition to instantaneous velocity.

  ∆t = 0.025 sec

  ∆t = 0.4 sec   ∆t = 0.1 sec
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Chapter 4
Calculus in Physics

In the previous chapter we used strobe photographs to
define velocity and acceleration vectors.  The basic
approach was to turn up the strobe flashing rate as we
did in going from Figure (3-3) to (3-4) until all the kinks
are clearly visible and the successive displacement
vectors give a reasonable description of the motion.
We did not turn the flashing rate too high, for the
practical reason that the displacement vectors became
too short for accurate work. Calculus corresponds to
conceptually turning the strobe all the way up.

CHAPTER 4 CALCULUS IN PHYS-
ICS

This chapter, which discusses the use of calculus in physics, is for those who have had a calculus
course which they remember fairly well. For those whose calculus is weak or poorly remembered,
or for those who have not studied calculus, you should replace this chapter with Chapter 1 of
Calculus 2000.

LIMITING PROCESS
In our discussion of instantaneous velocity we concep-
tually turned the strobe all the way up as illustrated in
Figures (2-32a) through (2-32d), redrawn here in Fig-
ure (1).  In these figures, we initially see a fairly large
change in v0 as the strobe rate is increased and  ∆t
reduced.  But the change becomes smaller and it looks
as if we are approaching some final value of v0 that does
not depend on the size of   ∆t,  provided  ∆t  is small
enough.  It looks as if we have come close to the final
value in Figure (1c).

The progression seen in Figure (1) is called a limiting
process.  The idea is that there really is some true value
of v0 which we have called the instantaneous velocity,
and that we approach this true value for sufficiently
small values of   ∆t .  This is a calculus concept, and in
the language of calculus, we are taking the limit as    ∆∆ t
goes to zero.

The Uncertainty Principle
For over 200 years, from the invention of calculus by
Newton and Leibnitz until 1924, the limiting process
and the resulting concept of instantaneous velocity was
one of the cornerstones of physics.  Then in 1924
Werner Heisenberg discovered what he called the
uncertainty principle which places a limit on the
accuracy of experimental measurements.
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motion, we would expect get results like those shown
in Figure (2).  This figure represents projectile motion
with an acceleration g = 980 cm/sec2 and    ∆t = .01sec,
as the reader can easily check.

When we study the uncertainty principle in Chapter 30,
we will see that a measurement that is accurate enough
to show that Position (2) is below Position (1), could
disturb the electron enough to reverse its direction of
motion.  The next position measurement could find the
electron over where we drew Position (3), or back
where we drew Position (0), or anywhere in the region
in between.  As a result we could not even determine
what direction the electron is moving.  This uncertainty
would not be the result of a sloppy experiment, it is the
best we can do with the most accurate and delicate
measurements possible.

The uncertainty principle has had a significant impact
on the way physicists think about motion.  Because we
now know that the measuring process affects the results
of the measurement, we see that it is essential to provide
experimental definitions to any physical quantity we
wish to study.  A conceptual definition, like turning the
strobe all the way up to define instantaneous velocity,
can lead to fundamental inconsistencies.

Even an experimental definition like our strobe defini-
tion of velocity can lead to inconsistent results when
applied to something like the electron in Figure (2).  But
these inconsistencies are real.  Their existence is telling
us that the very concept of velocity is beginning to lose
meaning for these small objects.

On the other hand the idea of the limiting process and
instantaneous velocity is very convenient when ap-
plied to larger objects where the effects of the uncer-
tainty principle are not detectable.  In this case we can
apply all the mathematical tools of calculus developed
over the past 250 years.  The status of instantaneous
velocity has changed from a basic concept to a useful
mathematical tool.  Those problems for which this
mathematical tool works are called problems in classi-
cal physics; and those problems for which the uncer-
tainty principle is important, are in the realm of what we
call quantum physics.

Heisenberg discovered something very new and unex-
pected.  He found that the act of making an experimen-
tal measurement unavoidably affects the results of an
experiment.  This had not been known previously
because the effect on large objects like golf balls is
undetectable.  But on an atomic scale where we study
small systems like electrons moving inside an atom, the
effect is not only observable, it can dominate our study
of the system.

One particular consequence of the uncertainly prin-
ciple is that the more accurately we measure the
position of an object, the more we disturb the motion of
the object.  This has an immediate impact on the
concept of instantaneous velocity.  If we turn the strobe
all the way up, reduce   ∆t  to zero, we are in effect trying
to measure the position of the object with infinite
precision.  The consequence would be an infinitely big
disturbance of the motion of the object we are studying.
If we actually could turn the strobe all the way up, we
would destroy the object we were trying to study.

It turns out that the uncertainty principle can have a
significant impact on a larger scale of distance than the
atomic scale.  Suppose, for example, that we con-
structed a chamber 1 cm on a side, and wished to study
the projectile motion of an electron inside.  Using
Galileo’s idea that objects of different mass fall at the
same rate, we would expect that the motion of the
electron projectile should be the same as more massive
objects.  If we took a strobe photograph of the electron’s

Figure 2
Hypothetical electron projectile motion experiment.
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CALCULUS DEFINITION
OF VELOCITY
With the above perspective on the physical limita-
tions on the limiting process, we can now return to
the main topic of this chapter—the use of calculus in
defining and working with velocity and accelera-
tion.

In discussing the limiting process in calculus, one
traditionally uses a special set of symbols which we can
understand if we adopt the notation shown in Figure
(3).  In that figure we have drawn the coordinate vectors

 Ri  and  Ri+1  for the i th and (i + 1) th positions of the
object.  We are now using the symbol   ∆Ri to represent
the displacement of the ball during the i to i+1 interval.
The vector equation for   ∆Ri  is

  ∆Ri = Ri+1 – Ri (1)

In words, Equation (1) tells us that   ∆Ri  is the change,
during the time ∆t, of the position vector  R  describing
the location of the ball.

The velocity vector vi is now given by

  
vi =

∆Ri
∆t (2)

This is just our old strobe definition vi  =  Si /∆ t, but
using a notation which emphasizes that the displace-
ment Si = ∆Ri is the change in position that occurs
during the time ∆t.  The Greek letter ∆ (delta) is used
both to represent the idea that the quantity   ∆Ri   or   ∆t
is small, and to emphasize that both of these quantities
change as we change the strobe rate.

The limiting process in Figure (1) can be written in the
form

vi
  

≡ Limit
∆t →0

∆Ri
∆t (3)

where the word “Limit” with ∆ t→0 underneath, is to
be read as “limit as ∆t goes to zero”.  For example we
would read Equation (3) as “the instantaneous veloc-
ity  vi  at position i is the limit, as  ∆t  goes to zero, of
the ratio   ∆Ri /∆t .

 
”

For two reasons, Equation (3) is not quite yet in
standard calculus notation.  One is that in calculus, only
the limiting value, in this case, the instantaneous veloc-
ity, is considered to be important.  Our strobe definition

  vi = ∆Ri /∆t  is only a step in the limiting process.
Therefore when we see the vector  vi , we should
assume that it is the limiting value, and no special
symbol like the underline is used.  For this reason we
will drop the underline and write

  
vi = Limit

∆t →0
∆Ri
∆t (3a)

Figure 3
Definitions of    ∆∆ Ri  and Vi .

i

i  1
∆Ri

Ri  1

Ri

+

+

∆R   i Ri= –Ri  1+

V i = ∆R   i /∆t
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The second change deals with the fact that when ∆t
goes to zero we need an infinite number to time steps
to get through our strobe photograph, and thus it is not
possible to locate a position by counting time steps.
Instead we measure the time t that has elapsed since the
beginning of the photograph, and use that time to tell us
where we are, as illustrated in Figure (4).  Thus instead
of using vi to represent the velocity at position i, we
write v t  to represent the velocity at time t.  Equation
(3) now becomes

  
v(t) = Limit

∆t →0
∆R(t)

∆t (3b)

where we also replaced   ∆Ri  by its value ∆R(t) at
time t.

Although Equation (3b) is in more or less standard
calculus notation, the notation is clumsy.  It is a pain to
keep writing the word Limit with a ∆ t→0 underneath.
To streamline the notation, we replace the Greek letter
∆ with the English letter d as follows

  
Limit
∆t →0

∆R(t)
∆t

≡ dR(t)
dt (4)

(The symbol ≡  means defined equal to.) To a math-
ematician, the symbol  dR t /dt  is just shorthand
notation for the limiting process we have been describ-

ing.  But to a physicist, there is a different, more
practical meaning.  Think of dt as a short ∆t, short
enough so that the limiting process has essentially
occurred, but not too short to see what is going on.  In
Figure (1), a value of dt less than .025 seconds is
probably good enough.

If dt is small but finite, then we know exactly what
the dR t  is.  It is the small but finite displacement
vector at the time  t.  It is our old strobe definition of
velocity, with the added condition that dt is such a
short time interval that the limiting process has
occurred.  From this point of view, which we will use
throughout this text, dt is a real time interval, and
dR t

 
a real vector which we can work with in a

normal way.  The only thing special about these
quantities is that when we see the letter d instead of
∆, we must remember that a limiting process is
involved.  In this notation, the calculus definition of
velocity is

 v t   =  
dR t

dt
 (5)

where R t  and v t  are the particle’s coordinate vector
and velocity vector respectively as shown in Figure (5).
Remember that this is just fancy shorthand notation for
the limiting process we have been describing.

t = .3sec

t = .2sect = .1sec

t = 0sec

t = .4sec

t = .5sec

R(t)
at t = .3 sec

Figure 4
Rather than counting individual images, we can
locate a position by measuring the elapsed time t.
In this figure, we have drawn the displacement
vector   R(t) at time t = .3 sec.

Figure 5
Instantaneous position and velocity at time t.

R(t)

V(t)
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ACCELERATION
In the analysis of strobe photographs, we defined both
a velocity vector v and an acceleration vector a.  The
definition of a, shown in Figure (2-12) reproduced here
in Figure (6) was

  
ai ≡

vi+1 – vi
∆t

(6)

In our graphical work we replaced vi by   Si/∆t  so that
we could work directly with the displacement vectors

 Si  and experimentally determine the behavior of the
acceleration vector for several kinds of motion.

Let us now change this graphical definition of accelera-
tion over to a calculus definition, using the ideas just
applied to the velocity vector.  First, assume that the ball
reached position  i  at time  t  as shown in Figure (6).
Then we can write

vi  =  v(t)

vi+1  =  v(t+∆t)

to change the time dependence from a count of strobe
flashes to the continuous variable t.  Next, define the
vector ∆v(t) by

  ∆v(t) ≡ v(t+∆t) – v(t) = vi+1– vi (7)

We see that   ∆v(t) is the change in the velocity vector as
the time advances from t to   t+∆t .

The strobe definition of  ai can now be written

   
a(t)

strobe
definition

=
v(t + ∆t) – v(t)

∆t
≡ ∆v(t)

∆t (8)

Now go through the limiting process, turning the
strobe up, reducing ∆t until the value of a t  settles
down to its limiting value.  We have

   
a(t)

calculus
definition

= Limit
∆t→0

v t + ∆t – v t
∆t

= Limit
∆t→0

∆v(t)
∆t

(9)

Finally use  the shorthand notation d/dt for the limiting
process:

 

a(t) =
dv t

dt
(10)

Equation (10) does not make sense unless you remem-
ber that it is notation for all the ideas expressed above.
Again, physicists think of dt as a short but finite time
interval, and dv t  as the small but finite change in the
velocity vector during the time interval dt.  It’s our
strobe definition of acceleration with the added re-
quirement that ∆t is short enough that the limiting
process has already occurred.

Vi

Vi  1+

–Vi
a i –V )iVi  1+(

∆t
=

–ViVi  1+( )

position at 
time t position at 

time t + ∆t

Figure 6
Experimental definition of the acceleration vector.
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Components
Even if you have studied calculus, you may not recall
encountering formulas for the derivatives of vectors,
like dR(t)/dt and dv(t)/dt which appear in Equations
(5) and (10).  To bring these equations into a more
familiar form where you can apply standard calculus
formulas, we will break the vector Equations (5) and
(10) down into component equations.

In the chapter on vectors, we saw that any vector
equation like

 A = B + C (11)

is equivalent to the three component equations

Ax  =  Bx + Cx
Ay  =  By + Cy

Az  =  Bz + Cz (12)

The advantage of the component equations was that
they are simply numerical equations and no graphical
work or trigonometry is required.

The limiting process in calculus does not affect the
decomposition of a vector into components, thus Equa-

tion (5) for  v(t)  and Equation (10) for  a(t)
 
become

  v(t) = dR(t)/dt (5)

vx(t)  =  dRx(t)/dt (5a)

vy(t)  =  dRy(t)/dt (5b)

vz(t)  =  dRz(t)/dt (5c)
and

 a(t) = dv(t)/dt (10)

ax(t)  =  dvx(t)/dt (10a)

ay(t)  =  dvy(t)/dt (10b)

az(t)  =  dvz(t)/dt (10c)

Often we use the letter x for the x coordinate of the
vector R and we use y for Ry and z for Rz.  With this
notation, Equation (5) assumes the shorter and perhaps
more familiar form

vx(t)  =  dx(t)/dt (5a’)

vy(t)  =  dy(t)/dt (5b’)

vz(t)  =  dz(t)/dt (5c’)

At this point the notation has become deceptively short.
You now have to remember that x(t) stands for the x
coordinate of the particle at a time t.

We have finally boiled the notation down to the point
where it would be familiar from any calculus course.  If
we restrict our attention to one dimensional motion
along the x axis.  Then all we have to concern ourselves
with are the x component equations

 
vx(t) =

dx(t)
dt

ax(t) =
dvx(t)

dt

(10a)

R

y

x
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Distance, Velocity and
Acceleration versus Time Graphs
One of the ways to build an intuition for Equations (5a)
and (10a) is through the use of graphs of position,
velocity and acceleration versus time.  Suppose, for
example, we had a particle moving at constant speed in
the x direction, the uniform motion that the principle of
relativity tells us that we cannot detect.  Graphs of
distance x(t), velocity v(t) and acceleration a(t) for this
motion are shown in Figure (7).

If the particle is moving at constant speed

vx(t)  =  v0 (11)
then the graph of velocity versus time is a straight
horizontal line of height v0 as shown in Figure (7b).

If you travel away from home at constant speed, then
your distance from home is proportional to the time you
have traveled.  If you start at t = 0, then at time t your
distance from home is

x t   =  v0 t (12)
This is graphed as the straight line as shown in Figure
(7a).  The slope of this line, the tangent of the angle θ
is x/t, which from Equation (12) is v0.

When a particle moves at constant velocity, there is no
change in the succeeding velocity vectors, thus the
acceleration a(t) is zero for all time

a(t)  =  0 (13)
as shown in Figure (7c).

In summary, we have seen that for this example of
uniform motion in the x direction

x(t)  =  v0 t (12)
v(t)  =  v0 (11)
a(t)  =  0 (13)

Now let us see if these results agree with our calculus
definitions (5a) and (10a).  From Equation (5a) we get

v(t)  =  
dx(t)

dt
  =  d

dt
v0t (14)

The v0 being constant comes outside and we have

v(t)  =  v0
dt
dt

  =  v0 (15)

where we used dt/dt = 1.  Our calculus result agrees with
Equation (12).

From Equation (10), we get

a(t)  =  
dv(t)

dt
  =  d

dt
 v0   =  0 (16)

because the derivative of a constant is zero.
Figure 7
Motion with constant velocity.
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What we should begin to see from this example, is that
if we have the formula for x(t) then it is easy to use
calculus to figure out the particle’s velocity and accel-
eration.  Let us consider one more example.  Suppose
x(t) is given by the formula

x(t)  =  at + bt2 (17)

where a and b are constants.  Then the calculus formu-
las (5a) and (10a) give

v(t)  =  
dx(t)

dt
  =  a + b d

dt
 t2

        =  a + 2bt (18)

where we used d t2 /dt  =  2t.  Equation (10a) gives

a(t)  =  
dv(t)

dt
  =  2b (19)

The results in Equations (17),  (18) and (19) are graphed
in Figures (8a, b and c)  The position vs time a straight
line with a slope 2b, and the acceleration is a constant
2b.  Figure (8) therefore represents an example of
motion with constant acceleration.

Figure 8
Motion with constant acceleration.
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THE CONSTANT ACCELERATION
FORMULAS
Unfortunately life is not as simple as one might think
from the preceding example.  If you have the formula
for x(t), then you can calculate v(t) and a(t) very easily
by differentiation.  But usually you have to go the other
way.  From the physics you figure out what the accel-
eration is, then you have to work back to get v(t) and
finally x(t).  At best, this reverse process involves
integration which is typically quite a bit harder than
differentiation.

Let us work out an example where we know the
acceleration and have to integrate to get the velocity
and position.  We will take the easiest non trivial case
where the acceleration is constant.  The result will be
the constant acceleration formulas.

If we know a(t), the first step is to solve equation (10a)
by turning it into an integral equation as follows

a(t)  =  
dv(t)

dt
(10a)

First multiply both sides by dt.  (Remember that
physicists keep dt very small but finite, so that we can
move it around.)  We get

 dv(t) = a(t)dt (20)

Now integrate both sides of Equation (20) from time
t = 0 up to time t = T.  (This is called a definite integral.)
We get

 
dv(t)

0

T
= a(t)dt

0

T
(21)

The integral on the left is simply v(t) evaluated between
0 and T.

 
dv(t)

0

T
= v(t)

0

T
= v(t) – v(0) (22)

On the right side of Equation (21), we set  a(t) = a0  (for
constant acceleration) to get

 
a(t)dt

0

T
= a0 dt

0

T
= a0 dt

0

T

  
= a0 t

0

T
= a0T – a0×0 = a0T (23)

Using Equations (22) and (23) in (21) we get

v(T) - v(0)  =  a0T (24)

The next step is to recognize that Equation (24) applies
to any time T, so that we can replace T by t to get

v(t)  =  v(0) + a0t (25)

To emphasize that v(0), the particle’s speed at time t =
0, is not a variable, we will use the notation v 0   ≡  v0
and Equation (25) becomes

 v(t) = v0 + a0t
(26)

(If the steps we have used to derive Equation (26) were
familiar and comfortable, then your calculus back-
ground is in good shape and you should not have much
of a problem with calculus in reading this text.  If, on the
other hand what we did was strange, if the notation was
unfamiliar and the steps unpredictable, a review of
calculus is indicated.  What we have done in the
derivation of Equation (26) is use the concept of a
definite integral.  We will use definite integrals through-
out the course and now is the time to learn how to use
them.  You should also be sure that you can do simple
differentiations like d/dt at2   =  2at.)
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To get the other constant acceleration formula, start
with Equation (5a)

v(t)  =  
dx(t)

dt
(5a)

and multiply through by dt to get

dx(t)  =  v(t)dt (27)

Again integrate both sides from t = 0 to t = T to get

 
dx(t)

0

T
= v(t)dt

0

T
(28)

We can immediately do the integral on the left hand
side

 
dx(t)

0

T
= x(t)

0

T
= x(T) – x(0) (29)

At this point we cannot do the integral on the right side
of Equation (28) until we know explicitly how v(t)
depends on the variable t.  If, however, the acceleration
is constant, we can use Equation (26) for v(t) to get

 
v(t)dt

0

T
= (v0 + a0t)dt

0

T

= v0dt
0

T
+ a0tdt

0

T

= v0 dt
0

T
+ a0 tdt

0

T

(30)

Knowing that

 
t dt

0

T
= t2

2 (31)

we get

 
v(t)dt

0

T
= v0t

0

T
+ a0

t2

2 0

T

= v0T + a0
T2

2

(32)

Using Equations (29) and (32) in (28) gives

x T  - x0  =  v0T + 1
2

a0T2 (33)

Since Equation (33) applies for any arbitrary time T, we
can replace T by t to get

 x(t)  =  x0 + v0t + 1
2

a0t2 (34)

where we have written x0 for x(0), the position of the
particle at time t = 0.
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Three Dimensions
Equations (26) and (34) are the constant acceleration
formulas for motion in one dimension, along the x axis.
(We can, of course, choose the x axis to point any way
we want.)

If we want to describe motion in three dimensions with
constant acceleration, we repeat the steps leading to
Equations (26) and (34), but starting with (5b) and
(10b) for motion along the  y axis, and (5c) and (10c)
for motion along the z axis.  The steps are essentially
identical, and we end up with the six equations

 
x(t) = x0 + vx(0)t +

1
2

axt2 (35a)

 
y(t) = y0 + vy(0)t +

1
2

ayt2 (35b)

 
z(t) = z0 + vz(0)t +

1
2

azt
2 (35c)

 vx(t) = vx(0) t + axt (36a)

 vy(t) = vy(0) t + ayt (36b)

 vz(t) = vz(0) t + azt (36c)

where we have temporarily gone back to the notation
x(0) for x0, vx (0) for vx0, etc., and ax, ay, and az are the
x, y, z components of the assumed constant accelera-
tion.

In Chapter 3 we introduced a notation that allowed us
to conveniently express a vector S in terms of its
components Sx, Sy and Sz, by writing the components,
separated by commas, inside a parenthesis as follows

S  ≡  Sx,Sy,Sz (37)

Using this notation, we define the following vectors by
their components

R t   ≡  (x(t),y(t),z(t))  coordinate
vector

(38)

v t   ≡  (vx(t),vy (t),vz(t))  velocity
vector

(39)

a  ≡  ax,ay,az
 constant

acceleration
(40)

With this vector notation, the six constant acceleration
formulas (35a, b, c) and (36 a, b, c) reduce to the two
vector equations

x(t)  =  x(0) + v(0) t + 1
2

at2 (35)

v(t)  =  v0 (0) + at (36)

or using the notation R0 = R(0), v0 = v(0), we have

 R(t)  =  R0 + v0 t + 1
2

at2 (35’)

 v(t)  =  v0 + at (36’)

These are the set of vector equations that we tested in
our studies in Chapter 3 of instantaneous velocity with
constant acceleration.

We have gone through all the details of the derivation
of Equations (35) and (36), because they represent one
of the major successes of the use of calculus in the
prediction of motion.  Whenever a particle’s accelera-
tion a is constant, and we know a, R0, and v0, we can use
these equations to predict the particle’s position R(t)
and velocity v(t) at any time t in the future.
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PROJECTILE MOTION
WITH AIR RESISTANCE
In our experimental study of projectile motion, we saw
that when we used a styrofoam projectile, air resistance
affected the acceleration of the projectile.  From the
point of view that we are riding on the ball, we would
feel a wind in our face, blowing in a direction -v,
opposite to the velocity v of the projectile.  The effect
of this wind was to blow the acceleration vector back
as shown in Figure (3-28), reproduced here as Figure
(9).

We saw that the experimental vector  a3 was the accel-
eration g we would have in the absence of air resistance,

plus a correction  aair  which pointed in the direction of
the wind, in the -v direction as shown.

The magnitude aair  cannot accurately be determined
from the strobe photograph.  About all we can tell is that
aair  is zero if the ball is at rest, and increases as the
speed v   of the ball increases.  The simplest guess is that
aair  is proportional to  v  and we have the formula

  
aair = –Kv

simple
guess

(41)

Our strobe photograph does not eliminate the possibil-
ity that aair  is more complicated, something like

aair   = K2 v 2 (42)

or perhaps some combination like

aair   =  K1 v + K2 v 2 (43)

It turns out that the motion of a sphere through a liquid
(in our case a Styrofoam ball through air) has been
studied extensively by both physicists and engineers.
For slow speeds the motion is like Equation (41) but as
the speed increases it looks more like Equation (43) and
soon becomes even more complicated.  The only
simple fact is that aair  always points in the direction -v,
in the direction of the wind in our face (until vortex
shedding occurs).

As an exercise to test the ability of calculus to predict
motion, let us assume that our simple guess  aair  =  -Kv
is good enough.  We would then like to solve the
calculus Equations (5) and (10) for the case where the
acceleration is not constant, but is given by the formula

a  =  g - Kv (44)

where g is the constant acceleration due to gravity, v is
the instantaneous velocity of the particle, and K is what
we will call the air resistance constant.  Equation (44)
is pictured in Figure (9).

Figure 9
The acceleration produced by air resistance.
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Our first step is to introduce a coordinate system as
shown in Figure (10), and break the motion up into x
and y components.  Since the acceleration g due to
gravity points down, we have gx  =  0 and the vector
Equation (44) can be written as the two component
equations

ax  =  -Kvx              (gx = 0) (44a)

ay  =  g - Kvy (g = -980 cm/sec2) (44b)

The calculus Equations (10a, b) that we have to solve
become

ax  =  dvx 
dt

  =  - Kvx (45)

ay  =  
dvy 

dt
  =  g - Kvy (46)

Let us focus on the simpler of the two equations,
Equation (45) for the horizontal velocity of the projec-
tile.  We want to solve the equation

 
dvx(t)

dt
+ Kvx(t) = 0 (45’)

Suppose we try to solve Equation (45) using the same
steps we used to predict vx for constant acceleration
(Equations 20 through 26).  Multiplying through by dt
gives

dvx(t)  =  -Kvx(t)dt (47)

Integrating from t = 0 to t = T gives

dvx (t)
0

T

  =  - Kvx (t)dt
0

T

(48)

We can do the integral on the left, and remove the K
from the integral on the right giving

vx(t)|0

T
  =  vx(T) - vx(0)  =  -K vx(t)dt

0

T

(49)

Now we are in trouble, because we have to integrate
vx t  in order to find vx t .  We can’t do the integral until
we know the answer, and we have to do the integral to
get the answer.  It boils down to the fact that the
techniques we used to solve the calculus equations for
constant acceleration do not work now.  As soon as the
acceleration is not constant, we have a much more
difficult problem.
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DIFFERENTIAL EQUATIONS
Equation (45) is an example of what is called a differ-
ential equation.  (An equation with derivatives in it.)
Only in very special cases, as in our example of
constant acceleration, can these equations be solved in
a straightforward manner by integration.  In slightly
more complicated cases, these equations can be solved
by certain standard tricks that one learns in an advanced
calculus course on differential equations.  We will use
one of these tricks to solve Equation (45).

In general, however, differential equations cannot be
solved without numerical methods that are now handled
by digital computers.  If, for example we assumed that
the air resistance was proportional to v2 as in Equation
(42), then Equation (45) for the x component of veloc-
ity would be replaced by

dvx(t) 
dt

 + K2vx(t)2  =  0 (45a)

Equation (45a) is what is called a non linear  differen-
tial equation, the word non linear coming from the
appearance of the square of the unknown variable vx(t).

At the current time, there is no general way to solve non
linear differential equations except by computer.  Non
linear differential equations have marvelously compli-
cated features like chaotic behavior that have been
discussed extensively in the popular press in the last
few years.  It is currently a hot research topic.

The point of this discussion is that when we use
calculus to predict motion, a very slight increase in the
complexity of the problem can lead to enormous
increases in the difficulty in solving the problem.
When the projectile’s acceleration was constant, we
could easily solve the calculus equations to get the
constant acceleration formulas.  If the air resistance has
the simple form aair  =  -Kv, then we have to solve a
differential equation, but we can still get an answer, a
formula that predicts the motion of the particle.  If we
go up one step in complexity, if aair  is proportional to
the square of the speed, then we have a non linear
differential equation that we cannot solve without
numerical or approximation techniques.

Calculus gives marvelous results when we can solve
the problem.  We get formulas describing the motion at
all future times.  But we are extremely limited in the

kind of problems that can be solved.  Simple physical
modifications of a problem can turn an easy problem
into an unsolvable one.

Before inventing calculus, Isaac Newton invented a
simple step-by-step method that we will discuss in the
next chapter.  Newton’s step-by-step method has the
great advantage that slight complications in the physi-
cal setup lead to only slightly more work in obtaining
a solution.  We will see that it is almost no harder to
predict projectile motion with air resistance, even with
v2 terms, than it is to predict projectile motion without
air resistance.  The step-by-step method will allow us
to handle problems in this course, realistic problems,
that do not have a calculus solution.

There are two disadvantages to the step-by-step method,
however.  One, is that you get a numerical answer, like
an explicit orbit, rather than a general result.  In
contrast, the constant acceleration formulas describe
all possible trajectories for motion with constant accel-
eration.

The second problem is that in the step-by-step method,
a simple calculation is repeated many times, perhaps
thousands or millions of times to obtain an accurate
answer.  Before digital computers, lifetimes were spent
doing this kind of calculation by hand to predict the
motion of the moon.  But modern digital computers
have changed all that.  In minutes, the digital computer
running your word processor can do what used to be
months of work.

Solving the Differential Equation
We have essentially finished what we wanted to say
about applying calculus to the problem of projectile
motion with air resistance.  The gist is that adding air
resistance turns a simple problem into a hard one.  Even
for the simplest form of air resistance, aair  =  -Kv, we
end up with the differential equation

dvx (t) 
dt

 + Kvx(t)  =  0 (45)

which cannot be solved directly with integration.

Later in the course we will encounter several other
differential equations, one having the same form as
Equation (45).  When we meet these equations, we will
show you how to solve them.
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At this time, we do not really need the solution to
Equation (45).  This equation does not represent a basic
physics problem because our formula for air resistance
is an approximation of limited validity.  We include a
solution for those who are interested, who want to see
the problem completed now.  Those for whom calculus
is new or rusty may wish to skip to the next chapter.

The reason that differential equations are hard to solve
is that the solutions are curves or functions rather than
numbers.  For example, the solution to the ordinary
Equation x2 = 4 is the pair of numbers x = + 2 and x =
- 2.  But Equation (45) has the decaying exponential
curve shown in Figure (11) for a solution.  What this
curve tells us is that the vx or the horizontal motion, dies
out in time and the projectile will eventually have only
y motion.  After enough time the ball will be falling
straight down.

One of the standard techniques for solving differential
equations is to guess the answer and then plug your
guess into the equation to see if you are right.  When you
take a course in solving differential equations, you
learn how to make educated guesses.  If you had been
through such a course, you would guess that Equation
(45) should have an exponentially decaying solution,
and try a solution of the form

vx (t)  =  vx0 e-α t          (guess) (50)

where α and vx0 are constants whose values we wish
to find.

Differentiating Equation (50) gives
dvx (t) 

dt
  =  -vx0 αe-α t (51)

where we used the fact that

de-α t

dt
  =  - αe-α t (52)

Substituting Equations (50) and (51) into Equation (45)
gives

=  0 (53)

First note that the exponential function e-α t cancelled
out.  This indicates that we have guessed the correct
function.

Next note that vx0 cancels.  This means that any value
of vx0 in Equation (50) is a possible solution.  The
particular value we want will be determined by the
experimental situation.

What we have left is

α  =  K (54)
Thus the differential Equation (45) has the exponen-
tially decaying solution

vx (t)  =  vx0 e-Kt (55)

where the decay rate is the air resistance constant K .

For those of you who have actually had a course in
solving differential equations, see if you can solve for
the vertical motion of the projectile.  The differential
equation you have to solve is

dvy (t)
dt

  =  g - Kvy (t) (46)

The answer for long times turns out to be simple – the
projectile ends up coasting at a constant terminal
velocity.  See if you can get that result.

The answer is  vy  =  g/K 1 - e-Kt    if  vy = 0 at
t = 0.

t

vx

Figure 11
Air resistance causes the horizontal component
of the velocity to decay exponentially.
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Appendix A
SOLVING PROJECTILE MOTION
PROBLEMS
In high school physics texts and most college level
introductory physics texts, there is considerable em-
phasis on solving projectile motion problems.  A good
reason for this is that these problems provide practice
in problem solving techniques such as drawing clear
sketches, developing an orderly approach, and check-
ing units.  Not such a good reason is that, in texts that
rely solely on algebra and calculus, the only thing they
can solve in the early stages are projectile motion or
circular motion problems.

The disadvantage of over emphasizing projectile mo-
tion problems is that students begin to use the projectile
motion formulas as a general way of predicting motion,
using the formulas in circumstances where they do not
apply.  The important point to remember is that the
formulas  v = vi + at  and x  =  vit + 1/2at2 are very
limited in scope.  They apply only when the accelera-
tion a  is constant, a not very likely circumstance in the
real world.  The acceleration a  is not constant for
circular motion, projectile motion with air resistance,
satellite motion, the motion of electrons in a magnetic
field, and most interesting physics problems.

From the point of view that solving projectile motion
problems is basically for practice in problem solving
techniques, we will show you an orderly way of
handling these problems.  The approach which we will
illustrate using several examples should allow you with
practice to handle any constant acceleration problems
test makers throw at you.  In these examples, we are
demonstrating not only how the problem is solved but
also how you should go about doing it.

(Note -- in this appendix, all velocity vectors are
instantaneous velocities, thus we will not bother under-
lining them.)

Example A1
A boy throws a ball straight up into the air and catches
it (at the same height from which he threw it) 2 sec later.
How high did the ball go?

Solution:  To solve all projectile problems, we use the
equations

 
S = vit +

1
2

at2

 vf = vi + at

However these are vector equations. Using a coordi-
nate system in which the y axis is in the vertical
direction and the x axis is in the horizontal direction, we
get the following equations.

Vertical motion:

 
Sy = viy t +

1
2

ayt2

 vfy = viy + ayt

Horizontal motion:

 
Sx = vix t +

1
2

axt2

 vfx = vix + axt

Now projectiles near the surface of the earth accelerate
downward at a rate of nearly 980 cm/sec2.  This value
varies slightly at different points on the surface of the
earth, but is always quite close to 980 cm/sec2.  This
acceleration due to gravity is usually designated g;
since it is directed downward in the minus y  direction,
we have

 ay = –g = –980 cm/sec2 ( –32 ft/sec2)

ax  =  0

As a result, we get the equations
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Vertical motion:

(a) 
 

Sy = viy t –
1
2

gt2 (A1a)

(b)  vfy = viy – gt (A1b)

Horizontal motion:

(c)  Sx = vixt (A1c)

(d)  vfx = vix (A1d)

Horizontal motion and vertical motion are entirely
independent of each other.  We see, for example, from
Equation (A1d), that the horizontal speed of a projectile
does not change; but this has already been obvious
from the strobe photographs.

Now let us apply Equation (A1) to the situation where
the boy throws the ball straight up and catches it 2 sec
later.  Since there is no horizontal motion, we only need
equations (A1a, b).

One good technique for solving projectile problems is
to work up to and back from the top of the trajectory.
The reason is that at the top of the trajectory, Equations
(A1a, b) are very easily applied.

In our  problem, the ball spent half its time going up and
half its time falling; thus, the fall took 1 sec.  The
distance that it fell is

 
Sy = viy t –

1
2

gt2

where t is 1 sec, and  since we are starting at the top of
the trajectory.  We get

  
Sy = –

1
2

gt2 = –
1
2 × 32 ft/sec2 × 1 sec2

 Sy = –16 ft

The minus sign indicated the ball fell 16 ft below the
top of the trajectory.

Example A2

A ball is thrown directly upward at a speed of 48 ft/sec.
How high does it go?

Solution: First, find the time it takes to reach to top of
its trajectory.  We have

 viy = 48 ft/sec

  vfy = 0 at the top of the trajectory

From Equation (4-A1b) we have

 vfy = viy – gt

or

 
t =

viy

g
=

48 ft/sec

32 ft/sec2
= 1.5 sec

Now we can use Equation A1a  to calculate how high
the ball goes.

 
Sy = viyt –

1
2

gt2

We have   viy  =  48 ft/sec,  t = 1.5 sec to reach the top;
thus Sy, the distance to the top, is

  
Sy = 48

ft
sec ×1.5 sec –

1
2 × 32

ft

sec2 × (1.5 sec)2

 Sy = 72 ft – 36 ft = 36 ft
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Vertical motion.  A ball is thrown straight up at a speed
 viy = 48 ft/sec ;  how long a time t does it take to come

back to the ground?

Horizontal motion.  A ball travels horizontally at a
speed  vix = 83 ft/sec .  If it travels for a time t (result of
vertical motion problem) how far does it travel?

We see that the vertical motion problem is exactly the
one we solved in Example A-2,   viy = 48 ft/sec   in both
cases.  Thus, using the same solution, we find that the
ball takes 1.5 sec to go up and another 1.5 sec to come
down, for a total time of

t = 3 sec

Now solve the horizontal motion from

 Sx = vixt

We get

  Sx = 83 ft/sec × 3 sec = 249 ft

which is the answer.

Example A3

An outfielder throws a ball at a speed of 96 ft/sec at an
angle of 30° above the horizontal.  How far away from
the outfielder does the ball strike the ground?

Solution: When solving problems, the first step is to
draw a neat diagram of the situation, as in Figure (A1).
The first calculation is to find the x and y components
of   vi .  From our diagram we see that

  vix = vicos θ

= 96 ft/sec × 0.864

= 83 ft/sec

  viy = vi sin θ

= 96 ft/sec × 0.50

= 48 ft/sec

where cos 30° = 0.864 and sin 30° = 0.50.

Now we are in a position to separate the problem into
two parts – vertical motion and horizontal motion.
These may be treated as two independent problems.

Figure A1
Sketch of the problem. On the sketch, label the
symbols used, show what is given, and state what you
are to find. It is generally better to work the problem
in terms of letters, substituting numbers only at the
end, or at convenient breaks in the problem.
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Checking Units
It is easy to make a mistake when working a problem.
One of the best ways to avoid mistakes is to write out
the dimensions of each number used in the calculation;
if the answer has the wrong dimension, you will know
there is a mistake somewhere.  For example, in the
preliminary edition of this text the following formula
accidentally appeared.

 
S = vi +

1
2

at2

Putting in the dimensions, we find

  
S ft = vi

ft
sec

+
1
2

a
ft

sec2 × t sec
2

or

 
S ft = vi

ft
sec

+
1
2

at2 ft

Clearly the  (vi) ft /sec  has the wrong dimensions,
since we cannot add ft/sec to ft.  Thus, through a check
of the dimensions we would immediately spot an error
in this formula, even if we had no idea what the formula
is about.  To correct this formula, the  vi  must be
multiplied by t sec so that the result is    (vi)ft/sec× t sec
equals  (vi t) ft .

As another instance, in the solution of Example (A3)
we had

 t =
viy

g

At this point you might begin to worry that you have
made a mistake; your doubts will be dispelled, how-
ever, once dimensions are inserted

 
t sec =

viy ft/sec

g ft/sec2
=

viy

g
sec

Exercise A1
A 22-caliber rifle with a muzzle velocity of 600 ft/sec is
fired straight up.  How high does the bullet go?  How long
before it hits the ground?

Exercise A2
(The rifle of Exercise A1 is fired at an angle of 45°.  How
far does the bullet travel?  (Give answer in ft and in mi.)

Exercise A3
A right fielder is 200 ft from home plate.  Just at the time
he throws the ball into home plate, a runner leaves third
base and takes 3.5 sec to reach home plate.  If the
maximum height reached by the ball is 64 ft, did the
runner make it to home plate in time?  (Problem from J.
Orear, Fundamental Physics, Wiley, New York, 1961.)

Exercise A4
A steel ball is bouncing up and down on a steel plate
with a period of oscillation of 1 sec.  How high does it
bounce?  (Problem from J. Orear, Fundamental Phys-
ics, Wiley, New York, 1961.)

Exercise A5
A small rocket motor is capable of providing an accel-
eration of 0.01 g to a space capsule.  If the capsule starts
from a far-out space station and the rocket motor runs
continuously, how far away is the capsule at the end of
1 year?  What is the capsule’s speed relative to the
space station at the end of the year?

Exercise A6

A car traveling at 60 mi/hr strikes a tree.  Inside the car
the driver travels 1 ft from the time the car struck the tree
until he is at rest.  What is the deceleration of the driver
if his deceleration is constant?  Give the answer in ft/sec2

and in g’s.
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Exercise A7
During volcanic eruptions, chunks of solid rock can be
blasted out of the volcano.  These projectiles are called
volcanic blocks.  Figure (2) shows a cross-section of Mt.
Fuji, in Japan.

At what initial speed  v0 would a block have to be
ejected, at 45°, in order to fall at the foot of the volcano
as shown.

What is the time of flight?

(Problem from Halliday and Resnick.)

Hint Use the vector equation

 S = vit + 1
2 at2

which is illustrated in Figure 3-34 reproduced to the
right. In this problem S is the total displacement of the
rock, from the time it left the volcano until it hit the
ground. Separate the vector equation into x and y
components.

V

33km
Mt Fuji

9.4km

45º

0

Figure A2
The farthest out blocks are the ones ejected at the greatest speed  v0 at an
angle of 45°. By noting that the most distant blocks are 9.4 km away, you
can thus determine the maximum speed at which the blocks were ejected. 

iV~
t

S 

212/ at

Figure 3-34 (reproduced)



CHAPTER 5 COMPUTER
PREDICTION OF MOTION

Chapter 5
Computer
Prediction
of Motion

STEP-BY-STEP CALCULATIONS
In the last chapter we saw that for the special case of
constant acceleration, calculus allowed us to obtain a
rather remarkable set of formulas that predicted the
object’s motion for all future times (as long as the
acceleration remained constant).  We ran into trouble,
however, when the situation got a bit more compli-
cated.  Add a little air resistance and the analysis using
calculus became considerably more difficult.  Only for
the very simplest form of air resistance are we able to
use calculus at all.

On the other hand, adding a little air resistance had
only a little effect on the actual projectile motion.
Without air resistance the projectile’s acceleration
vectors pointed straight down and were all the same
length, as seen in Figure (3-27).  Include some air
resistance using the Styrofoam projectile, and the
acceleration vectors tilted slightly as if blown back by
the wind one would feel riding along with the ball, as
seen in Figure (3-31).  Since projectile motion with air
resistance is almost the same as that without, one
would like a method of predicting motion that is almost
the same for the two cases, a method that becomes only
a little harder if the physical problem becomes only a
little more complex.

The clue for developing such a method is to note that
in our analysis of strobe photographs, we have been
breaking the motion into short time intervals of
length ∆t.  During each of these time intervals, not
much happens.  In particular, the Styrofoam
projectile’s acceleration vector did not change much.
Only over the span of several intervals was there a
significant change in the acceleration vector.  This
suggests that we could predict the motion by assum-
ing that the Styrofoam ball’s acceleration vector
was essentially constant during each time interval,
and at the end of each time step correct the accelera-
tion vector in order to predict the motion for the next
time step.  In this way, by a series of short calcula-
tions, we can predict the motion over a long time
period.  This is a rough outline of the step-by-step
method of predicting motion that was originally
developed by Isaac Newton and that we will discuss
in this chapter.

The problem with the step-by-step prediction of motion
is that it quickly gets boring.  You are continually
repeating the same calculation with only a small
change in the acceleration vector.  Worse yet, to get
very accurate results you should take very many, very
small, time steps.  Each calculation is almost identical
to the previous one, and the process becomes tedious.
If these calculations are done by hand, one needs an
enormous incentive in order to obtain meaningful
results.
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COMPUTER CALCULATIONS
Because of the tedium involved, step-by-step calcula-
tions were used only in desperate circumstances until
the invention of the digital computer in the middle of
the twentieth century.  The digital computer is most
effective and easiest to use when we have a repetitive
calculation involving many, very similar steps.  It is the
ideal device for handling the step-by-step calculations
described above.  With a digital computer we can use
very small time steps to get very accurate results, doing
thousands or millions of steps to predict far into the
future.  We can cover the same range of prediction as
the calculus-derived formulas, but not encounter sig-
nificant difficulties when there is a slight change in the
problem, such as the addition of air resistance.

To illustrate how to use the computer to handle a
repetitive problem, we will begin with the calculation
and plotting of the points on a circle.  We will then go
back to our graphical analysis of strobe photographs
and see how that analysis can be turned into a series of
steps for a computer prediction of motion.

Calculating and Plotting a Circle
Figure (1) shows 100 points on the circumference of
a circle of radius r.  To make this example somewhat
similar to the analysis of strobe photographs, we will
choose a circle of radius r = 35 cm, centered at
x = 50, y = 50, so that the entire circle will fit in the
region x = 0 to 100, y = 0 to 100, as shown.  The i th
point around the circle has x and y coordinates given
by

  xi = r cos θi

  yi = r sinθi (1)

where  θi  
, the angle to the i th point, is given by

  
θi =

360
100 * i degrees =

2π
100 * i radians

(We know that it is easier to draw a circle using a
compass than it is to calculate and plot all these
individual points.  But if we want something more
complicated than a circle, like an ellipse or Lissajous
figure, we cannot use a compass.  Then we have to
calculate and plot individual points as we are doing.)

If we wrote out the individual steps required to
calculate and plot these 100 points, the result might
look like the following:

i = 0

θ0  =  (2π/100)*0  =  0 radians

x0  =  50 + r cos(θ0)  =  50 + 35 cos(0)

      =  50 + 35*1  =  85

y0  =  50 + r sin(θ0)  =  50 + 35 sin(0)

      =  50 + 35*0  =  50

Plot a point at (x = 85,  y = 50)

r cos(  )θ

r 
si

n(
  ) θ

y

x

50

50

i

i = 99

θ

r
i

i

x

y

i = 0

Figure 1
Points on a circle.
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i = 1

θ1  =  (2π/100)*1 =  .0628 radians

x1  =  50 + r cos(θ1)  =  50 + 35 cos(.0628)

      =  50 + 35*.9980  =  84.93

y1  =  50 + r sin(θ1)  =  50 + 35 sin(.0628)

      =  50 + 35*.0628  =  52.20

Plot a point at (x = 84.93,  y = 52.20)

...

i = 50

θ50 = (2π/100)*50  =  π radians

x50  =  50 + r cos(θ50)  =  50 + 35 cos(π)

      =  50 + 35*(–1)  =  15

y50  =  50 + r sin(θ50)  =  50 + 35 sin(π)

      =  50 + 35*0  =  50

Plot a point at (x = 15, y = 50)

...

In the above, not only will it be tedious doing the
calculations, it is even tedious writing down the steps.
That is why we only showed three of the required 100
steps.

The first improvement is to find a more efficient way
of writing down the steps for calculating and plotting
these points.  Instead of spelling out all of the details of
each step, we would like to write out a short set of
instructions, which, if followed carefully, will give us
all the steps indicated above.  Such instructions might
look as follows:

1)  Let r = 35
2)  Start with i = 0

3)  Let   θθi = (2ππ /100) * i

4)  Let   xi = 50 + r cos θθ i

5)  Let   yi = 50 + r sin θθ i

6)  Plot a point at  xi,yi

7)  Increase i by 1
8)  If i is less than 100, then go back to step 3

and continue in sequence

9)  If you got here, i = 100 and you are done

Figure 2
A program for calculating the points around a circle.

Exercise 1

Follow through the instructions in Figure (2) and see that
you are actually creating the individual steps shown
earlier.



5-4  Computer Prediction of Motion

PROGRAM FOR CALCULATION
The set of instructions shown in Figure (2) could be
called a plan or program for doing the calculation.  A
similar set of instructions typed into a computer is
called a computer program.  Our instructions in Figure
(2) would not be of much use to a person who spoke
only German.  But if we translated the instructions into
German, then the German speaking person could fol-
low them.  Similarly, this particular set of instructions
is not of much use to a computer, but if we translate
them into a language the computer “understands”, the
computer can follow the instructions.

The computer language we will use in this course is
called BASIC, a language developed at Dartmouth
College for use in instruction.  The philosophy in the
design of BASIC is that it be as much as possible like
an ordinary spoken language so that students can
concentrate on their calculations rather than worry
about details of operating the computer.  Like human
languages, the computer language has evolved over
time, becoming easier to use and clearer in meaning.
The version of BASIC we will use is called True
BASIC, a modern version of BASIC written by the
original developers of the language.

The way we will begin teaching you the language
BASIC is to translate the set of instructions in Figure
(2) into BASIC.  We will do this in several steps,
introducing a few new ideas at a time, just as you learn
a few rules of grammar at a time when you are learning
a foreign language.  We will know that we have arrived
at the actual language BASIC when the computer can
successfully run the program.  It is not unlike testing
your knowledge of a foreign language by going out in
the street and seeing if the people in that country
understand you.

The DO LOOP
In a sense, the set of instruction in Figure (2) is already
in the form of sloppy BASIC, or you might say pidgin
BASIC.  We only have to clean up a few grammatical
rules and it will work well.  The first problem we will
address is the statement in instruction #8.

8)  If i is less than 100, then go back to step 3
and continue in sequence

There are two problems with this instruction.  One is
that it is long and wordy.  Computer languages are
usually designed with shorter, crisper instructions.  The
second problem is that the instruction relies on number-
ing instructions, as when we say “go back to step 3”.
There is no problem with numbering instructions in
very short programs, but clarity suffers in long pro-
grams.  The name “step 3” is not a particularly descrip-
tive name; it does not tell us why we should go back
there and not somewhere else.  It is much better to state
that we have a cyclic calculation, and that we should go
back to the beginning of this particular cycle.

The grammatical construction we will use, one of the
variations of the so-called “DO LOOP”, has the follow-
ing structure.  We mark the beginning of the cyclic
process with the word “DO”, and end it with the
command “LOOP UNTIL...”.  Applied to our instruc-
tions in Figure (2), the DO LOOP would look as
follows:

LET r = 35

LET i = 0

DO

     LET   θi = (2π /100) * i

     LET   xi = 50 + r cos θ i

     LET   yi = 50 + r sinθ i

     Plot a point at  xi,yi

     Increase i by 1

LOOP UNTIL i = 100
All done

Figure 3
Introducing the DO LOOP.
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In the instructions in Figure (3), we begin by establish-
ing that r = 35 and that i will start with the value 0.  Then
we mark the beginning of the cyclic calculation with
the command DO, and end it with the command
“LOOP UNTIL i = 100”.  The idea is that we keep
repeating all the stuff between the “DO” line and the
“LOOP...” line until our value of i has been incrimi-
nated up to the value i = 100.  When i reaches 100, then
the loop command is ignored and we have finished both
the loop and the calculation.

The LET Statement
Another major grammatical rule is needed before
Figure (3) becomes a BASIC program that can be read
by the computer.  That involves a deeper understanding
of the LET statement that appears in many of the
instructions.

One example of a LET statement is the following

LET i = i + 1 (2)

At first sight, statement (2) looks a bit peculiar.  If we
think of it as an equation, then we would cancel the i’s
and be left with

LET  =  1

which is clearly nonsense.  Thus the LET statement is
not really an equation, and we have to find out what it
is.

The LET statement combines the computer’s ability to
do calculations and to store numbers in memory.  To
understand the memory, think of the mail boxes at the
post office.  Above each box there is a name like
“Jones”, and Jones’ mail goes inside the box.  In the
computer, each memory cell has a name like “i”, and a
number goes inside the cell.  Unlike a mail box,  which
can hold several letters, a computer memory cell can
store only one number at a time.

The rule for carrying out a LET statement like

LET i = i + 1

is to first evaluate the right hand side and store the
results in the memory cell mentioned on the left side.  In
this example the computer evaluates i + 1 by first
looking in cell “i” to see what number is stored there.
It then adds 1 to that stored value to get the value (i + 1).
To finish the command, it looks for a cell labeled “i”,
removes the number stored there and replaces it with
the value just calculated.  The net result of all this is that
the numerical value stored in cell i is increased by 1.

There is a good mnemonic that helps you remember
how a LET statement works.  In the command LET
i = i + 1, the computer takes the old value of i, adds
one to get the new value, and stores that in cell i.  If
we write the LET statement as

LET   inew = iold + 1

then it is clear what the computer is doing, and we are
not tempted to cancel the i’s.  In this text we will often
use the subscripts “old” and “new” to remind us what
the computer is to do.  When we actually type in the
commands, we will omit the subscripts “old” and
“new”, because the computer does that automatically
when performing a LET command.

With this understanding of the LET statement, our
program for calculating the points on a circle becomes

LET r = 35

LET i = 0

DO

     LET   θi = (2π /100) * i

     LET   xi = 50 + r cos θ i

     LET   yi = 50 + r sinθ i

     Plot a point at  xi,yi

     LET   inew = iold + 1

LOOP UNTIL i = 100

All done

Figure 4
Handeling the LET statement.
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In Figure (4), we begin our repetitive DO LOOP by
calculating a new value of the angle θ.  This new
value is stored in the memory cell labeled θ, and
later used to calculate new values of x = r cosθ and
y = r sin θ.  Since we are using the updated values of

θ, we can drop the subscripts i on the variables  θ i,

 xi, yi
 .  After we plot the point at the new coordinate

(x, y), we calculate the next value of i with the
command LET i = i + 1, and then go back for the next
calculation.

To get a working BASIC program, there are a few other
small changes that are easily seen if we compare our
program in Figure (4) with the working BASIC pro-
gram in Figure (5).  Let us look at each of the changes.

Variable Names
Our command

LET θ = (2*π/100)*i

has been rewritten in the form

LET Theta = (2*Pi/100)*i

Unfortunately, only a few special symbols are avail-
able in the font  chosen by True BASIC.  When we want
a symbol like θ and it is not available, we can spell it out
as we have done.

We have spelled out the name “Pi” for π, because
BASIC understands that the letters “Pi” stand for the
numerical value of π.  (“Pi” is what is called a reserved
word in True BASIC.)

Multiplication
We are used to writing an expression like

r cos(θ)

and assuming that the variable r multiplies the function

cos(q).  In BASIC you must always use an “*” for

multiplication, thus the correct way to write r cos(θ) is

r*cos(θ)

Similarly we had to write 2*Pi  rather than 2Pi in the line
defining Theta.

Plotting a Point
Our command

Plot a point at (x, y)

becomes in BASIC

PLOT x,y

It is not as descriptive as our command, but it works the
same way.

Figure 5 
Listing of the BASIC program.
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Comment Lines
In a number of places in the BASIC program we have
added lines that begin with an exclamation point "!".
These are called “comment lines” and are included to
make the program more readable.  A comment line has
no effect on the operation of the program.  The com-
puter ignores anything on a line following an exclama-
tion point.  Thus the two lines

LET i = i + 1

LET i = i + 1           ! Increment i

are completely equivalent.  (If you write a command
that does something peculiar, you can explain it by
adding a comment as we did above.)

Plotting Window
The only really new thing in the BASIC program of
Figure (5) is the SET WINDOW command.  We are
going to plot a number of points whose x and y values
all fall within the range between 0 and 100.  We have
to tell the computer what kind of scale to use when
plotting these points.

In the command

SET WINDOW -40, 140, -10, 110

the computer adjusts the plotting scales so that the
computer screen starts at -40 and goes to +140 along the
horizontal axis, and ranges from -10 to + 110 along the
vertical axis, as shown in Figure (6).

This setting gives us plenty of room to plot anything in
the range 0 to 100 as shown by the dotted square in
Figure (6).

When we are plotting a circle, we would like to have it
look like a circle and not get stretched out into an
ellipse.  In other words we would like a horizontal line
10 units long to have the same length as a vertical line
10 units long.  True BASIC for the Macintosh com-
puter could have easily have done this because Macin-
tosh pixels are square, so that equal horizontal and
vertical distances should simply contain equal num-
bers of pixels.  (A pixel is the smallest dot that can be
drawn on the screen.  A standard Macintosh pixel is 1/
72 of an inch on a side, a dimension consistent with
typography standards.)

However True BASIC also works with IBM comput-
ers where there is no standard pixel size or shape.  To
handle this lack of standardization, True BASIC left it
up to the user to guess what choice in the SET WIN-
DOW command will give equal x and y dimensions.
This is an unfortunate compromise.

If you are using a Macintosh MacPlus, Classic or SE,
one of the computers with the 9" screens, set the
horizontal dimension 1.5 times bigger than the vertical
one, use the full screen as an output window, and the
dimensions will match (circles will be circular and
squares square.) If you have any other screen or com-
puter, you will have to keep adjusting the SET WIN-
DOW command until you get the desired results.
(Leave the y axis range from –10 to  +110, and adjust
the x axis range. For the 15" screen of the iMac, we got
a round circle plot for x values from –33 to  +133.)110

–10

–40 140

0

100

100

Figure 6
Using the SET WINDOW command.
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Practice
The best way to learn how to handle BASIC programs
is to start with a working program like the one in Figure
(5), and make small modifications and see what hap-
pens.  Below are a series of exercises designed to give
you this practice, while at the same time introducing
some techniques that will be useful in the analysis of
strobe photographs.  When you finish these exercises,
you will be ready to use BASIC as a tool for predicting
the motion of projectiles, both without and with air
resistance, which is the subject of the remainder of the
chapter.

Exercise 2   A Running Program
Get a copy of True BASIC (preferably version 2.0 or
later), launch it, and type in the program shown in Figure
(5).  Type it in just as we have printed it, with the same
indentations at the beginning of the lines, and the same
comments.  Then run the program.  You should get an
output window that has the circle of dots shown in Figure
(7).

If something has gone wrong, and you do not get this
output, first check that you have typed exactly what we
printed in Figure 5.  If that doesn’t work, get help from a
friend, advisor, computer center, whatever.  Sometimes
the hardest part of programming is turning on the
equipment and getting things started properly.

Once you get your circle of dots, save a copy of the
program.

Exercise 3  Plotting a Circular Line
It’s pretty hard to see the dots in Figure (7).  The output
can be made more visible if lines are drawn connecting
the dots to give us a circular line.  In BASIC it is very easy
to connect the dots you are plotting.  You simply add a
semicolon after the PLOT command.  I.e., change the
command

PLOT x, y      ! Plots dots

to the command

PLOT x, y;     ! Plots lines

The result is shown in Figure (8).

Modify your program by changing the PLOT command
as shown, and see that your output looks like Figure (8).

(Optional—There is a short gap in the circle on the right
hand side.  Can you modify your program to eliminate
this gap?)

Figure 8
The circle of lines plotted by adding a
semicolon to the end of the PLOT command.

Figure 7
The circle of dots plotted by the
program shown in Figure (5).
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Exercise 4   Labels and Axes
Although we have succeeded in drawing a circle, the
output is fairly bare.  It is impossible to tell, for example,
that we have a circle of radius 35, centered at x = y = 50.
We can get this information into the output by drawing
axis and labeling them.  This can be done by adding the
following lines near the beginning of the program, just
after the SET WINDOW command

The results of adding these lines are shown in Figure (9).
The BOX LINES command drew a box around the
region of interest, and the three PLOT TEXT lines gave
us the labels seen in the output.

Add the 5 lines shown above to your program and see
that you get the results shown in Figure (9).  Save a copy
of that version of the program using a new name.  Then
find out how the BOX LINES and PLOT TEXT com-
mands work by making some changes and seeing what
happens.

Exercise 5a   Numerical Output
Sometimes it is more useful to see the numerical results
of a calculation than a plot.  This can easily be done by
replacing the PLOT command by a PRINT command.

To do this, go back to your original circle plotting
program (the one shown in Figure (5) which we asked
you to save), and change the line

PLOT x, y

to the two lines

PRINT "x = "; x,    "y = ";y

!PLOT x, y

What we have done is added the PRINT line, and then
put an exclamation point at the beginning of the PLOT
line so that the computer would ignore the PLOT com-
mand.  (We left the PLOT line in so that we could use it
later.)  If we ran the program we get a whole bunch of
printing, part of which is shown in Figure (10). Do this
and see that you get the same results.

Figure 10
If we print the coordinates of every
point, we get too much output.

Figure 9
A box, drawn by the BOX LINES command
makes a good set of axes.  You can then plot
text where you want it.
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Selected Printing (MOD Command)
The problem with the output in Figure (10) is that we
print out the coordinates of every point, and we may
not want that much information.  It may be more
convenient, for example, if we print the coordinates
for every tenth point. To do this, we use the following
trick.  We replace the PRINT command

PRINT "x  =  ";x,    "y  =  ";y

by the command

IF  MOD(i,10)  THEN  PRINT "x  =  ";x,    "y  =  ";y

To understand what we did, remember that each time
we go around the loop, the variable i is incriminated by
1.  The first time i = 0, then it equals 1, then 2, etc.

The function MOD( ), stands for the mathematical
term “modulus”.  If we count modulus 3, for ex-
ample, we count: 0, 1, 2, and then go back to zero
when we hit 3.  Comparing regular counting with
counting MOD 3, we get:

regular counting: 0 1 2 3 4 5 6 7 8 9

counting MOD 3: 0 1 2 0 1 2 0 1 2 0

Counting MOD 10, we go:
0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, 1, 2, 3, ... etc.  Every time
we get up to a power of ten, we go back to zero.

The command MOD(i, 10) means evaluate the number
i counting modulus 10.  Thus when i gets to 10, MOD(i,
10) goes back to zero.  When i gets to 20, MOD(i, 10)
goes back to zero again.  Thus as i increases, MOD(i,
10) goes back to zero every time i hits a power of 10.

In the command

IF  MOD(i,10)  THEN  PRINT "x  =  ";x,    "y  =  ";y

no printing occurs until i increases to a power of ten.
Then we do get a print.  The result is that with this
command the coordinates of every tenth point are
printed, and there is no printing for the other points, as
we see in Figure (11).

Exercise 5b

Take your program from Exercise (5a), modify the
print command with the MOD statement, and see that
you get the results shown in Figure (11).  Then figure
out how to print every 5th point or every 20th point.
See if it works.

Figure 11
The coordinates of every tenth point is
printed when we use the MOD command.
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Next add in the subroutine lines as shown in Figure (13)
(your program should look just like Figure 13) and see
if you get the results shown in Figure (12).  When you
have a running program, figure out how to make the
crosses bigger or smaller.  How can you plot twice as
many crosses?

Exercise 6   Plotting Crosses
Our last exercise will be to have the computer plot both
a circle, and a set of crosses located at every tenth point
along the circle as shown in Figure (12).  This is about
as fancy a plot as we will need in the course, so that you
are almost through practicing the needed fundamen-
tals.

To plot the crosses seen in Figure (12) we added what
is called a “subroutine” shown at the bottom of Figure
(13).

To get the program shown in Figure (13), go back to the
program of Exercise (3) (we asked you to save it), and
add the command

IF MOD(i, 10) = 0 THEN CALL CROSS

where “CROSS” is the name of the subroutine at the
bottom of Figure (13).  You can see that the
IF MOD(i,10) = 0   part of the command has the
subroutine called at every tenth point.

Figure 12
Here we use the MOD command and a
subroutine to plot a cross at every tenth dot.

Figure 13
The complete BASIC program for drawing
the picture shown in Figure (12).
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PREDICTION OF MOTION
Now that we have the techniques to handle a repetitive
calculation we can return to the problem of using the
step-by-step method to predict the motion of a projec-
tile.  The idea is that we will convert our graphical
analysis of strobe photographs, discussed in Chapter 3,
into a pair of equations that predict the motion of the
projectile one step at a time.  We will then see how these
equations can be applied repeatedly to predict motion
over a long period of time.

Figure (14a) is essentially our old Figure (3-16)
where we used a strobe photograph to define the
velocity of  the projectile in terms of the projectile’s
coordinate vectors  R i and  R i+1.  The result was

  
vi =

Si
∆t

=
R i+1 – R i

∆t (4)

If we multiply Equation (4) through by ∆t and
rearrange terms, we get

  R i+1 = R i + vi∆t (5)

which is the vector equation pictured in Figure (14a).

Equation (5) can be interpreted as an equation that
predicts the projectile’s new position  R i+1  in terms
of the old position  R i, the old velocity vector vi, and
the time step ∆t.  To emphasize this predictive nature
of Equation (5), let us rename  R i+1 the new vector

 R new, and the old vectors  R i and vi, as  R old and  vold.
With this renaming, the equation becomes

  R new = R old + vold*∆t (6)

which is illustrated in Figure (14b).

Equation (6) predicts the new position of the ball
using the old position and velocity vectors.  To use
Equation (6) over again to predict the next new
position of the ball, we need updated values for R
and v.  We already have Ri + 1 

or Rnew  for the updated
coordinate vector; what we still need is an updated
velocity vector vi+1 or vnew.

Ri+1

Ri

S  = i V ∆t i

R    =i+1 R   +i Si

R   +i V ∆t iR    =i+1

Rnew

Rold

V    ∆t old

R      =new R     old V    ∆t old+

Figure 14b
So that we do not have to number every point
in our calculation, we label the current
position "old", and the next position "new".

Figure 14a
To predict the next position   R i + 1 of the ball, we add the
ball's displacement    Si = vi ∆∆t  to the present position   R i .
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To obtain the updated velocity, we use Figure
(3-17), drawn again as Figure (15a), where the
acceleration vector ai was defined by the equation

ai  =  
vi + 1 – vi

∆ t
(7)

Multiplying through by ∆t and rearranging terms,
Equation (7) becomes

vi + 1  =  vi + ai∆ t (8)
which expresses the new velocity vector 

 
in terms of

the old velocity vi 
and the old acceleration ai, as

illustrated in Figure (15a).  Changing the subscripts
from i + 1 and i to “new” and “old” as before, we get

vnew  =  vold + aold* ∆ t (9)
as our basic equation for the projectile’s new velocity.

We have now completed one step in our prediction of
the motion of the projectile.  We start with the old
position and velocity vectors  R old and vold, and used
Equations (6) and (9) to get the new vectors Rnew 

and
vnew.  To predict the next step in the motion, we change
the names of Rnew, vnew to  R old and vold and repeat
Equations (6) and (9).  As long as we know the
acceleration vector ai  at each step, we can predict the
motion as far into the future as we want.

V     new

V     old

V     old

A ∆t

V     new V     old= + A*∆t

There are two important criteria for using this step-
by-step method of predicting motion described above.
One is that we must have an efficient method to
handle the repetitive calculations involved.  That is
where the computer comes in.  The other is that we
must know the acceleration at each step.  In the case
of projectile motion, where a is constant, there is no
problem.  We can also handle projectile motion with
air resistance if we can use formulas like

aair  =  – Kv

a  =  g + aair

shown in Figure (3-31).  To handle more general
problems, we need a new method for determining the
acceleration vector.  That new method was devised by
Isaac Newton and will be discussed in the chapter on
Newtonian Mechanics.  In this chapter we will focus on
projectile motion with or without air resistance so that
we know the acceleration vectors throughout the mo-
tion.

Rnew

Rold

V     new

A
V     new V old–

V     old

( )
= ∆t

Figure 15b
Yhe value of  vnew is obtained from the
definition of acceleration     A = ( vnew – vold) /∆∆t .

Figure 15a
Once we get to the "new" position, we will
need the new velocity vector  vnew  in order
to predict the next new position.
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TIME STEP AND
INITIAL CONDITIONS
Equation (6) and (9) are the basic components of our
step-by-step process, but there are several details to be
worked out before we have a practical program for
predicting motion.  Two of the important ones are the
choice of a time step ∆t, and the initial conditions that
get the calculations started.

In our strobe photographs we generally used a time step
∆t = .1 second so that we could do effective graphical
work.  If we turn the strobe up and use a shorter time
step, then the images are so close together, the arrows
representing individual displacement vectors are so
short, that we cannot accurately add or subtract them.
Yet if we turn the strobe down and use a longer ∆t, our
analysis becomes too coarse to be accurate.  The choice
∆t = .1 sec is a good compromise.

When we are doing numerical calculations, however,
we are not limited by graphical techniques and can get
more accurate results by using shorter time steps.  We
will see that for the analysis of our strobe photographs,
time steps in the range of .01 second to .001 second
work well.  Much shorter time steps, like a millionth of
a second, greatly increase the computing time required
while not giving more accurate results.  If we use
ridiculously short time steps like a nanosecond, the
computer must do so many calculations that the round-
off error in the computer calculations begins to accu-
mulate and the answers get worse, not better.  Just as
with graphical work there is an optimal time step.
(Later we will have some exercises where you try
various time steps to see which give the best results.)

Figure 17
The displacement v0  ∆∆t  is just half the displacement

  (R1 – R–1) .  This is an exact result for projectile
motion, and quite accurate for most strobe
photographs.

R0

V0–

V 0

0

R–1
R1

V0

– R–1
R1(

 )

–  

– R–1R1(  )V 0 =
(2  ∆t)∗

–1

0 1

–

∆t

Figure 16
By using a very short time Step dt in our computer
calculation, we will closely follow the continuous
path shown by the dotted lines.  Thus we should use
the instantaneous velocity vector v0 , rather than the
strobe velocity v0  as our initial velocity.
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When we use a short time step of .01 seconds or less for
analyzing our projectile motion photographs, we are
close to what we have called the instantaneous velocity
illustrated in Figure (3-32).  But, as shown in Figure
(16), the instantaneous velocity v0 and the strobe
velocity v0 are quite different if the strobe velocity was
obtained from a strobe photograph using ∆t = .1
second.  To use the computer to predict the motion we
see in our strobe photographs, we need the initial
position R0 and the initial velocity v0 as the start for our
step-by-step calculation.  If we are going to use a very
short time step in our computer calculation, then our
first velocity vector should be the instantaneous veloc-
ity v0, not the strobe velocity .

This does not present a serious problem, because
back in Chapter 3, Figure (3-33) reproduced here as
Figure (17), we showed a simple method for obtain-
ing the ball’s instantaneous velocity from a strobe
photograph.  We saw that the instantaneous velocity
v0 was the average of the previous and following
strobe velocities  v–1 and v1:

v0
 

=
v–1 + v1

2
(10)

where   v–1 = S–1 /∆t   and   v0 = S0 /∆t.

However, the sum of the two displacement vectors
 (S–1 + S0) is just the difference between the coor-

dinate vectors  R1 and  R–1 as shown in Figure (17).
Thus the instantaneous velocity of the ball at Posi-
tion (0) in Figure (17) is given by the equation

  
v0 =

R1 – R–1
∆t (11)

If we use Equation (11) as the formula for the initial
velocity in our step-by-step calculation, we are starting
with the instantaneous velocity at Position (0) and can
use very short time intervals in the following steps.

To avoid confusing the longer strobe time step and the
shorter computer time step that we will be using in the
same calculation, we will give them two different
names as follows.  We will use ∆t for the longer strobe
time step, which is needed for calculating the initial
instantaneous velocity, and the name dt for the short
computer time step.

∆t = time between strobe flashes

dt = computer time step (12)

This choice of names is more or less consistent with
calculus, where ∆t is a small but finite time interval and
dt is infinitesimal.
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AN ENGLISH PROGRAM
FOR PROJECTILE MOTION
We are now ready to write out a program for predicting
the motion of a projectile.  The first version will be what
we call an “English” program -- one that we can easily
read and understand.  Once we have checked that the
program does what we want it to do, we will see what
modifications are necessary to translate the program
into BASIC.

The first version of the English projectile motion
program is shown in Figure (18).  This program is
designed to predict the motion of the steel ball projec-
tile shown in Figure (3-8) and used for the drawings
seen in Figures (15) and (16).

In the program we begin with a statement of the initial
conditions – the starting point for the analysis of the
motion.  In this photograph, the strobe time step is ∆t =
.1 seconds, and we are beginning the calculations at the
position labeled R0 in Figure (16).  The instantaneous
velocity at that point is given by the formula
v0 = (R1 – R-1)/2∆t as shown in Figure (17).  These
results appear in the program in the lines

LET  ∆t = .1

LET  Rold = R0

  LET Vold = (R1 – R–1) (2*∆t )(R1 – R–1) (2*∆t )

Our new thing we are going to do in this program is
keep track of the time by including the variable T in
our calculations.  We begin by setting T = 0 in the
initial conditions, and then increment the clock by a
computer time step dt every time we go around the
calculation loop.  This way T will keep track of the
elapsed time throughout the calculations.  The clock
is initialized by the command

 LET Told = 0

The computer time step dt plays a significant role in the
program because we will want to adjust dt so that each
calculational step is short enough to give accurate
results, but not so short to waste large amounts of
computer time.  We will start with the value dt = .01
seconds, as shown by the command

LET dt = .01

Later we will try different time steps to see if the results
change or are stable.

              English Program

! --------- Initial conditions
LET  ∆t = .1

LET  Rold = R0

  LET Vold = (R1 – R-1) 2*∆t(R1 – R-1) 2*∆t

 LET Told = 0

! --------- Computer Time Step
LET dt = .01

! --------- Calculational loop
DO

LET  Rnew = Rold + Vold*dt

LET  A = g

LET  Vnew = Vold + A*dt

LET  Tnew = Told + dt

PLOT R

LOOP UNTIL T > 1

Figure 18
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The calculational loop itself is bounded by the DO and
LOOP UNTIL commands:

DO

...

...

...
             LET Tnew = Told + dt

...

LOOP UNTIL T > 1

Remember that with a DO – UNTIL loop there is a
test to see if the condition, here T > 1, is met.  If T has
not reached 1, we go back to the beginning of the
loop and repeat the calculations.  Because of the
command  LET Tnew = Told + dt , T increments by dt
each time around.  At some point T will get up to one,
the condition will be met, and we leave the loop.  At
that point the program is finished.  (We chose the
condition T > 1 to stop the calculation because the
projectile spends less than one second in the strobe
photograph.  Later we may use some other criterion
to stop the calculation.)

The important part of the program is the calculational
loop which is repeated again and again to give us the
step-by-step calculations.  The calculations begin with
the command

LET  Rnew = Rold + Vold*dt

which is the calculation pictured in Figure (14b).  Here
we are using the short computer time step dt so that
Rnew will be the position of the ball dt seconds after it
was at Rold.

The next line

LET  A = g

simply tells us that for this projectile motion the ball’s
acceleration has the constant value g.  (Later, when we
predict projectile motion with air resistance, we change
this line to include the acceleration produced by the air
resistance.)

To calculate the new velocity vector, we use the
command

LET  Vnew = Vold + A*dt

which is pictured in Figure (15b).  Again we are using
the short computer time step dt rather than the longer
strobe rate ∆t.

The last two lines inside the calculational loop are

LET  Tnew = Told + dt

PLOT R

The first of these increments the clock so that T will
keep track of the elapsed time.  Then we plot a point at
the position R so that we can get a graph of the motion
of the ball.
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A BASIC PROGRAM FOR
PROJECTILE MOTION
The program in Figure (18) is quite close to a BASIC
program.  We have the LET statements and the
Do – LOOP commands that appeared in our working
BASIC program back in Figure (5).  The only problem
is that BASIC unfortunately does not understand vec-
tor equations.  In order to translate Figure (18) into a
workable BASIC program, we have to convert all the
vector equations into numerical equations.

To do this conversion, we write the vector equation out
as three component equations as shown below.

A = B + C (13)

becomes

Ax = Bx + Cx (14a)

Ay = By + Cy (14b)

Az = Bz + Cz (14c)

We saw this decomposition of a vector equation into
numerical or scalar equations in Chapter 2 on vectors
and Chapter 4 on calculus.  (It should have been in
Chapter 2 but was accidently left out.  It will be put in.)
If the motion is in two dimensions, say in the x–y plane,
then we only need the x and y component Equations
(14a) and (14b).

Let us apply this rule to translate the vector LET
statement

LET  Rnew = Rold + Vold*dt (15)

into two numerical LET statements.  If we use the
notation

R = (Rx, Ry)    ;    V = (Vx, Vy)

we get, dropping the subscripts “new” and “old”,

Rx = Rx + Vx*dt (16a)

Ry = Ry + Vy*dt (16b)

We can drop the subscripts “new” and “old” because in
carrying out the LET statement the computer must use
the old values of Rx and Vx to evaluate the sum
Rx + Vx*dt, and this result which is the new value of
Rx is stored in the memory cell labeled “Rx”.

 Ball coordinates
-1)  ( 8.3, 79.3)
 0)  (25.9, 89.9)
 1)  (43.2, 90.2)
 2)  (60.8, 80.5)
 3)  (78.2, 60.2)
 4)  (95.9, 30.2)

To translate the initial conditions, we used the
experimental values of the ball's coordinates given in
Figure (3-10), the steel ball projectile motion strobe
photograph we have been using for all of our drawings.
These coordinates are reproduced below in Figure
(19).

Using the fact that R0 = (25.9, 89.9), we can write the
equation

LET  Rold = R0

as the two equations

LET Rx  =  25.9

LET Ry  =  89.9

In a similar way we use the experimental values for
R1 and  R–1 to evaluate the initial value of Vold.

In Figure (20) we have converted the vector LET
statements into scalar ones to obtain a workable
BASIC program.  We have also included the vector
statements to the right so that you can see that the
English and BASIC programs are essentially the
same.  We also added the SET WINDOW command
so that the output could be plotted.

In Figure (21), we show the output from the Basic
program of Figure (20).  It looks about as bad as
Figure (7), the output from our first circle plotting
program.  In the following exercises we will add
axes, plot points closer together, and plot crosses
every tenth of a second.  In addition, we will get
numerical output that can be compared directly with
the experimental values shown in Figure( 19).

Figure 19
Experimental coordinates of the steel
ball projectile, from Figure (3-10).
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              English Program

! --------- Initial conditions
LET  ∆t = .1

LET  Rold = R0

  LET Vold = (R1 – R-1) 2*∆t(R1 – R-1) 2*∆t

LET  Told = 0

! --------- Computer Time Step
LET  dt = .01

! --------- Calculational loop
DO

LET  Rnew = Rold + Vold*dt

LET  A = g

LET  Vnew = Vold + A*dt

LET  Tnew = Told + dt

PLOT R

LOOP UNTIL T > 1

END

BASIC Program

Figure 21
Output from the BASIC
program in Figure (20).
(Look closely for the dots.)

Figure 20
Projectile Motion program in both BASIC and English.
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Exercise 7
Start BASIC, type the BASIC projectile motion program
shown in Figure 20, and run it. Keep fixing it up until it
gives output that looks like that shown in Figure 21.

Exercise 8   Changing the Time Step
Reduce the time step to dt = .001 seconds.  The plot
should become essentially a continuous line.

Exercise 9   Numerical Output
Change the plot command to a print statement to see
numerical output.  You can do this by turning the PLOT
command into a comment, and adding a PRINT com-
mand as shown below.

!PLOT Rx,Ry

PRINT "Rx = ";Rx,  "Ry = ";Ry

Just as in Exercise 5, you will get too much output when
you run the program.  If you have done Exercise 8, the
coordinates of the ball will be printed every thousandth
of a second.  Yet from the strobe photograph, you have
data for tenth second intervals.  The next two exercises
are designed to reduce the output.

Exercise 10   Attempt to reduce output
Replace the PRINT command of exercise 9 by the
command

IF MOD(T,.1) = 0 THEN PRINT "Rx = ";Rx,  "Ry = ";Ry

The idea is to pull the same trick we used in reducing the
output in Exercise 5, going from Figure 10 to Figure 11.
In The above MOD statement, we would hope that we
would get output every time T gets up to a multiple of 0.1.

Try the modification of the PRINT command using
MOD(T,.1) as shown above.  When you do you will not
get any output.  The MOD(T,.1) command does not
work, because the MOD function generally works only
with integers.  We will fix the problem in the next
exercise.

 ! --------- Computer Time Step and Counter
LET dt = .01

LET i = 0

Then we will increment i by 1 each time we go around
the calculational loop, using the now familiar command
LET i = i+1.  If we are using a time step dt = .001 then
we have to go around the calculational loop 100 times
to reach a time interval of .1 seconds.  To do this, our
print command should start with IF MOD(i,100) = 0...
Thus, inside the calculational loop, the Print command
of Exercise 9 should be replaced by

LET i = i+1
IF MOD(i,100) = 0 THEN PRINT "RX = ";RX,  "RY = ";RY

Make the changes shown above, run your program,
and see that you get the output shown below in Figure
22.  Compare these results with the experimental values
shown in Figure 19.

Exercise 11   Reducing Numerical Output
Because the MOD function works reliably only with
integers, we will introduce a counter variable i like we
had in our circle plotting program.

First we must initialize i .  We can do that at the same time
we initialize dt as shown.

Figure 22
Numerical output from the projectile motion
program, printed at time intervals of .1 seconds.
These predicted results should be compared with
the experimental results seen in Figure 3-10.
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Exercise 12   Plotting Crosses
Now we have the MOD statement to reduce the printing
output, we can use the same trick to plot crosses in the
output at .1 second intervals.  All we have to do is restore
the PLOT command, change the MOD statement to

IF MOD(i,100) = 0 THEN CALL CROSS

and add a cross plotting subroutine which should now
look like

! --------- Subroutine "CROSS" draws a cross at Rx,Ry.

   SUB CROSS

       PLOT LINES: Rx-2,Ry;  Rx+2,Ry

       PLOT LINES: Rx,Ry-2;  Rx,Ry+2

   END SUB

The only change from the CROSS subroutine in the
circle plotting program is that the cross is now centered
at coordinates (Rx,Ry) rather than (x,y) as before.

The complete cross plotting is shown in Figure (23), and
the results are plotted in Figure (24).  Modify your
projectile motion program to match Figure  (23), and
see that you get the same results.  (How did we stop the
plotting outside the square box?)

Projectile Motion Program

Figure 23
Projectile motion program that plots
crosses every tenth of a second.

Figure 24
Output from our BASIC projectile
motion program of Figure 23.
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PROJECTILE MOTION
WITH AIR RESISTANCE
Projectile motion is an example of a very special kind
of motion where the acceleration vector is constant –
does not change in either magnitude or direction.  In this
special case we can easily use calculus to predict
motion far into the future.

But let the acceleration vector change even by a small
amount, as in the case of projectile motion with air
resistance, and a calculus solution becomes difficult or
impossible to obtain.  This illustrates the important role
the acceleration vector plays in the prediction of mo-
tion, but overemphasizes the importance of motion
with constant acceleration.

With a computer solution, very little additional effort is
required to include the effects of air resistance.  We will
be able to adjust the acceleration for different amounts
or kinds of air resistance.  The point is to develop an

intuition for the role played by the acceleration vector.
We will see that if we know a particle’s acceleration,
have a formula for it, and know how the particle started
moving, we can predict where the particle will be at any
time in the future.

Once we have gained experience with this kind of
prediction, we can then focus our attention on the core
problem in mechanics, namely finding a general method
for determining the acceleration vector.  As we men-
tioned, the general method was discovered by Newton
and will be discussed shortly in the chapter on Newto-
nian Mechanics.

In our study of the effects of air resistance, we will use
as our main example the styrofoam ball projectile
shown in Figures (3-30a, b) and reproduced here as
Figures (25a, b).  To obtain the coordinates listed in
Figure (25b), each image was enlarged and studied
separately.  As a result, these  coordinates should be
accurate to within half a millimeter (except for possible
errors due to parallax in taking the photograph).

Figure 25a
The styrofoam projectile of Figure (3-30a).
We have printed a negative of the photograph
to show the grid lines more distinctly.

Figure 25b
To obtain as accurate a value as we could
for each ball coordinate, each image was
enlarged and studied separately.
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 0) (24.03,101.29)
 1) (40.90,  97.68)
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 2)  (56.5,   85.3)
 3)  (70.8,   64.7)

 4)  (83.4,   37.1)

 5)  (95.2,     3.9)
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Figure (26), a reproduction of Figure (3-31), is a
detailed analysis of the ball’s acceleration at Position
(3). As shown in Figure (26) we can write the formula
for the ball’s acceleration vector A in the form

A = g + Aair (17)

where one possible formula for  Aair is

Aair = –KV (18)

V being the instantaneous velocity of the ball.

In Equation (17),  Aair  is defined as the change from the
normal acceleration g the projectile would have with-
out air resistance.  As we see,  Aair  points opposite to
V, which is the direction of the wind we would feel if
we were riding on the ball.  Figure (26) suggests the
physical interpretation that this wind is in effect blow-
ing the acceleration vector back.  It suggests that
acceleration vectors can be pushed or pulled around,
which is the underlying idea of Newtonian mechanics.
In Figure (26) the earth is pulling down on the ball
which gives rise to the component g of the ball’s
acceleration, and the wind is pushing back to give rise
to the component  Aair.

The simplest formula we can write which has  Aair
pointing in the –V direction is Equation (18),
Aair = –KV, where K is a constant that we have to find
from the experiment.  If some choice of the constant K
allows us to accurately predict all the experimental
points in Figure (25), then we will have verified that
Equation (18) is a reasonably accurate description of
the effects of air resistance.

It may happen, however, that one choice of K will lead
to an accurate prediction of one position of the ball,
while another choice leads to an accurate prediction of
another point, but no value of K gives an accurate
prediction of all the points.  If this happens, equation
(18) may be inadequate, and we may need a more
complex formula.

The next level of complexity is that K itself depends on
the speed of the ball.  Then  Aair would have a
magnitude related to V2,  V3, or something worse.  In
this case the air resistance is “nonlinear” and exact
calculus solutions are not possible.  But, as we see in
Exercise 15, we can still try out different computer
solutions.

In reality, when a sphere moves through a fluid like air
or water, the resistance of the fluid can become very
complex.  At high enough speeds, the sphere can start
shedding vortices, the fluid can become turbulent, and
the acceleration produced by the fluid may no longer be
directed opposite to the instantaneous velocity of the
sphere.  In Exercise 13 we take a close look at  Aair  for
all interior positions for the projectile motion shown in
Figure (25).  We find that to within experimental
accuracy,  for our styrofoam projectile  Aair  does point
in the –V direction.  Thus a formula like Equation (18)
is a good starting point.  We can also tell from the
experimental data whether K is constant and what a
good average value for K should be.

Figure 26
The air resistance is caused by
the wind you would feel if you
were riding on the ball.

3

"wind"

v
3

a
g

air

3aair= –Kv

a3



5-24  Computer Prediction of Motion

Air Resistance Program
Figure (20) was our BASIC program for projectile
motion.  We would now like to modify that program so
that we can predict the motion of the Styrofoam ball
shown in Figure (25).  To do this, we must change the
command

LET  A = g

to the new command

LET  A = g – KV (19)

and try different values for K until we get the best
agreement between prediction and experiment.

A complete program with this modification is shown in
Figure (27).  In this program we see that Equation (19)
has been translated into the two component equations

LET Ax =   0     – K*Vx

LET Ay = –980 – K*Vy

In addition, we are printing numerical output at .1 sec
intervals so that we can accurately compare the pre-
dicted results with the experimental ones.  In the line

LET K = ...

which appears in the Initial Conditions, we are to plug
in various values of K until we get the best agreement
that we can between theory and experiment.

Finding K does not have to be complete guesswork.  In
Exercise 13 we ask you to do a graphical analysis of the
Styrofoam ball’s acceleration at several positions us-
ing the enlargements provided.  From these results you
should choose some best average value for K and use
that as your initial guess for K in your computer
program.  Then fine tune K until you get the best
agreement you can.  We ask you to do this in Exercise
14.

Once you have a working program that predicts the
motion of the Styrofoam ball in Figure (25), you can
easily do simulations of different strengths of air resis-
tance.  What if you had a steel ball being projected
through a viscous liquid like honey?  The viscous liquid
might have the same effect as air, except that the

resistance constant K should be much larger.  With the
computer, you can simply use larger and larger values
of K to see the effects of increasing the air or fluid
viscosity.  We ask you to do this in Exercise 15.  This
is a very worthwhile exercise, for as the fluid viscosity
increases, as you increase K, you get an entirely new
kind of motion.  There is a change in the qualitative
character of the motion which you can observe by
rerunning the program with different values of K.

Try different
values of K

New formula for A

Use initial values
from Figure (25).

Figure 27
BASIC program for projectile motion with air
resistance.  It is left to the reader to insert
appropriate initial conditions, and choose
values of the air resistance constant K.



5-25

In Exercise 16, we show you one way to modify the air
resistance formulas to include nonlinear effects, i.e., to
allow  Aair  to depend on V2 as well as V.  What we do
is first use the Pythagorean theorem to calculate the
magnitude V of the ball’s speed and then use that in a
more general formula for Aair.  The English lines for
this are

LET  V = Vx
2 + Vy

2

LET  A = g – K(1 + K2*V)V (20)

where we now try to find values of K and K2 that
improve the agreement between prediction and experi-
ment.  The translation of these lines into BASIC is
shown in Exercise 16.

Exercise 13   Graphical Analysis
Figures (28 a,b,c,d,e) are accurate enlargements of
sections of Figure (25b).  In each case we show three
positions of the Styrofoam projectile so that you can
determine the ball's instantaneous velocity V at the
center position.  Using the section of grid you can
determine the magnitude of both V  ∆t  and   Aair ∆t2 .
From that, and the fact that  ∆t  = .1 sec, you can then
determine the size of the air resistance constant K using
the equation  Aair = – KV.

Do this for each of the diagrams, positions 0 through 4
and then find a reasonable average value of K.  How
constant is K?  Do you have any explanation for changes
in K?

Figure 28b
Blowup of position 1 in Figure 25b.

Figure 28c
Blowup of position 2 in Figure 25b.

Figure 28a
Blowup of position 0 in Figure 25b.
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Exercise 14   Computer Prediction
Starting with the Basic program shown in Figure (27)
use the experimental values shown in Figure (25b),
reproduced below, to determine the initial conditions for
the motion of the ball.  Then use your best value of K from
Exercise 13 as your initial value of K in the program.  By
trial and error, find what you consider the best value of
K to bring the predicted coordinates into reasonable
agreement with experiment.

Exercise 15   Viscous Fluid
After you get your program of Exercise 14 working,
allow the program to print out numerical values for up to
T = 15 seconds.  After about 10 seconds, the nature of
the motion is very different than it was at the beginning.
Explain the difference.  (You may be able to see the
difference better by printing Vx and Vy rather than Rx
and Ry.)

You will see the same phenomenon much faster if you
greatly increase the air resistance constant K.  Redo
your program to plot the output, drawing crosses every
.1 seconds.  Then rerun the program for ever increasing
values of K.  Explain what you see.

-1) (  5.35,  94.84)
 0) (24.03,101.29)
 1) (40.90,  97.68)
 2) (56.52,  85.15)
 3) (70.77,  64.56)
 4) (83.48,  36.98)
 5) (95.18,    3.86) 3
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Figure 28e
Blowup of position 4 in Figure 25b.
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Blowup of position 3 in Figure 25b.
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Exercise 16   Nonlinear Air Resistance (optional)
In Exercise 14, you probably found that you were not
able to precisely predict all the ball positions using one
value of K.  In this exercise, you allow K to depend on the
ball's speed v in order to try to get a more accurate
prediction.  One possibility is to use the following
formulas for Aair, which we mentioned earlier:

LET  V = Vx
2 + Vy

2

 LET A = g – K (1 + K2*V)V (20)

With Equations (20), you can now adjust both K and K2
to get a better prediction.  These equations are trans-
lated into BASIC as follows.

LET V   =   SQR(Vx*Vx + Vy*Vy)

LET Ax =   0     – K*(1 + K2*V)*Vx

LET Ay = –980 – K*(1 + K2*V)*Vy

Make these modifications in the program of Exercise 14,
and see if you can detect evidence for some V2

dependence in the air resistance.

Exercise 17   Fan Added
In Figure (30), on the next page, we show the results of
placing a rack of small fans to the right of the styrofoam
ball's trajectory in order to increase the effect of air
resistance.  Now, someone riding with the ball should
feel not only the wind due to the motion of the ball, but
also the wind of the fans, as shown in Figure (29).

Our old air resistance formula

LET  A = g + K(–Vball)

should probably be replaced by a command like

LET  A = g + K(–Vball + Vfan)
Translated into BASIC, this would become

LET Ax =   0     + K*(–Vx  –Vfan)

LET Ay = –980 + K*(–Vy + 0      ) (21)

where Vball = (Vx,Vy) is the current velocity of the ball,
and Vfan = (–Vfan,0) is the wind caused by the fan. We
assume that this wind is aimed in the –x direction and
has a magnitude Vfan.  We now have two unknown
parameters K and Vfan which we can adjust to match
the experimental results shown in Figure (30).

Do this, starting with the value of K that you got from
the analysis of the styrofoam projectile in Figure 25b
(Exercise 13 or 14).  Does your resulting value for Vfan
seem reasonable?  Can you detect any systematic
error in your analysis?  For example, should Vfan be
stronger near the fans, and get weaker as you move
left?
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Figure 29
Additional wind created by fan.
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Figure 32
The Apple II also prints out the Coordinates of each image.  The time ∆t between crosses
is 1/10 sec.  Between the dots there is a 1/30 sec time interval.  The coordinates of the
initial 7 dots are printed to help determine the initial instantaneous velocity of the ball.

Figure 30
Styrofoam projectile with a bank of fans.  In order
to get more air resistance, we added a bank of
small fans as shown.  This Strobe "photograph"
was taken with the Apple II Strobe system.

Figure 31
In this diagram, the Apple II computer has calculated
and plotted the centers of each of the images seen in
the composite strobe photograph on the left.



CHAPTER 6 MASS

Chapter 6
Mass

Chapter 6
Mass

By now we have learned how to use either calculus or
the computer to predict the motion of an object whose
acceleration is known.  But in most problems we do not
know the acceleration, at least initially.  Instead we
may know the forces acting on the object, or something
about the object’s energy, and use this information to
predict  motion.  This approach, which is the heart of
the subject of mechanics, involves mass, a concept
which we introduce in this chapter.

In the metric system, mass is measured in grams or
kilograms, quantities that should be quite familiar to
the reader.  It may be surprising that we devote an
entire chapter to something that is measured daily by
grocery store clerks in every country in the world.  But
the concept of mass plays a key role in the subject of
mechanics.  Here we focus on developing an experi-
mental definition of mass, a definition that we can use
without modification throughout our discussion of
physics.

After introducing the experimental definition, we will
go through several experiments to determine how
mass, as we defined it, behaves.  In low speed experi-
ments, the kind we can do using air tracks in demon-

stration lectures, the results are straightforward and
are what one expects.  But when we consider what
would happen if similar experiments were carried out
with one of the objects moving at speeds near the speed
of light, we predict a very different behavior for mass.
This new behavior is summarized by the Einstein mass
formula, a strikingly simple result that one might guess,
but which we cannot quite derive from the definition of
mass, and the principle of relativity alone.  What is
needed in addition is the law of conservation of linear
momentum which we will discuss in the next chapter.

One of the striking features of Einstein’s special theory
of relativity is the fact that nothing, not even informa-
tion, can travel faster than the speed of light.  We can
think of nature as having a speed limit c.  In our world,
speed limits are hard to enforce.  We will see that the
Einstein mass formula provides nature with an auto-
matic way of enforcing its speed limit.

Einstein’s mass formula appears to predict that no
particle can quite reach the speed of light.  We end the
chapter with a discussion of how to handle particles,
like photons and possibly neutrinos, that do travel at
precisely the speed of light.
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DEFINITION OF MASS
In everyday conversation the words mass and weight
are used interchangeably.  Physicists use the words
mass and weight for two different concepts.  Briefly,
we can say that the weight of an object is the force that
the object exerts against the ground, and we can mea-
sure weight with a device such as a bathroom scale.  The
weight of an object can change in different circum-
stances.  For example, an astronaut who weighs 180
pounds while standing on the ground, floats freely in an
orbiting space capsule.  If he stood on a bathroom scale
in an orbiting space craft, the reading would be zero,
and we would say he is weightless.  On the other hand
the mass of the astronaut is the same whether he is in
orbit or standing on the ground.  An astronaut in orbit
does not become massless.  Mass is not what you
measure when you stand on the bathroom scales.

What then is mass? One definition, found in the dictio-
nary, describes mass as the property of a body that is a
measure of the amount of material it contains.  Another
definition, which is closer to the one we will use, says
that the more massive an object, the harder it is to
budge.

Both of these definitions are too vague to tell us how to
actually measure mass.  In this section we will describe
an experimental definition of mass, one that provides

an explicit prescription for measuring mass.  Then,
using this prescription, we will perform several experi-
ments to see how mass behaves.

Recoil Experiments
As a crude experiment suppose that the two skaters
shown in Figure (6-1), a father and a child, stand in front
of each other at rest and then push each other apart.  The
father hardly moves, while the child goes flying off.
The father is more massive, harder to budge.  No matter
how hard or gently the skaters push apart, the big one
always recoils more slowly than the smaller one.  We
will use this observation to define mass.

In a similar but more controlled experiment, we replace
the skaters by two carts on what is called an air track.
An air track consists of a long square metal tube with
a series of small holes drilled on two sides as shown in
Figure (6-2).  A vacuum  cleaner run backwards blows
air into the tube, and the air escapes out through the
small holes.  The air carts have V-shaped bottoms
which ride on a thin film of air, allowing the carts to
move almost without friction along the track.

To represent the two skaters pushing apart on nearly
frictionless ice, we set up two carts with a spring
between them as shown in Figure (6-3a).  A thread is
tied between the carts to keep the spring compressed.
When we burn the thread, the carts fly apart as shown

end view

film of air

cart

pressurized
air

small
holes

Figure 1
Two skaters, a father and a son, standing at rest
on frictionless ice, push away from each other.
The smaller, less massive child recoils faster
than the more massive father.

Figure 2
End view of an air track.  Pressurized air from the
back side of a vacuum cleaner is fed into a square
hollow metal tube, and flows out through a series
of small holes.  A cart, riding on a film of air, can
move essentially without friction along the track.
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in Figure (6-3b).  If the two carts are made of similar
material, but one is bigger than the other, the big one
will recoil at lesser speed than the small one.  We say
that the big cart, the one that comes out more slowly,
has more mass than the small one.

Because we can precisely measure the speeds vA and vB
of the recoiling air carts, we can use the experiment
pictured in Figures (6-3a,b) to define the mass of the
carts.  Let us call  mA and  mB the masses of carts A and
B respectively.  The simplest formula relating the
masses of the carts to the recoil speeds, a formula that
has the more massive cart recoiling at less speed is

 mA

mB
=

vB

vA
    recoil definition of mass (1)

In words, Equation 1 says that the ratio of the masses is
inversely proportional to the recoil speeds.  I.e., if  mA
is the small mass, the vB is the small speed.

Properties of Mass
Since we now have an explicit prescription for measur-
ing mass, we should carry out some experiments to see
if this definition makes sense.  Our first test is to see if
the mass ratio  mA / mB changes if we use different
strength springs in the recoil experiment.  If the ratio of
recoil speeds  vB / vA, and therefore the mass ratio,
depends upon what kind of spring we use, then our
definition of mass may not be particularly useful.

In the appendix to this chapter, we describe apparatus
that allows us to measure the recoil speeds of the carts
with fair precision.  To within an experimental accu-
racy of 5% to 10% we find that the ratio  vB / vA of the
recoil speeds does not depend upon how hard the spring
pushes the carts apart.  When we use a stronger spring,
both carts come out faster, in such a way that the speed
ratio is unchanged.  Thus to the accuracy of this
experiment we conclude that the mass ratio does not
depend upon the strength of the spring used.

Standard Mass
So far we have talked about the ratio of the masses of
the two carts.  What can we say about the individual
masses  mA or  mB alone?  There is a simple way to
discuss the masses individually.  What we do is select
one of the masses, for instance  mB, as the standard
mass, and measure all other masses in terms of  mB.  To
express  mA in terms of the standard mass  mB, we
multiply both sides of Equation (1) through by  mB to
get

  
mA = mB

vB

vA

formula for mA

in termsof the
standard mass mB

(2)

For a standard mass, the world accepts that the plati-
num cylinder kept by the International Bureau of
Weights and Measures near Paris, France, is precisely
one kilogram.    If we reshaped this cylinder into an air
cart and used it for our standard mass, then we wouldFigure 3

Recoil experiment.  To simulate the two skaters
pushing apart, we place two carts on an air track
with a compressed spring between them.  The
carts are held together by a string.  When the
string is burned, the carts fly apart
as did the skaters.  The more massive cart recoils
at a smaller speed    vB < vA .

A

(a)

A B

thread spring

frictionless Air Track
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carts related to the individual masses  mC and  mD?  If we
perform the experiment shown in Figure (6-4), we find
that

 mC + D = mC + mD    mass adds (4)

The experimental result, shown in Equation (4), is that
mass adds.  The mass of the two carts recoiled together
is the sum of the masses of the individual carts.  This
is the reason we can associate the concept of mass
with the quantity of matter.  If, for example, we have
two identical carts, then together the two carts have
twice as much matter and twice as much mass.

Exercise 1

In physics labs, one often finds a set of brass cylinders
of various sizes, each cylinder with a number stamped
on it, representing its mass in grams.  The set usually
includes a 50-gm, 100-gm, 200-gm, 500-gm, and
1000-gm cylinder.  Suppose that you were given a rod
of brass and a hacksaw; describe in detail how you
would construct a set of these standard masses.  At your
disposal you have a frictionless air track, two carts of
unknown mass that ride on the track, the standard
1000-gm mass from France (which can be placed on
one of the carts), and various things like springs, thread,
and matches.

A Simpler Way to Measure Mass
The preceding problem illustrates two things.  One is
that with an air track, carts, and a standard mass, we can
use our recoil definition to measure the mass of an
object.  The second is that the procedure is clumsy and
rather involved.  What we need is a simpler way to
measure mass.

The simpler way involves the use of a balance, which
is a device with a rod on a pivot and two pans suspended
from the rod, as shown in Figure (6-5).  If the balance
is properly adjusted, we find from experiment that if
equal masses are placed in each pan, the rod remains
balanced and level.  This means that if we place an
unknown mass in one pan, and add brass cylinders of
known mass to the other pan until the rod becomes
balanced, the object and the group of cylinders have the
same mass.  To determine the mass of the object, all we
have to do is add up the masses of the individual
cylinders.

Figure 4
Addition of mass.  If we tie two carts C and D together
and recoil the pair from our standard mass  mA , and
use the formula

  mC + D = mB
vB

vC + D

for the combined mass   mC + D , we find from
experiment that   mC + D = mC + mD .  In other words the
mass of the pair of carts is the sum of the masses of the
individual carts, or we can say that mass adds.

vC + D vB
m

C m
D

m
B

have the following explicit formula for the mass of cart
A recoiled from the standard mass.

   
mA = 1 kilogram × vstd

vA

using the
one kilogram
cylinder for our
standard mass

(3)

where  vstd is the recoil speed of the standard mass.
Once we have determined the mass of one of our own
carts, using the standard mass and Equation (3), we can
then use that cart as our standard and return the plati-
num cylinder to the French.

Of course the French will not let just anybody use their
standard kilogram mass.  What they did was to make
accurate copies of the standard mass, and these copies
are kept in individual countries, one of them by the
National Institute of Standards and Technology in
Washington, DC which then makes copies for others in
the United States to use.

Addition of Mass
Consider another experiment that can be performed
using air carts.  Suppose we have our standard cart of
mass mB, and two other carts which we will call C and
D.  Let us first recoil carts C and D from our standard
mass mB, and determine that C and D have masses mC
and mD given by

 mC = mB
vB
vC

; mD = mB
vB
vD

Now what happens if, as shown in Figure (6-4), we tie
carts C and D together and recoil them from cart B.
How is the mass  mC + D of the combination of the two
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Inertial and Gravitational Mass
The pan balance of Figure (6-5) is actually compar-
ing the downward gravitational force on the con-
tents of the two pans.  If the gravitational forces are
equal, then the rod remains balanced.  What we are
noting is that there are equal gravitational forces on
equal masses.  This is an experimental result, not an
obvious conclusion.  For example, we could con-
struct two air carts, one from wood and one from
platinum.  Keep adjusting the size of the carts until
their recoil speeds are equal, i.e., until they have
equal recoil masses.  Then put these carts on the pan
balance of Figure (6-5).  Although the wood cart has
a much bigger volume than the platinum one, we
will find that the two carts still balance.  The gravi-
tational force on the two carts will be the same
despite their large difference in size.

In 1922, the Swedish physicist Etvös did some very
careful experiments, checking whether two objects,
which had the same mass from a recoil type of
experiment would experience the same gravitational
force as measured by a pan balance type of experi-
ment.  He demonstrated that we would get the same
result to one part in a billion.  In  1960, R. H. Dicke
improved Etvös’ experiments to an accuracy of 1
part in  1011.

It is common terminology to call what we measure
in a recoil experiment the inertial mass of the object,
and what we measure using a pan balance the gravi-
tational mass.  The experiments of Etvös and Dicke
demonstrate that inertial mass and gravitational mass
are equivalent to each other to one part in  1011.  Is
this a coincidence, or is there some fundamental
reason why these two definitions of mass turn out to
be equivalent?  Einstein addressed this question in
his formulation of a relativistic theory of gravity
known as Einstein’s General Theory of Relativity.
We will have more to say about that  later.

Mass of a Moving Object
One reason we chose the recoil experiment of Figure
(3) as our experimental definition of mass is that it
allows us to study the mass of moving objects,
something that is not possible with a pan balance.

From the air track experiments we have discussed so
far, we have found two results.  One is that the ratio
of the recoil speeds, and therefore the ratio of the
masses of the two objects, does not depend upon the
strength of the spring or the individual speeds vA and

 vB.  If we use a stronger spring so that  mA emerges
twice as fast,  mB also emerges twice as fast so that
the ratio  mA/mB is unchanged.

In addition, we found that mass adds.  If carts C and
D have masses  mC and  mD when recoiled individu-
ally from cart B, then they have a combined mass

 mC,D = mC + mD  when they are tied together and
both recoiled from cart B.standard

masses
object

pivot

rod

Figure 5
Schematic drawing of a pan balance.  If the balance
is correctly adjusted and if equal masses are placed
in the pans, the rod will remain level.  This allows us
to determine an unknown mass simply by comparing
it to a known one.
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RELATIVISTIC MASS
In our air track experiments, we found that the ratio of
the recoil speeds did not depend upon the strength of the
spring we used.  However, when the recoil speeds
approach the speed of light, this simple result can no
longer apply.  Because of nature’s speed limit c, the
ratio of the recoil speeds must in general change with
speed.

To see why the recoil speed ratio must change, imagine
an experiment involving the recoil of two objects of
very different size, for example a bullet being fired
from a gun as shown in Figure (6).  Suppose, in an initial
experiment not much gunpowder is used and the bullet
comes out at a speed of 100 meters per second and the
gun recoils at a speed of 10 cm/sec  = .1 m/sec.  For this
case the speed ratio is 1000 to 1 and we say that the gun
is 1000 times as massive as the bullet.

In a second experiment we use more gun powder and
the bullet emerges 10 times faster, at a speed of 1000
meters per second.  If the ratio of 1000 to 1 is main-
tained, then we predict that the gun should recoil at a
speed of 1 meter per second.  If we did the experiment,
the prediction would be true.

But, as a thought experiment, imagine we used such
powerful gun powder that the gun recoiled at 1% the
speed of light.  If the speed ratio remained at 1000 to 1,
we would predict that the bullet would emerge at a
speed 10 times the speed of light, an impossible result.
The bullet cannot travel faster than the speed of light,
the speed ratio cannot be greater than 100 to 1, and thus
the ratio of the masses of the two objects must have
changed.

In the next section we will discuss experiments in
which, instead of a bullet being fired by a gun, an
electron is ejected by an atomic nucleus.  The electron
is such a small particle that it is often ejected at speeds
approaching the speed of light.  The nuclei we will
consider are so much more massive that they recoil at
low speeds familiar to us, speeds like that of a jet plane
or earth satellite.  At these low speeds the mass of an
object does not change noticeably with speed.  Thus in
these electron recoil experiments, the mass of the
nuclei is not changing due to its motion.  Any change
in the ratio of recoil speeds is due to a change in the mass
of the electron as the speed of the electron approaches
the speed of light.

We will see that as we push harder and harder on the
electron, trying to make it go faster than the speed of
light, the mass of the electron increases instead.  It is
precisely this increase in mass that prevents the elec-
tron emerging at a speed greater than the speed of light
and this is how nature enforces the speed limit c.

Beta (ββ) Decay
The electron recoils we just mentioned occur in a
process called β (beta) decay.  In a β decay, a radioac-
tive or unstable nucleus transforms into the nucleus of
another element by ejecting an electron at high speeds
as illustrated in Figure (7).  In the process the nucleus
itself recoils as shown.

Figure 7
Radioactive decay of a nucleus by ββ  decay.  In
this process the unstable nucleus ejects an electron,
 often at speeds ve near the speed of light.

vnve
nucleus

mn

electron

me

Figure 6
To discuss higher speed recoils, consider a bullet
being fired from a gun.  We  are all aware that the
bullet emerges at a high speed, but the gun itself  also
recoils.  (The recoil of the gun becomes obvious the
first time you fire a shotgun.)  In this setup, the
gunpowder is analogous to the spring, and the gun
and bullet are analogous to the two carts.

vb

bullet

mg

gun

vg
mb
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The name  β  decay is historical in origin.  When Ernest
Rutherford (who later discovered the atomic nucleus)
was studying radioactivity in the late 1890s, he noticed
that radioactive materials emitted three different kinds
of radiation or rays, which he arbitrarily called
α (alpha) rays, β (beta) rays and γ  (gamma) rays, after
the first three letters of the Greek alphabet.  Further
investigation over the years revealed that α rays were
beams of helium nuclei, which are also known as
α particles.  The β rays turned out to be beams of
electrons, and for this reason a nuclear decay in which
an electron is emitted is known as a ββ  decay.  The γ  rays
turned out to be particles of light which we now call
photons.  (The particle nature of light will be discussed
in a later section of this chapter.)

In the 1920s, studies of the β decay process raised
serious questions about some fundamental laws of
physics.  It appeared that in the β decay, energy was
sometimes lost.  (We will discuss energy and the basic
law of conservation of energy in Chapter 9.)  In the
early 1930s, Wolfgang Pauli proposed that in β decay,
two particles were emitted—an electron and an unde-
tectable one which later became known as the neutrino.
(We will discuss neutrinos at the end of this chapter.)
Pauli’s hypothesis was that the missing energy was
carried out by the unobservable neutrino.  Thirty years
later the neutrino was finally detected and Pauli’s
hypothesis verified.

Some of the time the neutrino created in a β decay
carries essentially no energy and has no effect on the
behavior of the electron and the nucleus.  When this is
the case, we have the genuine 2-particle recoil experi-
ment illustrated in Figure (7).  This is a recoil experi-
ment in which one of the particles emerges at speeds
near the speed of light.

Electron Mass in ββ Decay
Applying our definition of mass to the β decay process
of Figure (7) we have

 me
mn

=
vn
ve

         vn
ve

mnme
(5)

where  me and ve are the mass and recoil speed of the
electron and  mn  and vn of the nucleus.  We are assuming
that the nucleus was originally at rest before the
β decay.

To develop a feeling for the speeds and masses in-
volved in the β decay process, we will analyze two
examples of the β decay of a radioactive nucleus.  In the
first example, which we introduce as an exercise to give
you some practice calculating with Equation (5), we
can assume that the electron’s mass is unchanged and
still predict a reasonable speed for the ejected electron.
In the second example, the assumption that the electron’s
mass is unchanged leads to nonsense.
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Plutonium 246
We will begin with the decay of a radioactive nucleus
called Plutonium 246.  This is not a very important
nucleus.  We have selected it because of the way in
which it β decays.

The number 246 appearing in the name tells us the
number of protons and neutrons in the nucleus.  Protons
and neutrons have approximately the same mass  mp
which has the value

   mp = 1.67 × 10–27 kg mass of proton (6)

The Plutonium 246 nucleus has a mass 246 times as
great, thus

  mPlutonium246 = 246 × mp

= 4.10 × 10–25 kg
(7)

An electron at rest or moving at slow speeds has a mass
 me 0  given by

  me 0
= 9.11 × 10–31 kg (8)

This is called the rest mass of an electron.  We have
added the subscript zero to remind us that this is the
mass of a slowly moving electron, one traveling at
speeds much less than the speed of light.

Exercise 2    ββ Decay of Plutonium 246

A Plutonium 246 nucleus has an average lifetime of just
over 11 days, upon which it decays by emitting an
electron.  If the nucleus is initially at rest, and the decay
is one in which the neutrino plays no role, then the
nucleus will recoil at the speed

    
vn = 572 meters

second

recoil speed of
Plutonium246
in a β decay

(9)

This recoil speed is not observed directly, but enough
is known about the Plutonium 246 β decay that this
number can be accurately calculated.  Note that a
speed of 572 meters/second is a bit over 1000 miles per
hour, the speed of a supersonic jet.

Your exercise is to predict the recoil speed ve of the
electron assuming that the mass of the electron  me is
the same as the mass  (me)0 of an electron at rest.

Your answer should be

 ve = .86 c (10)

where

   c = 3 × 108 meters
sec ond (11)

is the speed of light.

The above exercise, which you should have done by
now, shows that we do not get into serious trouble if we
assume that the mass of the electron did not change due
to the electron’s motion.  The predicted recoil speed

 ve = .86c is a bit too close to the speed of light for
comfort, but the calculation does not exhibit any obvi-
ous problems.  This is not true for the following
example.
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Protactinium 236
An even more obscure nucleus is Protactinium 236
which has a lifetime of about 12 minutes before it β
decays.  The Protactinium β decay is, however, much
more violent than the Plutonium 246 decay we just
discussed.  If the Protactinium 236 nucleus is initially
at rest, and the neutrino plays no significant role in the
decay, then the recoil velocity of the nucleus is

  
vn = 5170 meters

second

recoil speed of
Protactinium236
nucleus

(12)

This is nine times faster than the recoil speed of the
Plutonium 246 nucleus.

Exercise 3  Protactinium 236 ββ decay.

Calculate the recoil speed of the electron assuming that
the mass of the recoiling electron is the same as the
mass of an electron at rest.  What is wrong with the
answer?

You do not have to work Exercise 3 in detail to see that
we get a into trouble if we assume that the mass of the
recoiling electron is the same as the mass of an electron
at rest.  We made this assumption in Exercise 2, and
predicted that the electron in the Plutonium 246 β
decay emerged at a speed of .86 c.  Now a nucleus of
about the same mass recoils 9 times faster.  If the
electron mass is unchanged, it must also recoil 9 times
faster, or over seven times the speed of light.  This
simply does not happen.

Exercise 4  Increase in Electron Mass.
Reconsider the Protactinium 236 decay, but this time
assume that the electron emerges at essentially the
speed of light (  ve = c).  (This is not a bad approximation,
it actually emerges at a speed v = .99 c).  Use the
definition of mass, Equation 5, to calculate the mass of
the recoiling electron.  Your answer should be

   me = 6.8 × 10– 30kg = 7.47× (me)0 (13)

In Exercise 4, you found that by assuming the electron
could not travel faster than the speed of light, the
electron mass had increased by  a factor of 7.47.  The
emerging electron is over 7 times as massive as an
electron at rest!  Instead of emerging at 7 times the
speed of light, the electron comes out with 7 times as
much mass.

Exercise 5   A Thought Experiment.

To illustrate that there is almost no limit to how much the
mass of an object can increase, imagine that we per-
form an experiment where the earth ejects an electron
and the earth recoils at a speed of 10 cm/sec.  (A β
decay of the earth.)  Calculate the mass of the emitted
electron.  By what factor has the electron’s mass in-
creased?
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THE EINSTEIN MASS FORMULA
A combination of the recoil definition of mass with the
observation that nothing can travel faster than the speed
of light, leads to the conclusion that the mass of an
object must increase as the speed of the object ap-
proaches the speed of light.  Determining the formula
for how mass increases is a more difficult job.  It turns
out that we do not have enough information at this point
in our discussion to derive the mass formula.  What we
have to add is a new basic law of physics called the law
of conservation of linear momentum.

We will discuss the conservation of linear momentum
in the next chapter, and in the appendix to that chapter,
derive the formula for the increase in mass with veloc-
ity.  We put the derivation in an appendix because it is
somewhat involved.  But the answer is very simple,
almost what you might guess.

In our discussion of moving clocks in Chapter 1, we
saw that the length  T′ of the astronaut’s second in-
creased according to the formula

  T′ = T
1–v2/c2 (1-11)

where T was the length of one of our seconds.  For
slowly moving astronauts where v << c, we have

  T′ ≈ T and the length of the astronaut’s seconds is
nearly the same as ours.  But as the astronaut ap-
proaches the speed of light, the number  1–v2/c2

becomes smaller and smaller, and the astronaut’s sec-
onds become longer and longer.  If the astronaut goes
at the speed of light,  1/ 1–v2/c2 becomes infinitely
large, the astronaut’s seconds become infinitely long,
and time stops for the astronaut.

Essentially the same formula applies to the mass of a
moving object.  If an object has a mass  mo when at rest
or moving slowly as in air cart experiments (we call  mo
the rest mass of the object), then when the object is
moving at a speed v, its mass m is given by the formula

  
m =

mo

1–v2/c2

Einstein
mass
formula

(14)

a result first deduced by Einstein.

Equation (14) has just the properties we want.  When
the particle is moving slowly as in our air cart recoil
experiments, v << c,     1–v2/c2 ≈ 1   and the mass of
the object does not change with speed.  But as the speed
of the object approaches the speed of light, the  1–v2/c2

approaches zero, and  m = mo/ 1–v2/c2  increases
without bounds.  If we could accelerate an object up to
the speed of light, it would acquire an infinite mass.

Exercise 6
At what speed does the mass of an object double (i.e.,
at what speed does  m = 2 m0?)  (Answer:  v = .866 c.)

Exercise 7
Electrons emerging from the Stanford Linear Accelera-
tor have a mass 200,000 times greater than their rest
mass.  What is the speed of these electrons?  (The
answer is v = .9999999999875 c.  Use the approxima-
tion formulas discussed in Chapter 1 to work this
problem.)

Exercise 8

A car is traveling at a speed of v = 68 miles per hour.  (68
miles/hr = 100 ft/second =  10–7  ft/nanosecond =  10–7

c.)  By what factor has its mass increased due to its
motion.  (Answer:  m/mo = 1.000000000000005.)
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Nature’s Speed Limit
When the police try to enforce a 65 mile/hr speed limit,
they have a hard job.  They have to send out patrol cars
to observe the traffic, and chase after speeders.  Even
with the most careful surveillance, many drivers get
away with speeding.

Nature is more clever in enforcing its speed limit c.  By
having the mass of an object increase as the speed of the
object approaches c, it becomes harder and harder to
change the speed of the object.  If you accelerated an
object up to the speed of light, its mass would become
infinite, and it would be impossible to increase the
particle’s speed.

Historically it was noted that massive objects were hard
to get moving, but when you got them moving, they
were hard to stop.  This tendency of a massive object to
keep moving at constant velocity was given the name
inertia.   That is why our recoil definition of mass,
which directly measures how hard it is to get an object
moving, measures what is called inertial mass.  Nature
enforces its speed limit c by increasing a particle’s
inertia to infinity at c, making it impossible to acceler-
ate the particle to higher speeds.  Because of this
scheme, no one speeds and no police are necessary.

ZERO REST MASS PARTICLES
If you think about it for a while, you may worry that
nature’s enforcement of its speed limit c is too effec-
tive.  With the formula  m = mo/ 1–v2/c2 , we ex-
pect that nothing can reach the speed of light, because
it would have an infinite mass, which is impossible.

What is light?  It travels at the speed of light.  If light
consists of a beam of particles, and these particles travel
at the speed c, then the formula  m = mo/ 1–v2/c2

suggests that these particles have an infinite mass,
which is impossible.

Then perhaps light does not consist of particles, and is
therefore exempt from Einstein’s formula.  Back in
Newton’s time there was considerable debate over the
nature of light.  Isaac Newton supported the idea that
light consisted of beams of particles.  Red light was
made up of red particles, green light of green particles,
blue light of blue particles, etc.  Christian Huygens, a
well known Dutch physicist of the time, proposed that
light was made up of waves, and that the different
colors of light were simply waves with different wave-
lengths.  Huygens developed the theory of wave mo-
tion in order to support his point of view.  We will
discuss Huygen’s theory later in the text.

In 1801, about 100 years after the time of Newton and
Huygens, Thomas Young performed an experiment
that settled the debate they started.  With his so called
two slit experiment Young conclusively demonstrated
that light was a wave phenomena.
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Another century later in 1905, the same year that he
published the special theory of relativity, Einstein also
published a paper that conclusively demonstrated that
light consisted of beams of particles, particles that we
now call photons.    (Einstein received the Nobel Prize
in 1921 for his paper on the nature of light.  At that time
his special theory of relativity was still too controver-
sial to be awarded the prize.)

Thus by 1905 it was known that light was both a particle
and a wave.  How this could happen, how to picture
something as both a particle and a wave was not
understood until the development of quantum mechan-
ics in the period 1923 through 1925.

Despite the fact that light has a wave nature, it is still
made up of beams of particles called photons, and these
particles travel at precisely the speed c.  If we apply
Einstein’s mass formula to photons, we get for the
photon mass  mphoton

 
mphoton =

m0

1–v2/c2 v = c
=

m0

1–1
=

m0
0
(15)

where  m0 is the rest mass of the photon.

At first sight it looks like we are in deep trouble with
Equation (15).  Division by zero usually leads to a
disaster called infinity.  There is one exception to this
disaster.  If the rest mass  m0 of the photon is zero, then
we get

 
mphoton =

m0
0 = 0

0 (16)

The number 0/0 is not a disaster, it is simply undefined.
It can be 1 or 2.7, or   6 × 10– 23 .  It can be any number
you want.  (How many nothings fit into nothing?  As
many as you want.)  In other words, if the rest mass  m0
of a photon is zero, the Einstein mass formula says
nothing about the photon’s mass  mphoton.  Photons do
have mass, but the Einstein mass formula does not tell
us what it is.  (Einstein presented a new formula for the
photon’s mass in his 1905 paper.  He found that the
photon’s mass was proportional to the frequency of the
light wave.)

We will study Einstein’s theory of photons in detail
later in the text.  All we need to know now is that light
consists of particles called photons, these particles
travel at the speed of light, and these particles have no
rest mass.  If you stop photons, which you do all the time
when light strikes your skin, no particles are left.  There
is no residue of stopped photons on your skin.  All that
is left is the heat energy brought in by the light.

A photon is an amazing particle in that it exists only
when moving at the speed of light.  There is no lapse of
time for photons; they cannot become old.  (They
cannot spontaneously decay like muons, because their
half life would be infinite.)  There are two different
worlds for particles.  Particles with rest mass cannot get
up to the speed of light, while particles without rest
mass travel only at the speed of light.
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NEUTRINOS
Another particle that may have no rest mass is the
neutrino.  According to current theory there should be
three different kinds of neutrinos, but for now we will
not distinguish among them.

In our discussion of the β decay process, we mentioned
that when a radioactive nucleus decays by emitting an
electron, a neutrino is also emitted.  Most of the time the
energy given up by the nucleus is shared between the
electron and the neutrino, thus the electrons carried out
only part of the energy.  The very existence of the
neutrino was predicted from the fact that some energy
appeared to be missing in β decay reactions and it was
Pauli who suggested that this energy was carried out by
an undetected particle.

Neutrinos are difficult to detect.  They can pass through
immense amounts of matter without being stopped or
deflected.  In comparison photons are readily absorbed
by matter.  As any scuba diver knows, even in the
clearest ocean, a good fraction of the sunlight is ab-
sorbed by the time you get down to a depth of 50 or
more feet.  At that depth most of the red light has been
absorbed and objects have a grayish blue cast.  In
muddy water photons are absorbed much more rapidly,
and opaque objects like your skin stop photons in the
distance of a few atomic diameters.

On the other hand, neutrinos can pass through the earth
with almost no chance of being stopped.  As a writer
discussing the 1987 supernova explosion phrased it,
the neutrinos from the supernova explosion swept
through the earth, the earth being far more transparent
to the neutrinos than a thin sheet of the clearest glass to
light.

Neutrinos are now detected by what one might call a
brute force technique.  Aim enough neutrinos at a big
enough detector and a few will be stopped and ob-
served.  The first time neutrinos were detected was in
an experiment by Clyde Cowan and Fred Reines,
performed in 1956, almost 30 years after Pauli had
proposed the existence of the particle.  Noting that
nuclear reactors are a prodigious source of neutrinos,
Cowan and Reines succeeded in detecting neutrinos by
building a detector the size of a railroad tank car and
placing it next to the reactor at Savannah River,
Georgia.

The largest neutrino detectors now in use were origi-
nally built to detect the spontaneous decay of the proton
(a process that has not yet been observed).  They consist
of a swimming pool sized tank of water surrounded by
arrays of photocells, all located in deep mines to shield
them from cosmic rays.  If a proton decays, either
spontaneously or because it was struck by a neutrino,
a tiny flash of light is emitted in the subsequent particle
reaction.  The flash of light is then detected by one of
the photocells.

Solar Neutrinos
Aside from nuclear reactors, another powerful source
of neutrinos is the sun.  Beta decay processes and
neutrino emission are intimately associated with the
nuclear reactions that power the sun.  As a result
neutrinos emerge from the small hot core at the center
of the sun where the nuclear reactions are taking place.
The sun produces so many neutrinos that we can detect
them here on earth.
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There is a good reason to look for these solar neutrinos.
The neutrinos created in the core of the sun pass directly
through the outer layers of the sun and reach us eight
minutes after they were created in a nuclear reaction.  In
contrast, light from the hot bright core of the sun takes
the order of 14,000 years to diffuse its way out to the
surface of the sun.  If for some reason the nuclear
reactions in the sun slowed down and the core cooled,
it would be about 14,000 years before the surface of the
sun cooled.  But the decrease in neutrinos could be
detected here on earth within 8 minutes.  Looking at the
solar neutrinos provides a way of looking at the future
of the sun 14,000 years from now.

Solar neutrinos have been studied and counted since
the 1960s.  Computer models of the nuclear reactions
taking place in the sun make explicit predictions about
how many neutrinos should be emitted.  The neutrino
detectors observe only about 1/3 to 1/2 that number.
There have been a number of experiments using vari-
ous kinds of detectors, and all the experiments show
this deficiency.

If the deficiency is really an indication that the nuclear
reactions in the sun’s core have slowed, then we can
expect a cooling of the sun within 14,000 years, a
cooling that might have a significant impact on the
earth’s climate.  On the other hand there may be some
part of the nuclear reactions in the sun that we do not
fully understand, with the result that the computer
predictions are in error.  We are not sure yet which is
correct; the solar neutrino deficiency is one of the
current areas of active research.

Neutrino Astronomy
An event on the night of February 23, 1987 changed the
role of neutrinos in modern science.  On that night
neutrinos were detected from the supernova explosion
in the Magellanic cloud, a small neighboring galaxy.
This was the first time neutrinos were detected from an
astronomical source other than our sun.  The informa-
tion we obtained from this observation represented
what one could call the birth of neutrino astronomy.

A supernova is an exploding star, an event so powerful
that, for a short period of time of about 10 seconds, the
star radiates more power than all the rest of the visible
universe.  And this energy is radiated in the form of
neutrinos.

The supernova explosion occurs when the core of a
large star runs out of nuclear fuel and collapses.  (This
only happens to stars several times larger than our sun.)
The gravitational energy released in the collapse is
what provides the energy for the explosion.  We know
that sometimes a neutron star is formed at the center of
the collapsed core, and computer simulations predict

Figure 8
1987 Supernova at age  3 1 21 2  years, photographed
by the Hubble telescope. The ring is gas blown
off by the explosion.
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that much of the energy released in the collapse is
carried out in a burst of neutrinos.  The core material is
so dense that even the neutrinos have some difficulty
getting out.  They take about 10 seconds to diffuse out
of the core, and as a result the neutrino pulse is about 10
seconds long.

The collapsing core also creates a shock wave that
spreads out through the outer layers of the star, reaching
the surface in about three hours.  When the shock wave
reaches the surface, the star suddenly brightens and we
can see from the light that the star has exploded.

The details about the core collapse, the neutrino burst
and the shock wave are all from computer models of
supernova explosions, models developed over the past
25 years.  Whenever you model a physical process, you
like to test your model with the real process.  Computer
models of supernova explosions are difficult to test
because there are so few supernova explosions.  The
last explosion in our galaxy, close enough to study in
detail, occurred in 1604, shortly before the invention of
the telescope.

The supernova explosion on February 23, 1987 was not
only close enough to be studied, several fortunate
coincidences provided much detailed information.  The
first coincidence was the fact that theoretical physicists
had predicted in the 1960s that the proton might
spontaneously decay (with a half life of about  1032

years.)  To detect this weak spontaneous decay, several
large detectors were constructed.  As we mentioned,
these large detectors were also capable of detecting
neutrinos.  On February 23, at 7:36 AM universal time,
the detectors in the Kamokande lead mine in Japan, the
Morton Thekol salt mine near Cleveland, Ohio and at
Baksam in the Soviet Union all detected a 10 second
wide pulse of neutrinos.  Since the Magellanic cloud
and the supernova are visible only from the southern
hemisphere and all the neutrino detectors are in the
northern hemisphere, all the detected neutrinos had to
pass through the earth.  The 10 second width of the
pulse verified earlier computer models about the diffu-
sion of neutrinos out of the collapsing core.

The exact time of the arrival of the light from the
supernova explosion is harder to pin down, but some
fortunate coincidences occurred there too.  The super-
nova was first observed by a graduate student Ian
Sheldon working at the Las Campanas Observatory in
Chile.  Ian was photographing the large Magellanic
cloud on the night of February 23, 1987, and noted that
a plate that he had exposed that night had a bright stellar
object that was not on the plate exposed the night
before.  The object was so bright it should be visible to
the naked eye.  Ian went outside, looked up, and there
it was.

Once the supernova had been spotted, there was an
immediate search for more precise evidence of when
the explosion had occurred.  A study of the records of
the neutrino detectors turned up the ten second neutrino
pulse at 7:36 AM on February 23.  Three hours after that
Robert McNaught, an observer in Siding Spring, Aus-
tralia, had exposed two plates of the large Magellanic
clouds.  When the plates were developed later, the
supernova was visible.  One hour before McNaught
exposed his plates, Albert Jones, an amateur astrono-
mer in New Zealand happened to be observing at the
precise spot where the supernova occurred and saw
nothing unusual.  Thus the light from the supernova
explosion arrived at some time between two and three
hours after the neutrino pulse.

The fact that the photons from the supernova explosion
arrived two to three hours later than the neutrinos, is not
only a good test of the computer models of the super-
nova explosion, it also provides an excellent check on
the rest mass of the neutrino.  The 1987 supernova
occurred 160,000 light years away from the earth.
After the explosion, neutrinos and photons raced to-
ward the earth.  The neutrinos had a 3 hour head start,
and after traveling for 160,000 years, the neutrinos
were still 2 hours, and perhaps 3 hours ahead.  That is
as close a race as you can expect to find.  From this we
can conclude that neutrinos travel at, or very, very close
to the speed of light.  And therefore their mass must be
precisely zero, or very close to it.
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Chapter 7
Conservation of
Linear and Angular
Momentum

The truly basic laws of physics, like the principle of
relativity, not only have broad applications, but are
often easy to describe.  The principle of relativity
says that there is a quantity, namely your own
uniform motion, that you cannot detect.  The hard
part is working out the implications of the simple
idea.

In this chapter we discuss two more basic laws of
physics, laws that apply with no known exceptions to
objects as large as galaxies and as small as sub-
atomic particles.  These are the laws of the conser-
vation of linear momentum and the law of the
conservation of angular momentum.  These are the
first of several so-called conservation laws that we
will encounter in our study of physics.  A conserva-
tion law states that there is some quantity which does
not change in a given set of experiments.

We will introduce our first example of a conserva-
tion law by going back to the results of the aircart
recoil experiments that we used in the last chapter to
define mass.  In analyzing these results, we will see
that there is a quantity, which we will call linear

momentum, which does not change when the spring
is released and the carts recoil.  We will then look at
a wider class of experiments, in which objects not
only recoil, but collide at different angles.  Again we
will see that linear momentum does not change.

We will also see that linear momentum is conserved
not just for familiar objects like billiard balls, but
also for objects as small as protons colliding in a
hydrogen bubble chamber.

In the appendix to this chapter we will show how the
recoil definition of mass, when combined with the
law of conservation of linear momentum and the
principle of relativity, leads to Einstein's relativistic
mass formula   m = m0 / 1 – v2/c2  .

The second conservation law deals with angular
momentum.  The concept of angular momentum is a
bit more subtle than that of linear momentum.  As a
result, in this chapter we will focus on developing an
intuitive feeling for the concept.  A more formal
mathematical treatment will be put off until a later
chapter where the formalism is needed.
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The law of conservation of angular momentum has
many applications that range from the astronomical
scale to the subatomic scale of distance. The very
existence of planets in the solar system is a conse-
quence of the conservation of angular momentum.
The law also allows us to understand the behavior of
atomic nuclei in a magnetic field, a behavior that is
involved in the creation of the marvelous images
seen in magnetic resonance imaging apparatus.  On
the very smallest scale of distance, angular momen-
tum turns out to be one of the basic intrinsic proper-
ties of all elementary particles.

CONSERVATION OF
LINEAR MOMENTUM
In our discussion of the recoil definition of mass in
the last chapter, we looked at a number of experi-
ments that were performed to determine how mass
behaves.  One of the crucial observations was that,
at least with carts on an air track, the ratio of the
recoil speeds did not change as we changed the
strength of the spring pushing the carts apart.  If the
big cart came out moving half as fast as the small one
when we used a weak spring, then it still came out
half as fast when we used a strong spring.  With the
strong spring both speeds were greater, but the ratio
was still the same.

We used this unchanging ratio in our definition of
mass.  If, as  shown in Figure (6-3) reproduced here,
cart A recoils at a speed  vA and cart B at a speed  vB,
then the mass ratio  mA/mBwas defined by Equation
(6-1) as

 mA
mB

=
vB
vA

(6-1)

What we will do now is manipulate Equation (6-1)
until we end up with a quantity that does not change
when the spring is released.

Figure 6-3
In Chapter 6 we defined the ratio of the mass of the
carts   mA/mB to be equal to the inverse ratio of the recoil
speeds    vB/vA .

A

(a)

A B

thread spring

frictionless Air Track

VB

(b)

VA
B
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Multiplying Equation (6-1) through by mB and vA
gives

 mAvA = mBvB (1)

Next, note that vA and vB are the magnitudes of the
recoil velocity vectors  vA and  vB.  Since  vA and  vB
point in opposite directions, we can write Equation
(1) as a vector equation in the form

 mAvA = –mBvB (2)
where the minus sign handles the fact that   vA and vB
are oppositely directed.

Now move the   –mBvB   to the left hand side to give
the result

  
mAvA + mBvB = 0 after recoil (3)

where  vA  and vB  are the cart's velocity vectors after
the recoil.

We will now introduce a new interpretation.  Let us
define the linear momentum of a particle as the
product of the particle's mass times its velocity.
Using the letter p to denote linear momentum, we
have

   
p ≡ mv definitionof

linearmomentum (4)

Note that linear momentum p is a vector because it
is the product of a number, the mass m, times a
vector, the velocity v.

Looking back at Equation (3), we see that  mAvA   is
the linear momentum of cart A after the recoil, and

 mBvB  is the linear momentum of cart B after the
recoil.  Equation (3) tells us that the sum of these two
linear momenta is zero.

Before the string was cut and the carts released, both
carts were sitting at rest.  Before the release, we have

  vA = 0 , vB = 0 before release (5)

Thus the sum of the linear momenta before the
release was

  
mAvA + mBvB = 0 before recoil (6)

Comparing Equations (3) and (6) we see that the sum
of the linear momenta of the two carts was not
changed by the recoil.  This sum was zero before the
carts were released, and it is zero afterward.

We will call the sum of the linear momentum of the
two carts the total linear momentum  ptot of the
system of two carts.

   ptot ≡ pA + pB = mAvA + mBvB

definition of total linear momentum
(7)

Then we can restate our observation that Equation
(3) and (6) look the same by saying that the total
linear momentum  ptot of the system was unchanged
by the recoil.  Another way of phrasing it is to say
that in the recoil experiment, the total linear momen-
tum of the carts is conserved.

At this point, we do not have a new law of physics,
instead, we have merely reformulated our definition
of mass.  But the result turns out to be far more
general than we have seen so far.  The general law
may be stated as follows.  If we have a system of
particles, and there is no net external force acting
on them, then the total linear momentum of the
system of particles is conserved.

So far, we have not said much about forces and how
to recognize them.  Thus we will, for now, limit our
discussion of the conservation of linear momentum
to examples where it is fairly clear that there is no net
external force or influence.  In our recoil experi-
ment, gravity is pulling down on the carts, the air is
pushing up, and the two effects cancel.  The air track
was explicitly designed so that there would be no net
force on the cart.

In our recoil experiment, our system consists of the
two carts and the spring.  When the thread is burned,
the spring exerts a force on both carts, but the spring
is part of the system.  The spring forces are internal,
not external forces, and therefore cannot change the
linear momentum of the system.  If the linear mo-
mentum was zero before the thread was burned, it
must still be zero afterward.
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COLLISION EXPERIMENTS
A more common example of where external forces
can be ignored and linear momentum is conserved is
during the collision of two objects like billiard balls.
While two objects are colliding, the forces between
the objects, the internal forces, are usually much
greater than any outside external forces.  As a result,
just before, during, and just after the collision, exter-
nal forces can be neglected and linear momentum is
conserved.

In an experiment, that is easily carried out in the
introductory physics lab, two steel balls are sus-
pended by strings from the ceiling as shown in
Figure (1).  One of the two balls is pulled back and
released.  It strikes the ball at rest and the two balls
bounce off as seen in the strobe photograph of the
motion, Figure (2).  The strobe photograph is ana-
lyzed in Figure (3) and the resulting momentum
vectors are plotted in Figure (4).

What we see in the strobe photograph is ball 2  at rest
and ball 1 coming in, attaining a velocity  v1i  just
before the collision.  After the collision, balls 1 and
2 bounce off in different directions, with velocity
vectors  v1f  and  v2f  respectively.

strobe

grid

m
irror

ceiling

string

2

1

floor

camera

P11

Figure 1
Experimental setup to study the conservation of
linear momentum during the collision of two balls.

Figure 2
Strobe photograph taken using the setup of Figure (1).  The data for the experiment are

  m1 = 70.3 gm (the ball initially released),   m2 = 240 gm (ball initially at rest),    ∆∆t = 1/10 sec  (period
between flashes).  Spacing between grid lines = 1 cm.  (Photograph from a student lab notebook.)
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pf ≡ p1f + p2f =

momentum being
carried out of
the collision

(9)

From Figure (4) we see that  pf  is equal to  p1i  the
momentum brought into the collision by ball 1.
Since the same amount of momentum came out of
the collision as was carried in, the total linear mo-
mentum did not change.  The total linear momentum
of the system of the two balls was conserved during
the collision.

P1i

P2f  

P1f

0 2 x103 4 x103 6 x103

momentum scale gm cm/sec
Figure 4
Here we see that the momentum   p1 i  brought in by Ball 1 is
equal to the momentum   p1 f + p2 f  carried out after the collision.

P1i

P1f

P2f                        

Figure 3
Analysis of Figure (2).  Ball 1 enters with a momentum   p1 i  and collides with Ball 2 which
is initially at rest.  After the collision, Balls 1 and 2 emerge with momenta   p1 f  and   p2 f
respectively.  (Each large square on this graph paper represents a distance of 10 cm.)

1i
p     = 6.43 x 10  3

1f
p     = 6.05 x 10  3

2f
p     = 0.89 x 10  3

gm cm
sec

gm cm
sec

gm cm
sec

m   =  70.3 gm
m   =  24.0 gm
v    =  91.5 cm/sec
v    =  86 cm/sec
v    =  37 cm/sec

1i

1f

2f

2

1 

In Figure (4) we have plotted the momentum   p1i  of
ball 1 just before the collision

  
p1i = mv1i =

momentumof
ball 1 before
the collision

(8)

and also plotted the momenta  p1f   and   p2f   of balls
1 and 2 after the collision.  The vector sum of these
two momenta is the total momentum  pf  being
carried out by the two balls
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Exercise 1

Figures (5 a and b) show the collision between two balls of equal mass  m1 = m2 = 73 grams .  Again
  ∆t = 1/10 sec .  Using one of these figures, construct a graph similar to Figure (4), and compare the momentum

brought in by Ball 1 with the momentum carried out by the two balls after the collision.

Figures 5 a, b
Strobe photographs of the collision of two equal mass balls.
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Subatomic Collisions
In the study of subatomic particles, you cannot
photograph or image the particles themselves, the
best you can do is study the tracks left behind in a
particle detector.  A common particle detector, de-
veloped by Don Glaser in the early 1950s, is the
bubble chamber.  We will discuss the bubble cham-
ber in more detail in later chapters.  However  the
basic idea is that the bubble chamber is filled with
liquid hydrogen, and that a charged particle moving
through the liquid hydrogen leaves a track that can
be made visible as a string of bubbles.

Bubble chambers are used primarily to study the
collisions between subatomic particles.  In Figure
(6) we have a bubble chamber photograph in which
an incoming proton from a particle accelerator moves
through the liquid hydrogen until it strikes a hydro-
gen nucleus, namely another proton.  The two pro-
tons emerge from the collision, coming out at right
angles as shown.

After we discuss the law of conservation of energy,
we will show that if two identical particles collide,
one of them being initially at rest, then if both energy
and linear momentum are conserved during the
collision the particles must emerge at right angles.
Thus we can use the right angle between the emerg-
ing proton tracks in Figure (6) as experimental
evidence that linear momentum is conserved even
among the interactions of subatomic particles.

The following examples and exercises are chosen to
show some of the more practical applications of the
conservation of linear momentum.

Example 1 Rifle and Bullet
A 2-kilogram rifle fires a 10-gram bullet at a speed
of 400 meter/sec.  What is the recoil velocity of the
gun?    In this case, the rifle and bullet are initially at
rest and have zero total linear momentum.  Just after
the bullet leaves the gun, before any external forces
have had time to act on the system, the total momen-
tum of the system (gun plus bullet) is still zero.  We
get

 pgun + pbullet = 0

 mgvg = – mbvb

where the minus sign indicates that   vg  is in the
opposite direction to the motion of the bullet.  Solv-
ing for the magnitude  vg of the recoil velocity, we get

  vg =
mb
mg

vb =
10 gm

2000 gm
× 400 meters

sec

 vg = 2 meters
sec

Thus, we see that the initial recoil velocity of the gun
is 2 meters/sec.

proton or hydrogen nucleus
initially at rest

P

P

P

Figure 6
Collision between two protons.  When a charged elementary particle passes through the liquid
hydrogen in a bubble chamber, it leaves a trail of bubbles that can be photographed. Here we see a
proton coming into the picture from the upper left, and striking the nucleus of one of the hydrogen
atoms in the liquid hydrogen.  The hydrogen nucleus is itself a proton, and after the collision the
two protons emerge as shown in the sketch.



7-8  Conservation of Linear and Angular Momentum

In this example we applied the law of conservation
of linear momentum over such a short time that
outside forces did not have time to act on the system.
The conservation of linear momentum applies over
longer times, but we must enlarge our concept of the
system, as seen in Example (2),

Example  2
A 78 kilogram hunter standing on nearly frictionless
ice fires the gun of the preceding example.  What is
the recoil velocity of the hunter?

Our system now consists of the bullet, gun and
hunter.  Initially the total linear momentum of the
system is zero.  After the bullet is fired, and after the
gun is firmly lodged against the shoulder of the
hunter, the gun and hunter together recoil at a veloc-
ity vh .  Applying the law of conservation of linear
momentum, we have (remembering that vg now
equals vh )

 phunter + pgun + pbullet = 0

 mhvh + mgvh = – mbvb

  vh =
mb

mh + mg
vb =

10 gm

78 + 2 kg
× 400 meters

sec

  vh =
10 gm

80,000 gm
× 400 meters

sec = 1
20

meter
sec

 vh = 5cm
sec

Exercise 2
a) Starting from the preceding two examples, further
enlarge the system.  Assume that the hunter is stand-
ing firmly on the earth when the gun is fired.  Taking
the point of view that the earth is initially at rest,
calculate the recoil velocity of the gun, hunter, and
earth.   (mearth = 6 × 1027 gm)

b) After the bullet strikes the ground, what is the
velocity of the earth, assuming it was at rest before
the gun was fired?

Exercise 3   Frictionless Ice
Suppose you are sitting in the middle of a completely
frictionless surface, such as an idealized pond of ice.
Propose a method of getting out of such a predica-
ment.  (Problem from J. Orear, Fundamental Physics,
Wiley, New York, 1961.)

Exercise 4   Bullet and Block
A 10-gram bullet traveling 300 meters/sec strikes and
lodges in a 3-kilogram block of wood initially at rest on
a pond of ice.  What is the final velocity of the block
and bullet after the collision?

Exercise 5   Two Skaters Throwing Ball
Two skaters, each of mass 60 kilogram, are standing
a slight distance apart on nearly frictionless ice.
Initially at rest, they throw a 1-kilogram ball back and
forth between them; each time the ball travels at a
speed of 10 meters/sec over the ice.

(a) What is the recoil velocity of the first skater
immediately after he throws the ball for the
first time?

(b) After the second skater catches the ball
for the first time, what is his recoil velocity?

(c) After the second skater has thrown the ball
back for the first time, what is his recoil
velocity?

(d) After the ball has made 10 complete round
trips and the first skater is holding the ball,
what is the velocity of each skater?  What
is the total momentum of the system of the
two skaters and the ball?

Exercise 6   Rocket

 An 11-ton rocket consists of 10 tons of fuel.  If the fuel
is discharged as exhaust gasses that travel at an
average speed of 1 mile/sec (relative to the earth),
how fast will the rocket be traveling when the fuel is
used up?  Neglect gravity and air resistance.  (Hint:
Consider the total momentum of all the exhaust gas.)
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CONSERVATION OF
ANGULAR MOMENTUM
Anyone who has watched figure skating in the
winter Olympics has seen an example of the conser-
vation of angular momentum.  When a figure skater
like the one shown in Figure (7) starts her spin, her
arms are outstretched and she is turning slowly.  As
she brings her arms in, she turns faster and faster
until the maneuver is completed.  She starts the spin
with a certain amount of angular momentum, and
that amount does not change, is conserved, through-
out the spin.  To understand the concept of angular
momentum, we have to see why the skater had the
same angular momentum when rotating slowly with
her arms outstretched and rotating rapidly with her
arms pulled close to her body.

Even those of us who are not skilled figure skaters
can repeat the skaters experience of a spin using a
rotating platform and two iron dumbbells.  When
done as a classroom demonstration, this is some-
times known as the “three dumbbell experiment”.
The instructor stands on the rotating platform and
holds the dumbbells out as shown in Figure (8a).  A
student helps in the demonstration by starting the
instructor rotating slowly.  The instructor then pulls
in his arms and rotates even faster than a figure
skater because of the mass in the dumbbells (Figure
8b).  However unless the instructor is skilled at this
demonstration, he is likely to make a far less grace-
ful exit from the spin than do the Olympic figure
skaters .

Figure 7
Figure skater doing a spin.  As the skater
pulls her arms in, she turns faster and
faster.  This is an example of the
conservation of angular momentum.

Figure 8
The "three dumbbell" experiment.  The instructor,
standing on a platform that is free to rotate, holds two
dumbbells out at arm length as shown in (a).  With a
slight push from a student, the instructor starts to
rotate slowly.  The instructor then pulls his arms in,
and the rotation increases significantly (b).

R1
R2

(a) (b)
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In a more controlled and idealized experiment, we
can set a ball swinging in a circle at the end of a string
as shown in Figure (9).  Let the other end of the string
pass down through the small end of a plastic funnel
mounted on a board as shown in Figure (9a).  If we
pull down on the string to reduce the radius r of the
circle around which the ball is traveling, the speed v
of  the ball increases.  An analysis of this motion
shows a simple result—the product of the radius of
the circle times the speed of the ball remains con-
stant.  If the ball is initially moving in a circle of
radius r1 and a speed v1 as shown in Figure (9b), and
we reduce the radius to a length r2  as shown in Figure
(9c), the new speed v2  is given by the equation

 v1r1 = v2 r2 (10)

Since r2 is smaller than r1, v2  must be bigger than v1
to keep the product constant.

The angular momentum of a ball of mass m traveling
at a speed v in a circle of radius r is defined to be the
product mvr.  Using the letter to represent angular
momentum, we have

   
≡ mvr

angular momentumof a
mass m travelingat a speed
v in a circle of radius r

(11)

In Figure (9a), the ball has an angular momentum

 1 = mv1r1 (12)

after the string is shortened, the angular momentum

2 is

 2 = mv2r2 (13)

Since the mass m of the ball did not change, and
because  v1r1 = v2 r2, we see that

 1 = 2 (14)

and in this example angular momentum did not
change.  The ball's angular momentum was con-
served while we pulled on the string and the ball sped
up.  It was also conserved when the figure skater
pulled in her arms during the spin, and the instructor
pulled in on the dumbbells.  The only difference in
the three examples is that we have a more complex
formula for angular momentum for the figure skater
and instructor.

Exercise 7
What are the dimensions of angular momentum when
mass is measured in grams, length in centimeters,
and time in seconds?

Exercise 8
Figure (9d) is a strobe photograph from a student lab
notebook. The string was suddenly pulled down,
shortening the radius of the ball's circular orbit.  Using
this photograph, show that the angular momentum of
the ball did not change.

Exercise 9

Neglecting the mass of the spokes, what is the
angular momentum of a bicycle wheel of mass m and
radius r, spinning with a period T?  (T is the length of
time the wheel takes to go around once.)
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Figure 9
A more controlled demonstration of the conservation of angular momentum.  One end of a string
is tied to a ball of mass m, and the other is fed down through a plastic funnel mounted on the end
of a board shown in (a).  The ball is then swung in a circle of radius r1 , and speed v1 as shown in
(b).  Then pull down on the free end of the string, to reduce the radius of the circle to r2.  It takes a
fairly strong tug, but the speed of the ball increases to v2 as shown in (c).  From the experimental
results shown in (d), you can check that  r1v1 = r2v2 . Since the angular momentum of the ball is
proportional to rv, angular momentum was conserved in this experiment. (Photo from lab of
G. Sheldon.)

a) Side view b) Top view c) String pulled in

d)
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A MORE GENERAL DEFINITION
OF ANGULAR MOMENTUM
The concept of angular momentum applies to more
general situations than mass traveling in a circle.
For a more general definition of angular momentum,
consider the situation shown in Figure (10).  In
Figure (10a) a ball with linear momentum  p = mv  is
traveling along a path that will take it a distance r⊥
from some point labeled O.  To make the situation
more realistic, imagine that there is a light rod
pivoted at point O with a hook at the other end.  The
length of the rod is r⊥ , so that the hook will just catch
the ball as the ball passes by (Figure 10b).

Once the ball has been hooked, it will travel in a
circle as shown in Figure (10c).  If the rod is
perpendicular to the path of the ball when the ball is
hooked (as shown in Figure 10a) then there will be
no disruption in the speed of the ball and the ball will
move around the circle at the same speed v.

Once the ball is traveling in a circle we know that its
angular momentum about the pivot O is given by
Equation (11) as    = mvr⊥.  In our generalization of
the definition of angular momentum, the ball has this
same amount of angular momentum before it was
hooked as it did after.

The more general definition is as follows.  Consider
the path of the ball shown in Figure (10a) and let us
use the name lever arm for the distance of closest
approach from the path to the axis at point O.  This
lever arm is the perpendicular distance to the path,
the distance we have labeled r⊥.  Then as our new
definition of angular momentum, we say that the
magnitude  of the ball's angular momentum is
equal to the product of the magnitude of the linear
momentum p = mv times the length of the lever arm
r⊥

  
= pr⊥ (15)

Applying Equation (15) to the situation shown in
Figure (10a), before the ball is hooked, we see that
as the ball heads toward the hook, its initial angular
momentum  i   is

  i = pir⊥ = mv r⊥ (16)

Since this is the same as the angular momentum after
the ball is hooked and traveling in a circle, the
angular momentum is unchanged, is conserved,
during the process of being captured by the hook.

p = mv

path of ball

r  perpendicular distance from path of ball to point O

=

O

b)      

a)

p = mv

O

r

c)

p 
= 

m
v

O

r

ball catches 
on hook

ball heading
for hook

ball swinging in circle, 
with angular momentum
  = mvr 

Figure 10
We say that the ball initially has an angular
momentum    mvr⊥⊥ , in (a), that remains unchanged
when the ball is caught by the hook and travels in
c circle, in (c).
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When you have a conserved quantity like angular
momentum, it takes on a reality that goes beyond the
formulas that define it.  With our generalized defini-
tion of angular momentum, we find that angular
momentum can be passed from one object to an-
other.  For example suppose a student is standing
motionless on the rotating platform as in Figure
(11a), and the instructor tosses a softball off to the
side of the student as shown.  The softball has a lever
arm   r⊥  and therefore an angular momentum   mv r⊥
about the axis of the rotating platform.  If the student
reaches out and grabs the ball, she acquires the
angular momentum of the ball and starts rotating as
shown in Figure (11b).  If she brings the ball closer
in toward her body, she will rotate faster because the
ball has a shorter lever arm.

Exercise 10

If you are standing directly over the axis of the
platform and a ball is thrown directly toward you, as
shown in Figure (12), do you start to rotate after
catching the ball?  Try the experiment yourself and
see if the prediction is correct.

student

rotating platform

p

mass

(a)  Ball thrown to student

student

rotating platform

r

p

(b)  Student, gaining angular momentum
      |p|r  = mvr   from ball, starts to rotate

Figure 11
Student catching angular momentum
from a ball thrown off to the side.

Figure 12
How much angular momentum
does the student catch in this case?
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ANGULAR MOMENTUM
AS A VECTOR
Our definition of angular momentum is clearly not
yet complete.  Even when we are standing on a
rotating platform so that we can freely rotate only
about the axis of the platform, there are still two
different directions we can rotate—clockwise and
counter clockwise.  The definition of angular mo-
mentum must somehow account for these two direc-
tions of rotation.

The study of rotations can be complex,  particularly
if you allow rotations in three dimensions, about any
of the three coordinate axes x, y or z.  The rotating
platform used in Figure (8) and (11) greatly simpli-
fies the situation by restricting our motion to rotation
about one axis, the axis of the platform which is
conventionally called the z axis as shown in Figure
(13).

One way to distinguish positive and negative rota-
tion is by using a right-hand rule.  The rule is to point
the thumb of your right hand along the positive z
axis, and then say that the direction of positive
rotation is the direction that the fingers of your right
hand curl, as seen in Figure (13).  Looking down
(with the z axis pointing up toward us), we find that
positive rotation is counter clockwise and negative
rotation is clockwise.

Exercise 11

What would be the direction of positive rotation if we
used a left hand convention.  Draw a sketch and
explain.

The next generalization of our definition of angular
momentum is best illustrated by the use of the
rotating bicycle wheel mounted on a handle as
shown in Figure (14).  To make an effective demon-
stration, the tire of the bicycle wheel has been
replaced by wire wrapped along the rim of the wheel
to give the wheel added mass.  If we spin the wheel
all the mass m on the rim is moving at the same speed
v and has the same lever arm r about the axis of the
wheel.  Thus the angular momentum of the rotating
wheel is  = mv r .

The next step will at first seem arbitrary, and perhaps
downright silly.  What we are going to do now is to
define the angular momentum of the wheel as a
vector, of length  = mv r  , pointing along the axis
of the wheel.  Which way it points is defined by a
right-hand rule.  As shown in Figure (14), curl the
fingers of your right hand in the direction that the
wheel is rotating and the angular momentum vector

  points along the axis in the direction of your
thumb.

This method of turning angular momentum into a
vector seems doubly arbitrary.  First of all, the
angular momentum vector   points perpendicular

Figure 13
Definitions of the z axis and of positive and negative
rotation.  For convenience we will call the axis about
which our platform rotates the "z axis".  To distinguish
the two kinds of rotation, we will use the right hand
rule.  Curl the finger of your right hand in the direction
the platform is rotating.  If your thumb points up, we
say the rotation is positive.  If your thumb points down,
the rotation is negative.

y

x

z

ax
is

of
ro

ta
tio

n

rotating
platform

positive
rotation = mvr 

Figure 14
A further generalization of the concept of angular
momentum is to say that it is a vector .  The magnitude

  is just our old definition    mvr⊥.  We now say that the
angular momentum vector  points in the direction of the
axis of rotation, in the direction given by the right hand
rule.  (Curl the fingers of your right hand in the direction
the wheel is rotating, and your thumb points in the
direction of .)
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to the plane in which the motion of the wheel is
occurring, and then one arbitrarily selects a right-
handed instead of a left-hand convention to decide
which way along the axis the vector   should point.
It is hard to believe that such arbitrary choices could
have any relationship to physical reality.

But it works, as we can easily demonstrate using the
bicycle wheel and the rotating platform.  In the first
demonstration, have a student stand at rest on the
rotating platform and let the instructor spin the
bicycle wheel and orient it so that the bicycle wheel's
angular momentum vector   is pointing up as
shown in Figure (15a).  The instructor then hands the
bicycle wheel, and its angular momentum, to the
student as shown.

On the rotating platform motion is restricted to
rotation about the z axis (axis of the platform), thus
the only component of angular momentum that is of
interest is the z component.  In Figure (15a) the
bicycle has a positive z component of angular mo-
mentum  z = mvr , and the student has none.  Thus
the total angular momentum of the wheel and stu-
dent is

 z total = z bicyclewheel + z student

= +mvr + 0
= +mvr

(15)

The special thing that happens when you stand on a
freely rotating platform is that you cannot change
your own z component of angular momentum.  If no
one off the platform passes or tosses in some angular
momentum, your z component of angular momen-
tum is conserved and there is no way you can change
it.

Have the student turn the bicycle wheel upside down
as shown in Figure (15b).  Now   of the bicycle
wheel is pointing down so that the bicycle wheel
now has a negative z component of angular momen-
tum

 z bicyclewheel = – mvr (16)

Since the total z  of the student and bicycle wheel
must be conserved, the student must gain a positive
z component of angular momentum

 z student = + 2mvr (17)

so that the sum remains + mvr.

What happens when the student turns the bicycle
wheel over is that she starts rotating counter clock-
wise; she gains a positive z component of angular
momentum.  If at any time she turns the wheel back
up, she will stop rotating.

Figure 15b
The student turns the bicycle wheel over.
If angular momentum is conserved, the
student must gain an angular
momentum 2  directed up as shown.

Figure 15a
A student, at rest on the rotatable
platform, is handed a rotating bicycle
wheel whose angular momentum
vector  is up as shown.

2

Figure 15 Movie
The student turns the
bicycle wheel over.
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If the instructor hands the student the rotating wheel
oriented horizontally as shown in Figure (16a), and
the student is initially at rest, then neither the student
or the bicycle wheel have a z component of angular
momentum.  The total z component is zero and must
remain that way no matter what the student does.  In
the following exercise, you are to predict what will
happen if she turns the wheel up or turns it down.

Exercise 12
Explain what will happen if the student orients the
bicycle wheel up as shown in Figure (16b).  What
happens when she turns it down as shown in Figure
(16c).

Exercise 13

The student at rest on the rotating platform is handed
a bicycle wheel at rest.  She spins the bicycle wheel
and orients it so that the bicycle wheel's angular
momentum vector points up.  Explain carefully what
happens to the student.

If you watch, or better yet try these angular momen-
tum demonstrations yourself, you begin to believe
that there is really a quantity called angular momen-
tum that you can pass around and manipulate.  Now
our emphasis is on gaining an intuitive feeling for
the concept, later we will come back to the topic
with more mathematical machinery.  But it is impor-
tant to already have an intuitive grasp of the concept
or the mathematical machinery will not make sense.

z

Figure 16a
The student at rest is handed a bicycle wheel pointed
sideways.  In this orientation the wheel has no z
component of angular momentum.  Once the student
has the wheel, the z component of the angular
momentum of the plus wheel is conserved.

Figure 16b
What happens to the student
if she turns the wheel up?

Figure 16c
What happens to the student
if she turns the wheel down?

Figure 17
Detail of Hubble photograph of the Eagle
nebula. Each nub is a star surrounded by
its own gas cloud. (See page 18 for a more
complete photograph of the nebula.)
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and the hotter the resulting ball.  If the ball is of the
order of one tenth the mass of the sun or larger, the
ball will be hot enough to ignite nuclear reactions
and a star is born.

The lumpiness in the gas clouds is probably related
to a large scale turbulence in the flow of the gas in the
cloud.  Such lumpines is usually associated with
rotational motion (vorticies), thus as a lump of gas
breaks away from the rest of the cloud, it is likely to
have some rotation. While the rotational velocity
may be small for a two light year diameter lump, as
the lump contracts, the speed increasas due to the
conservation of angular momentum. If there is enough
angular momentum in the gas cloud, a point is
reached where the rotation inhibits further collapse
of the cloud.

The only way the cloud can continue to collapse is to
leave some mass and most of the angular momentum
outside.  Computer models indicate that a rotating
disk of gas forms outside the newly born star, a disk
that contains most of the original angular momen-
tum.  After a while the gas in the disk condenses into
planets that orbit the star.  As a result of being formed
from a rotating disk of gas, we expect most planets
to lie in a plane, and go around the star in the same
direction, which the sun and planets do.  If the
collapsing gas had no angular momentum, the disk
would not form and there would be no planets.

Figure 18
The nebula in the constellation of Orion.  This is a
particularly active area for the formation of new stars.

Formation of Planets
Applications of the law of conservation of angular
momentum are not confined to classroom demon-
strations.  We will end this chapter with a discussion
of two astronomical applications.  One deals with
the formation of planets, and the other their motion
about the sun.

Stars are formed in the large clouds of gas that
stretch throughout the galaxy.  An example of such
a gas cloud is the Eagle Nebula shown in Figure (17).
A particularly active area of star formation is in the
nebula in the constellation of Orion shown in Figure
(18).  The Orion constellation rises after sunset in
early winter, and the nebula is located in the middle
of the sword dangling from the three bright stars of
Orion's belt.  Using binoculars, one can see the
nebula as a bright patch of gas.  The gas is illumi-
nated by the newly formed stars inside.

A star forms when a lump of gas in the cloud begins
to collapse due to the gravitational attraction be-
tween the gas particles.  Judging from the spacing
between stars in the neighborhood of the sun, the sun
was formed from the collapse of a region of gas
about two light years in radius.  As the cloud col-
lapses the gravitational attraction between the par-
ticles becomes stronger and stronger.  The particles
rush toward each other at a faster and faster rate, and
finally collapse into a hot ball.  The more mass in the
collapse, the more gravitational energy released,

Figure 18a
Hubble photograph of forming stars in the Orion
nebula. They are still surrounded by clouds of gas.
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Exercise 14

Most of the angular momentum of the solar system is
taken up by the distant massive planets Jupiter,
Saturn  and Uranus.  If Jupiter were originally formed

from a ring of dust 2 light-years in radius, what must
have been the initial rotational speed of these par-
ticles?  (The distance from the sun to Jupiter is 43
light-minutes or   2.6 × 103  light-seconds.  Jupiter
travels at an orbital speed of   1.3 × 106 cm/ sec  for
a period of nearly 12 years.    1 year ≈ π × 107 sec )

Figure 17b
Hubble photograph of the Eagle nebula. The nubs at the top of the tallest column are
young stars with their own gas clouds. Extremely bright light from a star in the
background is pushing away all gas that is not gravitationally attached to a star.



CHAPTER  8 NEWTONIAN MECHANICS

In Chapters 4 and 5 we saw how to use calculus and the
computer in order to predict the motion of a projectile.
We saw that if we knew the initial position and velocity
of an object, and had a formula for its acceleration
vector, then we could predict its position far into the
future.

To go beyond a discussion of projectile motion, to
develop a general scheme for predicting motion, two
new concepts are needed.  One is mass, discussed in
chapter 6, and the other is force, to be introduced now.
We will see that  once we know the forces acting on an
object, we can obtain a formula for the object’s accel-
eration and then use the techniques of Chapters 4 and
5 to predict motion.  This scheme was developed in the
late 1600s by Isaac Newton and is known as Newtonian
Mechanics.

Chapter 8
Newtonian Mechanics
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FORCE
The concept of a force—a push or a pull—is not as
strange or unfamiliar as the acceleration vector we have
been discussing.  When you push on an object you are
exerting a force on that object.  The harder you push, the
stronger the force.  And the direction you push is the
direction of the force.  From this we see that force is a
quantity that has a magnitude and a direction.  As a
result, it is reasonable to assume that a force is de-
scribed mathematically by a vector, which we will
usually designate by the letter F.

It is often easy to see when forces are acting on an
object.  What is more subtle is the relationship between
force and the resulting acceleration it produces.  If I
push on a big tree, nothing happens.  I can push as hard
as I want and the tree does not move.  (No bulldozers
allowed.)  But if I push on a chair, the chair may move.
The chair moves if I push sideways but not if I push
straight down.

The ancient Greeks, in particular, Aristotle, thought
that there was a direct relationship between force and
velocity.  He thought that the harder you pushed on an
object, the faster it went.  There is some truth in this if
you are talking about pushing a stone along the ground
or pulling a boat through water.  But these examples,
which were familiar problems in ancient time, turn out
to be complex situations, involving friction and viscous
forces.

Only when Galileo focused on a problem without
much friction – projectile motion – did the important
role of the acceleration vector become apparent.  Later,
Newton compared the motion of a projectile (the apple
that supposedly fell on his head) with the motion of the
planets and the moon, giving him more examples of
motion without friction.  These examples led Newton
to the discovery that force is directly related to accelera-
tion, not velocity.

In our discussion of projectile motion, and projectile
motion with air resistance, we have begun to see the
relation between force and acceleration.  While a
projectile is in flight, and we can neglect air resistance,
the projectile’s acceleration is straight down, in the
direction of the earth as shown in Figure (1).  As we
stand on the earth, we are being pulled down by gravity.
While the projectile is in flight, it is also being pulled
down by gravity.  It is a reasonable guess that the
projectile’s downward acceleration vector g is caused
by the gravitational force of the earth.

When we considered the motion of a particle at con-
stant speed in a circle as shown in Figure (2), we saw
that the particle’s acceleration vector pointed toward
the center of the circle.  A simple physical example of
this circular motion was demonstrated when we tied a
golf ball to a string and swing it over our head.

a
0

0 1

2

3

a1

a2

a3

r
strin

g

a

golf ball

Figure 2
The acceleration of the ball is in the same direction as
the force exerted by the string. (Figure 3-28)

Figure 1
The earth's gravitational force produces a uniform
downward gravitational acceleration. (Figure 3-27)



8-3

While swinging the golf ball, it was the string pulling
on the ball that kept the ball moving in a circle.  (Let go
of the string and the ball goes flying off.)  The string is
capable of pulling only along the length of the string,
which in this case is toward the center of the circle.
Thus the force exerted by the string is in the direction
of the golf ball’s acceleration vector.  This makes our
second example in which the particle’s acceleration
vector points in the same direction as the force exerted
on it.

The example of projectile motion with air resistance,
shown in Figure (3), presented a more complex situa-
tion.  In our study of the motion of a Styrofoam
projectile, we had two forces acting on the ball.  There
was the downward force of gravity, and also the force
exerted by the wind we would feel if we were riding
along with the ball.  We saw that gravity and the wind
each produced an acceleration vector, and that the
ball’s actual acceleration was the vector sum of the two
individual accelerations.  This is an important clue as to
how we should handle situations where more than one
force is acting on an object.

THE ROLE OF MASS
Our three examples, projectile motion, motion in a
circle, and projectile motion with air resistance, all
demonstrate that a force produces an acceleration in the
direction of the force.  The next question is – how much
acceleration?  Clearly not all forces have the same
effect.  If I shove a child’s toy wagon, the wagon might
accelerate rapidly and go flying off.  The same shove
applied to a Buick automobile will not do very much.

There is clearly a difference between a toy wagon and
a Buick.  The Buick has much more mass than the
wagon, and is much less responsive to my shove.

In our recoil definition of mass discussed in Chapter 6
and illustrated in Figure (4), we defined the ratio of two
masses as the inverse ratio of their recoil speeds

m1
m2

  =  v2
v1

The intuitive idea is that the more massive the object,
the slower it recoils.  The more mass, the less respon-
sive it is to the shove that pushed the carts apart.

Think about the spring that pushes the cart apart in our
recoil experiment.  Once we burn the thread holding the
carts together, the spring pushes out on both carts,
causing them to accelerate outward.  If the spring is
pushing equally hard on both carts (later we will see
that it must), then we see that the resulting acceleration
and final velocities are inversely proportional to the
mass of the cart.  If m1 is twice as massive as m2, it gets
only half as much acceleration from the same spring
force.  Our recoil definition and experiments on mass
suggests that the effectiveness of a force in producing
an acceleration is inversely proportional to the object’s
mass.  For a given force, if you double the mass, you get
only half the acceleration.  That is the simplest relation-
ship between force and mass that is consistent with our
general experience, and it turns out to be the correct
one.

3

"wind"

v
3

a
g

air

a3

a air3 = g + a

A
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B

Figure 4
Definition of mass.  When two carts recoil from
rest, the more massive cart recoils more slowly.

Figure 3
Gravity and the wind each produce an
acceleration, g and  aair respectively.
The net acceleration of the ball is the
vector sum of the two accelerations.
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NEWTON’S SECOND LAW
We have seen that a force F  acting on a mass m,
produces an acceleration a that  1) is in the direction
of F , and  2) has a magnitude inversely proportional
to m.  The simplest equation consistent with these
observations is

 
a = F

m (1)

Equation (1) turns out to be the correct relationship, and
is known as Newton’s Second Law of Mechanics.
(The First Law is a statement of the special case that,
if there are no forces, there is no acceleration.  That was
not obvious in the late 1600s, and was therefore stated
as a separate law.)  A more familiar form of Newton’s
second law, seen in all introductory physics texts is

F  = ma (1a)

If there is any equation that is essentially an icon for the
introductory physics course, Equation (1a) is it.

At this point Equation (1) or (1a) serves more as a
definition of force than a basic scientific result.  We can,
for example, see from Equation (1a) that force has the
dimensions of mass times acceleration.  In the MKS
system of units this turns out to be kg(m/sec2), a
collection of units called the newton.  Thus we can say
that we push on an object with a force of so many
newtons.  In the CGS system, the dimensions of force
are gm(cm/sec2), a set of units called a dyne.  A dyne
turns out to be a very small unit of force, of the order of
the force exerted by a fly doing push-ups.  The newton
is a much more convenient unit.  The real confusion is
in the English system of units where force is measured
in pounds, and the unit of mass is a slug.  We will
carefully avoid doing Newton’s law calculations in
English units so that the student does not have to worry
about pounds and slugs.

At a more fundamental level, we can use Equation (1)
to detect the existence of a force by the acceleration it
produces.  In projectile motion, how do we know that
there is a gravitational force Fg acting on the projectile?
Because of the gravitational acceleration.  The accel-
eration a due to gravity is equal to g (9.8 m/  sec2

directed downward), thus we can say that the gravita-
tional force Fg that produces this acceleration is

Fg  =  mg           gravitational force
on a mass m

(2)

where m is the mass of the projectile.

m2
Fgm1

Fg

r

Figure 5
The gravitational force between small masses
is proportional to the product of the masses,
and inversely proportional to the square of the
separation between them.
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NEWTON’S LAW OF GRAVITY
Newton went beyond using the second law to define
force; he also discovered a basic law for the gravita-
tional force between objects.  With Newton’s law of
gravity combined with Newton’s second law, we can
make detailed predictions about how projectiles, satel-
lites, planets, and solar systems behave.  This combina-
tion, where one has an explicit formula for gravitational
forces, and the second law to predict what accelerations
these forces produce, was one of the most revolution-
ary scientific discoveries ever made.

Newton’s so-called universal law of gravitation can
most simply be stated as follows.  If we have two small
masses of mass m1 and m2, separated by a distance r as
shown in Figure (5), then the force between them is
proportional to the product m1m2 of their masses, and
inversely proportional to the square of the distance r
between them.  This can be written as an equation of the
form

 
Fg = G

m1m2

r2            Newton's law
of gravity

(3)

where the proportionality constant G is a number that
must be determined by experiment.

Equation (3) itself is not the whole story, we must make
several more points.  First, and very important, is the
fact that gravitational forces are always attractive; m1
is pulled directly toward m2, and m2 directly toward
m1.  Second, the strength of these forces are equal, even
if m2 is much bigger than m1, the force of m2 on m1 is
the same in strength as the force of  m1 on m2.  That is
why we used the same symbol Fg for the two attractive
forces in Figure (5).

Newton’s law of gravity is called the universal law of
gravitation because Equation (3) is supposed to apply
to all masses anywhere in the universe, with the same
numerical constant G everywhere.  G is called the
universal gravitational constant, and has the numeri-
cal value, in the MKS system of units

   
G = 6.67 × 10–11 m3

kg sec2

universal
gravitational
constant

(4)

We will discuss shortly how this number was first
measured.

Exercise 1

Combine Newton’s second law  F = ma with the law of
gravity  Fg = Gm1m2 r2Gm1m2 r2  and show that the dimen-
sions for G in Equation (4) are correct.

Big Objects
In our statement of Newton’s law of gravity, we were
careful to say that Equation (3) applied to two small
objects.  To be more explicit, we mean that the two
objects m1 and m2 should be small in dimensions
compared to the separation r between them.  We can
think of Equation (3) as applying to two point particles
or point masses.

What happens if one or both of the objects are large
compared to their separation?  Suppose, for example,
that you would like to calculate the gravitational force
between you and the earth as you stand on the surface
of the earth.  The correct way to do this is to realize that
you are attracted, gravitationally, to every rock, tree,
every single piece of matter in the entire earth as
indicated in Figure (6).   Each of these pieces of matter
is pulling on you, and together they produce a net
gravitational force Fg which is the force mg that we
saw in our discussion of projectile motion.

Figure 6
You are attracted to every piece of matter in the earth.
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It appears difficult to add up all the individual forces
exerted by every chunk of matter in the entire earth, to
get the net force Fg.  Newton also thought that this was
difficult, and according to some historical accounts,
invented calculus to solve the problem.  Even with
calculus, it is a fairly complicated problem to add up all
of these forces, but the result turns out to be very simple.
For any uniformly spherical object, you get the cor-
rect answer in Newton’s law of gravity if you think of
all the mass as being concentrated at a point at the
center of the sphere. (This result is an accidental
consequence of the fact that gravity is a 1/r2 force, i.e.,
that it is inversely proportional to the square of the
distance.  We will have much more to say about this
accident in later chapters.)

Since the earth is nearly a uniformly spherical object,
you can calculate the gravitational force between you
and the earth by treating the earth as a point mass
located at its center,  4000 miles below you, as indicated
in Figure (7).

Galileo’s Observation
As we mentioned earlier, Galileo observed that, in the
absence of air resistance, all projectiles should have the
same acceleration no matter what their mass.  This
leads to the striking result that, in a vacuum, a steel ball
and a feather fall at the same rate.  Now we can see that
this is a consequence of Newton’s second law com-
bined with Newton’s law of gravity.

Using the results of Figure (7), i.e., calculating Fg by
replacing the earth by a point mass me located a
distance re below us, we get

 
Fg =

Gmme

re
2

(5)

for the strength of the gravitational force on a particle
of mass m at the surface of the earth.  Combining this
with Newton’s second law

Fg  =  mg   or   Fg  =  mg (6)

we get

 mg =
Gmme

r2 (7)

The important result is that the particle’s mass m
cancels out of Equation (7), and we are left with the
formula

 

g =
Gme

re
2

(8)

for the acceleration due to gravity.  We note that g
depends on the earth mass  me , the earth radius re, and
the universal constant G, but not on the particle’s mass
m.  Thus objects of different mass should have the same
acceleration.

Fg Fg

em
=

r e
ar

th

earth

Figure 7
The gravitational force of the entire earth acting
on you is the same as the force of a point particle
with a mass equal to the earth mass, located at the
earth's center, one earth radius below you.
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THE CAVENDISH EXPERIMENT
A key feature of Newton’s law of gravitation is that all
objects attract each other via gravity.  Yet in practice,
the only gravitational force we ever notice is the force
of attraction to the earth.  What about the gravitational
force between two students sitting beside each other, or
between your two fists when you hold them close to
each other?  The reason that you do not notice these
forces is that the gravitational force is incredibly weak,
weak compared to other forces that hold you, trees, and
rocks together.  Gravity is so weak that you would
never notice it except for the fact that you are on top of
a huge hunk of matter called the earth.  The earth mass
is so great that, even with the weakness of gravity, the
resulting force between you and the earth is big enough
to hold you down to the surface.

The gravitational force between two reasonably sized
objects is not so small that it cannot be detected, it just
requires a very careful experiment that was first per-
formed by Henry Cavendish in 1798.  In the Cavendish
experiment, two small lead balls are mounted on the
end of a light rod.  This rod is then suspended on a fine
glass fiber as shown in Figure (8a).

As seen in the top view in Figure (8b), two large lead
balls are placed near the small ones in such a way that
the gravitational force between each pair of large and
small balls will cause the rod to rotate in one direction.
Once the rod has settled down, the large lead balls are
moved to the position shown in Figure (8c).  Now the
gravitational force causes the rod to rotate the other
way.  By measuring the angle that the rod rotates, and
by measuring what force is required to rotate the rod by
this angle, one can experimentally determine the strength
of the gravitational force Fg between the balls.  Then by
using Newton’s law of gravity

Fg  =  G m1m2

r2

applied to Figure (9), one can solve for G in terms of the
known quantities Fg, m1, m2 and r2.  This was the way
that Newton’s universal constant G, given in Equation
(4) was first measured.

glass fiber

small lead balls

a) Side view of the small balls.

Fg

Fg

b) Top view showing two large lead balls.

c) Top view with large balls rotated to 
     new position.

Fg

Fg

r

m1

m2

Figure 9

Figure 8
The Cavendish experiment. By moving the large lead
balls, the small lead balls are first pulled one way, then
the other. By measuring the angle the stick holding the
small balls is rotated, one can determine the
gravitational force Fg.
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SATELLITE MOTION
The key idea that led Newton to his universal law of
gravitation was that the moon, while traveling in its
orbit about the earth, was subject to the same kind of
force as an apple falling from a tree.  We have seen that
a projectile in flight, such as an apple, accelerates down
toward the center of the earth.  The moon, in its nearly
circular orbit around the earth, also accelerates toward
the center of the earth, as illustrated in Figure (10).
Newton proposed that the accelerations of the falling
apple and of the orbiting moon were both caused by the
gravitational pull of the earth.

"Weighing” the Earth
Once you know G, you can go back to the formula
(8) for the acceleration g due to gravity, and solve for
the earth mass me to get

  

me =
gre

2

G
=

9.8 m/sec2 × 6.37 × 106m
2

6.67 × 10–11m3/kg sec2

       =  6.0 x 1024kg (9)

As a result, Cavendish was able to use his value for G
to determine the mass of the earth.  This was the first
determination of the earth’s mass, and as a result the
Cavendish experiment became known as the experi-
ment that “weighed the earth”.

Exercise 2

The density of water is 1 gram/  cm3. The average density
of the earth’s outer crust is about 3 times as great.  Use
Cavendish’s result for the mass of the earth to decide if
the entire earth is like the crust.  (Hint —the volume of a
sphere of radius r is   4 34 3π r3).  Relate your result to what
you have read about the interior of the earth.

Inertial and Gravitational Mass
The fact that, in the absence of air resistance, all
projectiles have the same acceleration— the fact that
the m’s canceled in Equation (7), has a deeper conse-
quence than mere coincidence.  In Newton’s second
law, the m in the formula  F = ma  is the mass defined
by the recoil definition of mass discussed in Chapter 6.
Called inertial mass, it is the concept of mass that we
get from the law of conservation of linear momentum.

In Newton’s law of gravity, the projectile’s mass m in
the formula    Fg = Gmm e/re

2   is what we should call
the gravitational mass for it is defined by the gravita-
tional interaction.  It is the experimental observation
that the m’s cancel, the observation that all projectiles
have the same acceleration due to gravity, that tells us
that the inertial mass is the same as gravitational mass.
This equivalence of inertial and gravitational mass has
been tested with extreme precision to one part in a
billion by  Etvös in 1922 and to even greater accuracy
by R. H. Dicke in the 1960s.

Figure 10
When we swing a golf ball in a circle, the ball
accelerates toward the center of the circle, in the
direction it is pulled by the string.  Similarly, the
moon, in its circular orbit about the earth,
accelerates toward the center of the earth, in the
direction it is pulled by the earth's gravity.

Moon

F

V

Golf ball

F

V

String

Earth
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The moon, being farther away from the center of the
earth should be expected to feel a weaker gravitational
force and therefore have a weaker acceleration.  From
direct calculation Newton could determine how much
weaker the moon’s acceleration was, and thus deter-
mine how the gravitational acceleration and force
decreases with distance.

To repeat Newton’s calculation, we know that the
apple on the surface of the earth has an acceleration
gapple   =  9.8 m/sec2.  To determine the magnitude
of the moon’s orbital acceleration toward the earth,

 gmoon orbit , we can use the formula derived in Chap-
ter 3 for uniform circular motion, namely

  
a = gmoon orbit = v2

r
uniform
circular
motion

(3-12)

To calculate the speed v of the moon, we note that the
moon takes 27.32 days or 2.36 x 106 seconds for one
complete orbit.  The radius of the moon orbit is 3.82
x 108 meters, so that

  vmoon = orbital circumference
time for one orbit

= 2πr
torbit

=
2π × 3.82 × 108 meters

2.36 × 106 sec

= 1.02 × 103 m
sec (10)

or very close to 1 kilometer per second.  Substituting
this value of v into the formula v2/r, gives

  

gmoon orbit =
1.02 × 103 m/sec

2

3.82 × 108 m

= 2.70 × 10–3 m

sec2

(11)

The ratio of the moon’s orbital acceleration to the
apple’s acceleration

  gmoon orbit

gapple
=

2.70 × 10-3 m/sec2

9.8 m/sec2

= 2.71 × 10 - 4
(12)

I.e., the moon’s acceleration is 27 thousand times
weaker than the apple’s.

To understand the meaning of this result, let us look
at the square of the ratio of the distances from the
apple to the center of the earth, and the moon to the
center of the earth.  We have

  
rapple to center of earth

rmoon orbit

2

=
6.37 × 106 m

3.82 × 108 m

2

  = 2.78 × 10-4 (13)

which, to the accuracy of our work, is the same as the
ratio of accelerations.

Equating the results in Equations (12) and (13), we
get

 gmoon orbit

gapple
=

re
2

rmoon orbit
2

  
gmoon orbit =

gapple × re
2

rmoon orbit
2 ∝ 1

rmoon orbit
2 (14)

Where   gapple × re
2 can be thought of as a constant.

From such calculations Newton saw that the gravita-
tional acceleration of the moon, and thus the gravita-
tional force, decreased as the square of the distance
from the moon to the center of the earth.  This was how
Newton deduced that gravity was a 1/r2 force law.

Exercise 3

How far above the surface of the earth do you have to
be so that, in free fall, your acceleration is half that of
objects near the surface of the earth?
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Other Satellites
To explain to the world the similarity of projectile and
satellite motion, that both the apple and the moon were
simply falling toward the center of the earth, Newton
drew the sketch shown in Figure (11).  In the sketch,
Newton shows a projectile being fired horizontally
from the top of a mountain, and shows what would
happen if there were no air resistance.  If the horizontal
velocity were not too great, the projectile would go a
short distance along the typical parabolic path we have
studied in the strobe labs.  As the projectile is fired faster
it would travel farther before hitting the ground.  Fi-
nally we reach a point where the projectile keeps falling
toward the earth, but the earth keeps falling away and
the projectile goes all the way around the earth without
hitting it.

Another perspective of the same idea is illustrated in
Figures (12) and (13).  Figure (12) is a strobe photo-
graph showing two steel balls launched simultaneously,
one being dropped straight down and the other being
fired horizontally.  The photograph clearly demon-
strates that the downward motion of the two projectiles

is the same.  By using the constant acceleration formu-
las with g = 32 ft/sec2, we can easily calculate that at the
end of one second both projectiles will have fallen 16
ft, and at the end of two seconds a distance of 64 ft.

In Figure (13), we have sketched the curved surface of
the earth.  Due to this curvature, the surface of the earth
will be 16 ft below a horizontal line out at a distance of
4.9 miles, and 64 ft below at a distance of 9.8 miles.
This effect can be seen from a small boat as you leave
shore.  When you are 10 miles off shore, you cannot see
lighthouses under 64 ft tall, unless you climb your own
mast.  (For landlubbers sunning on the beach, sailboats
with 64 ft high masts disappear from sight at a distance
of 10 miles.)

Comparing Figures (12) and (13), we see that in the
absence of air resistance, if a projectile were fired
horizontally at a speed of 4.9 miles per second, during
the first second it would fall 16 ft, but the earth would
have also fallen 16 ft, and the projectile would be no
closer to the surface.  By the end of the 2nd second the
projectile would have fallen 64 ft, but still not have
come any closer to the surface of the earth.  Such a
projectile would keep traveling around the earth, never
hitting the surface.  It would fall all the way around,
becoming an earth satellite.

Figure 11
Newton's sketch showing that the difference
between  projectile and satellite motion is that
satellites travel farther.  Both are accelerating
toward the center of the earth.

Figure 12
Two projectiles, released simultaneously.  The
horizontal motion has no effect on the vertical
motion: they both fall at the same rate.
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Exercise 4

An earth satellite in a low orbit, for instance 100 miles up,
is so close to the surface of the earth (100 miles is so
small compared to the earth’s radius of 4000 miles) that
the satellite’s acceleration is essentially the same as the
acceleration of projectiles here on earth.  Use this result
to predict the period T of the satellite’s orbit.  (Hint – the
satellite travels one earth circumference   2 πre  in one
period T.  This allows you to calculate the satellite’s
speed v.  You then use the formula v2/r for the magnitude
of the satellite’s acceleration.)

Weight
The popular press often talks about the astronauts in
spacecraft orbiting the earth as being weightless.  This
is verified by watching them on television floating
around inside the space capsule.  You might jump to the
conclusion that because the astronauts are floating
around in the capsule, they do not feel the effects of
gravity.  This is true in the same sense that when you
jump off a high diving board, you do not feel the effects
of gravity—until you hit the water.  While you are
falling, you are weightless just like the astronauts.

The only significant difference between your fall from
the high diving board, and the astronaut’s weightless
experience in the space capsule, is that the astronaut’s
experience lasts longer.  As the space capsule orbits the
earth, the capsule and the astronauts inside are in
continuous free fall.  They have not escaped the earth’s
gravity, it is gravity that keeps them in orbit, accelerat-
ing toward the center of the earth.  But because they are
in free fall, they do not feel the acceleration, and are
considered to be weightless.

If the astronaut in an orbiting space capsule is weight-
less, but still subject to the gravitational force of the
earth, we cannot directly associate the word weight
with the effects of gravity.   In order to come up with a
definition of the word weight that has some scientific
value, and is reasonably consistent with the use of the
word in the popular press, we can define the weight of
an object as the magnitude of the force the object exerts
on the bathroom scales.  Here on earth, if you have an
object of mass m and you set it on the bathroom scales,
it will exert a downward gravitational force of magni-
tude

Fg  =  mg

Thus we say that the object has a weight W given by

W = mg (15)

For example, a 60 kg boy standing on the scales
exerts a gravitational force

  
W 60 kg boy = 60 kg × 9.8

m

sec2

= 588 newtons

We see that weight has the dimensions of a force, which
in the MKS system is newtons.  If the same boy stood
on the same scales in an orbiting spacecraft, both the
boy and the scales would be in free fall toward the
center of the earth, the boy would exert no force on the
scales, and he would therefore be weightless.

Figure 14
We will define the weight of an object as
the force it exerts on the bathroom scales.

m

mg

bathroom   scales

16 ft
64 ft

line of
sight

4.9 mi
9.8 mi

surface of the earth

Figure 13
The curvature of the earth causes the horizon
to fall away 64 feet at a distance of 9.8 miles.
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Although we try to make the definition of the word
weight consistent with the popular use of the word, we
do not actually succeed.  In almost any country except
the United States, when you buy a steak, the butcher
will weigh it in grams.  The grocer will tell you that a
banana weighs 200 grams.  You are not likely find a
grocer who tells you the weight of an object in newtons.
It is a universal convention to tell you the mass in grams
or kilograms, and say that that is the weight.  About the
only place will you will find the word weight to mean
a force, as measured in newtons, is in a physics course.

(In the English system of units, a pound is a force, so
that it is correct to say that our 60 kg mass boy weighs
132 lbs.  That, of course, leaves us with the question of
what mass is in the English units.  From the formula
F = mg, we see that m = F/g, or an object that weighs
32 lbs has a mass 32 lbs/32ft/sec2 = 1.  As we mentioned
earlier, this unit mass in the English units is called a
slug.  This is the last time we will mention slugs in this
text.)

Earth Tides
 An aspect of Newton’s law of gravity that we have not
said much about is the fact that gravity is a mutual
attraction.  As we mentioned, two objects of mass m1
and m2 separated by a distance r,  attract each other
with a gravitational force of magnitude
Fg   =  Gm1m2/r2.  The point we want to emphasize
now is that the force on each particle has the same
strength Fg.

Let us apply this idea to you, here on the surface of the
earth.  Explicitly, let us assume that you have just
jumped off a high diving board as illustrated in Figure
(15), and have not yet hit the water.  While you are
falling, the earth’s gravity exerts a downward force Fg
which produces your downward acceleration g.

According to Newton’s law of gravity, you are exerting
an equal and opposite gravitational force Fg on the
earth.  Why does nobody talk about this upward force
you are exerting on the earth?  The answer, shown in the
following exercise, is that even though you are pulling
up on the earth just as hard as the earth is pulling down
on you, the earth is so much more massive that your
pull has no detectable effect.

Exercise 5

Assume that the person in Figure (15) has a mass of 60
kilograms.  The gravitational force he exerts on the earth
causes an upward acceleration of the earth  aearth.
Show that  aearth = 10 — 22m/sec2.

Fg

Fg

diving board

water
Figure 15
As you fall toward the water, the earth is
pulling down on you, and you are pulling up on
the earth. The two forces are of equal strength.
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More significant than the force of the diver on the earth
is the force of the moon on the earth.  It is well known
that the ocean tides are caused by the moon’s gravity
acting on the earth.  On the night of a full moon, high
tide is around midnight when the moon is directly
overhead.  The time of high tide changes by about an
hour a day in order to stay under the moon.

The high tide under the moon is easily explained by the
idea that the moon’s gravity sucks the ocean water up
into a bulge under the moon.  As the earth rotates and
we pass under the bulge, we see a high tide.  This
explains the high tide at midnight on a full moon.

The problem is that there are 2 high tides a day about 12
hours apart.  The only way to understand two high tides
is to realize that there are two bulges of ocean water, one
under the moon and one on the opposite side of the
earth, as shown in Figure (16).  In one 24 hour period
we pass under both bulges.

Why is there a bulge on the backside?  Why isn’t the
water all sucked up into one big bulge underneath the
moon?

The answer is that the moon’s gravity not only pulls on
the earth’s water, but on the earth itself.  The force of
gravity that the moon exerts on the earth is just the same

strength as the force the earth exerts on the moon.  Since
the earth is more massive, the effect on the earth is not
as great, but it is noticeable.  The reason for the second
bulge of water on the far side of the earth is that the
center of the earth is closer to the moon than the water
on the back side, and therefore accelerates more rapidly
toward the moon than the water on the back side.  The
water on the back side gets left behind to form a bulge.

The result, the fact that there are two high tides a day,
the fact that there is a second bulge on the back side, is
direct experimental evidence that the earth is acceler-
ating toward the moon.  It is direct evidence that the
moon’s gravity is pulling on the earth,  just as the earth’s
gravity is pulling on the moon.

As a consequence of the earth’s acceleration, the moon
is not traveling in a circular orbit centered precisely on
the center of the earth.  Instead both the earth and the
moon are traveling in circles about an axis point located
on a line joining the earth’s and moon’s centers.  This
axis point is located much closer to the center of the
earth than that of the moon, in fact it is located inside the
earth about 3/4 of the way toward the earth’s surface as
shown in Figure (17).

Moon

Earth

axis
point

Figure 17
Both the earth and the moon travel in circular
orbits about an axis point located about 1/4 of
the way down below the earth's surface.

Moon

Earth

Earth rotating 
under the two 
bulges of water

Figure 16
The two ocean bulges cause two high tides per day.
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In our work with projectiles in the lab the CGS system
of units was excellent.  The projectiles typically went
distances from 10 to 100 cm, in times of the order of 1
second, and had masses of the order of 100 gm.  There
were no large exponents involved.

Now that we are studying the motion of earth satellites,
we are faced with large exponents in quantities like the
earth mass and the gravitational constant G which are

  5.98 × 1024kg  and   6.67 × 10–11m3/kg sec2 respec-
tively.  The calculations we have done so far using these
numbers have required a calculator, and we have had to
work hard to gain insight from the results.

Planetary Units
In introductory physics texts, it has become almost an
article of religion that all calculations shall be done
using MKS units.  This has some advantages – we do
not have to talk about pounds and slugs, but practicing
physicists seldom follow this rule.  Physicists studying
the behavior of elementary particles, for example,
routinely use a system of units that simplify their
calculations, units in which the speed of light and other
fundamental constants have the numerical value 1.
Using these special units they can quickly solve simple
problems and gain an intuitive feeling for which quan-
tities are important and which quantities are not.

Table 1  Planetary Units

Constant Symbol Planetary units MKS units

Gravitational Constant G 20 6.67 x 10-11 m3

kg sec2

Acceleration due
to gravityat the  
earth's surface   

ge 20 9.8 m/sec2

Earth mass me 1 5.98 x 1024 kg

Moon mass mmoon .0123 7.36 x 1022 kg

Sun mass msun 3.3 x 105  1.99 x 1030kg

Metric ton ton 1.67 x 10-22 1000 kg

Earth radius re 1 6.37 x 106 m

Moon radius rmoon .2725 1.74 x 106 m

Sun radius rsun 109 6.96 x 108 m

Earth orbit radius rearth orbit 23400 1.50 x 1011 m

Moon orbit radius rmoon orbit 60 3.82 x 108 m

Hour hr 1 hr 3600 sec

Moon period  lunar month
(siderial)

656 hrs 2.36 x 106 sec 
(= 27.32 days)

Year yr 8.78 x 103 hrs 3.16 x 107 sec
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We now wish to introduce a new set of units, which we
will call planetary units, that makes satellite calcula-
tions much simpler and more intuitive.  One way to
design a new set of units is to first decide what will be
our unit mass, our unit length, and our unit time, and
then work out all the conversion factors so that we can
convert a problem into our new units.  For working
earth satellite problems, we have found that it is conve-
nient to take the earth mass as the unit mass, the earth
radius as the unit length, and the hour as the unit time.

mearth  =  1     earth mass

Rearth  =  1     earth radius

hour    =  1

With these choices, speed,  for example,  is measured
in (earth radii)/ hr, etc.

This system of units has a number of advantages.  We
can set me and re equal to 1 in the gravitational force
formulas, greatly simplifying the results.  We know
immediately that a satellite has crashed if its orbital
radius becomes less than 1.  Typical satellite periods are
a few hours and typical satellite speeds are from 1 to 10
earth radii per hour.  What may be a bit surprising is that
both the acceleration due to gravity at the surface of the
earth, g, and Newton’s universal gravitational constant
G, have the same numerical value of 20.

Table 1 shows the conversion from MKS to planetary
units of common quantities encountered in the study of
satellites moving in the vicinity of the earth and the
moon.

Exercise 6
We will have you convert Newton’s universal gravita-
tional constant G into planetary units.  Start with

 
G = 6.67 x 10-11 meters3

kg sec2

Then multiply or divide by the conversion factors

 
3600

sec
hr

5.98 x 1024 kg
earth mass

6.37 x 106 meters
earth radii

until all the dimensions in the formula for G are con-
verted to planetary units.  (I.e.,  convert from seconds to
hours, kg to earth mass, and meters to earth radii.)  If you
do the conversion correctly, you should get the result

 
G = 20

earth radii 3

earth mass hr2

Exercise 7

Explain why g and G have the same numerical value in
planetary units.

As an advertisement for how easy it is to use planetary
units in satellite calculation, let us repeat Exercise (4)
using these units.  In that exercise we wished to
calculate the period of Sputnik 1, a satellite traveling in
a low earth orbit.  We were to assume that Sputnik’s
orbital radius was essentially the earth’s radius re as
shown in Figure (18), and that Sputnik’s acceleration
toward the center of the earth was essentially the same
as the projectiles we studies in the introductory lab, i.e.,
ge  =  9.8 m /sec2.

Sputnik 1

re

Earth

Figure 18
A satellite in a low earth orbit.
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Using the formula

a  =  v
2

r
we get

ge  =  
vSputnik

2

re
  =  

vSputnik
2

1
Therefore

vSputnik  =  ge  =  20 earth radii
hr

Now the satellite travels a total distance 2π re to go
one orbit, therefore the time it takes is

Sputnik period  =  2π re
vSputnik

  =  2π
20

  =  1.4 hrs

Compare the algebra that we just did with what you had
to go through to get an answer in Exercise (4).  (You
should have gotten the same answer, 1.4 hrs, or 84
minutes, or 5,040 seconds.  This is in good agreement
with the observed time for low orbit satellites.)  If you
have watched satellite launches on television, you may
recall waiting about an hour and a half before the
satellite returned.

Exercise 8
A satellite is placed in a circular orbit whose radius is

 2re  (it  is one earth radii above the surface of the earth.)

(a) What is the acceleration due to gravity at this
altitude?

(b) What is the period of this satellite’s orbit?

(c) What is the shortest possible period any earth
satellite can have?  Explain your answer.

Exercise 9

Communication satellites are usually placed in circular
orbits over the equator, at an altitude so that they take
precisely 24 hours to orbit the earth.  In this way they
hover over the same point on the earth and can be in
continuous communication with the same transmitters
and receivers.  This orbit is called the Clarke orbit,
named after the science fiction writer Arthur Clark who
first emphasized the importance of such an orbit.  Cal-
culate the radius of the Clark orbit.

COMPUTER PREDICTION
OF SATELLITE ORBITS
In this chapter we have discussed two special kinds of
motion that a projectile or satellite can have.  One is the
parabolic trajectory of a projectile thrown across the
room – motion that is easily described by calculus and
the constant acceleration formulas.  The other is the
orbital motion of the moon and man-made satellites
that are in circular orbits.  These orbits can be analyzed
using the fact that their acceleration is directed toward
the center of the circle and has a magnitude v2/r.

These two examples are deceptively simple.  Newton’s
diagram, Figure (11), shows that there is a continuous
range of orbital shapes starting from simple projectile
motion out to circular orbital motion and beyond.  For
all these orbital shapes, we know the projectile’s accel-
eration is the gravitational acceleration toward the
center of the earth.  But to go from a knowledge of the
acceleration to predicting the shape of the orbit is not
necessarily an easy task.

There are no simple formulas like the constant accel-
eration formulas that allow us to predict where the
satellite will be at any time in the future.  Using
advanced calculus techniques one can show that the
orbits should have the shape of conic sections, one
example being the elliptical orbits discovered by Kepler.
But if we go to more complicated problems like trying
to predict the motion of the Apollo 8 spacecraft from
the earth to the moon and back, then a calculus ap-
proach is completely inadequate.

On the other hand these problems are easily handled
using the step-by-step method of predicting motion,
the method, discussed in Chapter 5, that we implement
using the computer.  With a slight modification of our
old projectile motion program, we can predict what
will happen to an earth satellite no matter how it is
launched and what orbit it has.  Adding a few more lines
to the program allows us to send the satellite to the
moon and back.

Once we are familiar with a basic satellite motion
program, we can easily add new features.  We can, for
example, change the exponent in the gravitational
force law from 1/r2 to 1/r2.1 to see what happens if the
gravitational force law is modified.  Similar  modifica-
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tions were in fact predicted by Einstein’s general
theory of relativity, thus we will be able to observe the
kind of effects that were used to verify Einstein’s
theory.

New Calculational Loop
In Chapter 5, we set up the machinery to do computer
calculations.  This involved learning the LET state-
ment, constructing loops, plotting crosses, etc.  Al-
though this may have been a bit painful (but perhaps not
as painful as learning calculus), we do not have to do
much of that again.  We can use essentially the same
machinery to predict satellite orbits.  The only signifi-
cant change is in the calculational loop where we
predict the particle’s new position and velocity.

In the projectile motion program, the English version
of the calculational loop was, from Figure (5-18)

! ---------  Calculational Loop

DO

LET Rnew  =  Rold + Vold * dt

LET A  =  g

LET Vnew  =  Vold + A * dt

LET Tnew  =  Told + dt

PLOT R

LOOP UNTIL T > 1

Figure 19

This loop expresses the method of predicting motion
that we developed from the analysis of strobe pho-
tographs.  The idea behind the command

LET Rnew  =  Rold + Vold * dt

is illustrated in Figure (5-15a) reproduced here.  The
new position of the particle is obtained from the old
position by adding the vector  Vold * dt  to the old
coordinate vector  Rold.

Once we get to the new position of the particle, we
need the new velocity vector in order to calculate the
next new position.  The new velocity vector is
obtained from the command

LET Vnew  =  Vold + A * dt

as illustrated in Figure (5-15b).  The DO–LOOP part of
the program tells us to keep repeating this step-by-step
process until we get as much of the trajectory as we
want (in this case until one second has elapsed).

The calculational loop of Figure (19) works for
projectile motion because we always know the
projectile’s acceleration  A  which is given by the
line

 LET A  =  g       projectile motion (16)

This is the line that characterizes projectile motion, the
line that tells the computer that the projectile has a
constant acceleration g.

Figure  5-15a
Predicting the next new position.

Figure 5-15b
Predicting the next new velocity.

V     new

V     old

V     old

A ∆t

V     new V     old= + A*∆t

Rnew

Rold

V     new

A
V     new V old–

V     old

( )
= ∆t
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In our satellite motion problem, the gravitational
force Fg points toward the center of the earth.  Thus
to define the direction of Fg, we need a unit vector
that points toward the center of the earth.  In Figure
(20a) we show the coordinate vector R which de-
fines the position of the satellite in a coordinate
system whose origin is at the center of the earth.  In
Figure (20b) we see the vector  –R, which points
from the satellite to the center of the earth, the same
direction as the gravitational force.  Therefore we
would like to turn  –R into a unit vector, which we do
by dividing by the length of R, namely the distance
from the center of the earth to the satellite.

Since we will often use unit vectors in this text, we will
designate them by a special symbol.  Instead of an
arrow over the letter, we will use what is called a caret
by typographers, or more familiarly a hat by physicists.
Thus our unit vector in the  –R direction will be denoted
by  –R and is given by the formula

  
–R =

–R
R

unit vector in
the –R direction (16)

The only fundamental change we need to make in
going from projectile motion to satellite motion is to
change our command for the particle’s acceleration

 A .  Instead of assuming that the particle’s accelera-
tion is constant, we use Newton’s law of gravity

 Fg = Gm1m2/r2  to calculate the force acting on
the satellite, and then Newton’s second law   A = Fg/m
to obtain the resulting acceleration.

There are of course some other details.  We have to find
a way to express the vector nature of the gravitational
force – i.e., to tell the computer which way the gravita-
tional force is pointing, and we are going to change our
plotting scale since we are no longer working in front
of a 100 cm by 100 cm grid.  But essentially we are
replacing the command

 LET A  =  g 

by the new lines

  LET Fg = GMem/R2 with instructions
for a direction

LET A = Fg /m

and then using the same old program.

Unit Vectors
We have no problem describing the direction of the
gravitational force on the satellite—the force is di-
rected toward the center of the earth.  But how do we tell
the computer that?  What mathematical technique can
we use to express the direction of Fg?

The technique that we will use throughout the course is
the use of the unit vector.  A unit vector is a dimension-
less vector of length 1 that points in the direction of
interest.  If we want a vector of length 5 newtons that
points in the same direction, then we multiply our unit
vector by the number 5 newtons to get the desired
result.  (Recall that multiplying a vector by a number,
for example n, gives a vector n times as long, pointing
in the same direction.)

There is an easy way to construct unit vectors.  If we can
find some vector that points in the desired direction, we
divide that vector by its own length, and we end up with
a vector of length 1, the required unit vector.

R

Satellite

Earth

a)

b)

c)

R–

R–

Figure 20
The unit vector  –R



8-19

In Equation (16), the length R is given by the
Pythagorean theorem

R  =  Rx
2 + Ry

2 (16a)

Rx and Ry being the x and y coordinates of the satellite.

With the unit vector  –R, we can now write an
explicit formula for the gravitational force vector

 Fg .  We multiply the unit vector  –R by the magni-
tude GMm/R2 of the gravitational force to get

 
Fg =

GMem

R2 –R (17)

Calculational Loop
for Satellite Motion
We are now ready to go in an orderly way from the
calculational loop for projectile motion to a calcula-
tional loop for satellite motion.  We can focus our
attention on the following three lines of the projec-
tile motion calculation loop (Figure 21) because the
other lines remain unchanged.

LET Rnew  =  Rold + Vold * dt
LET A  =  g

LET Vnew  =  Vold + A * dt

Figure 21

The first step is to replace  LET A  =  g  by Newton’s
law of gravity and Newton’s second law as shown in
Figure (22).

 LET Rnew = Rold + Vold * dt

LET Fg = –R GMem/R2

LET A = Fg/m

LET Vnew = Vold + A * dt

Figure 22

Because BASIC is limited to working with numerical
commands rather than vectors (an unfortunate limita-
tion), the next step is to make sure that we can translate
each of these vector commands into the separate x and
y components.  We will do this separately for each of
the 4 lines.

The command

LET Rnew  =  Rold + Vold * dt

for Rnew becomes

LET Rx  =  Rx + Vx * dt (18a)

LET Ry  =  Ry + Vy * dt (18b)

where we drop the subscripts “new” and “old” because
the computer automatically takes the old values on the
right side of the LET statement, calculates a new value,
and stores the new value in the memory cell named on
the left side of the LET statement.  (See our discussion
of the LET statement on page 5-5).

In Equations (18a) and (18b) we obtain numerical
values for the new coordinates Rx and Ry of the
satellite.  However, we will also need to know the
distance R from the satellite to the center of the earth (in
order to construct the unit vector  –R).  The value of R
is easily determined by adding the command

LET R  =  SQR (Rx*Rx + Ry*Ry) (18c)

where SQR is BASIC’s way of saying square root.

The translation of the command for Fg only requires
the translation of the unit vector R into x and y
coordinates.  Remembering that  R = R/R , we get

         Rx = Rx/R ; Ry = Ry/R   (19)

thus the translation of the LET statement for  Fg  can be
written as

LET Fg    =   G * Me * M / (R*R)

LET Fgx  =  (–Rx / R) * Fg

LET Fgy  =  (–Ry / R) * Fg

The computer can handle these lines because it already
knows the new values of Rx, Ry and R from Equations
(18a, b, and c).
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The translation of LET statements for A and Vnew are
straightforward.  We get

LET Ax   =  Fgx / M

LET Ay   =  Fgy / M

LET Vx   =  Vx + Ax * dt
LET Vy   =  Vy + Ay * dt
LET V     =  SQR(Vx*Vx + Vy*Vy)

We included a calculation of the magnitude V of the
satellite’s speed for future use.  We may, for example,
want to construct a unit vector in the -V direction to
represent the direction of air resistance on a reentering
satellite.  We have found it convenient to routinely
calculate the magnitude of any vector whose x and y
coordinates we have just calculated.

Summary
To summarize our translation, we started with the
vector commands

     

 LET Rnew = Rold + Vold * dt

LET Fg = –R GMem/R2

LET A = Fg/m

LET Vnew = Vold + A * dt

and ended up with the BASIC commands

LET Rx   =  Rx + Vx * dt
LET Ry   =  Ry + Vy * dt

LET R     =  SQR (Rx*Rx + Ry*Ry)

LET Fg    =   G * Me * M / (R*R)
LET Fgx  =  (–Rx / R) * Fg

LET Fgy  =  (–Ry / R) * Fg

LET Ax   =  Fgx / M

LET Ay   =  Fgy / M

LET Vx   =  Vx + Ax * dt
LET Vy   =  Vy + Ay * dt
LET V     =  SQR(Vx*Vx + Vy*Vy)

Working Orbit Program
We are now ready to convert a working projectile
motion program, Figure (5-23) reproduced here, into a
working orbital motion program.  In addition to con-
verting the calculational loop as we have just discussed,
we need to change some constants and plotting ranges,
but the general structure of the program will be un-
changed.

Plotting Window
We will initially consider satellite motion that stays
reasonably close to the earth, within several earth radii.
Using planetary units, and placing the earth at the
center of the plot, we can get a reasonable range of
orbits if we let Rx vary for example from - 9 to +9 earth
radii.  If we have a standard 9" Macintosh screen, the x
dimension should be 1.5 times the y dimension, thus Ry
should go only from -6 to +6.  The following command
sets up this plotting window

SET WINDOW     -9, 9, -6, 6
To show where the earth is located, we can use the
following lines to plot a cross at the center of the earth

LET Rx  =  0
LET Ry  =  0

CALL CROSS

Constants and Initial Conditions
In going from the projectile motion to the satellite
motion program, we have to change the constants and
initial conditions.  Using planetary units, our constants
G, Me, and m are

LET G    =  20
LET Me  =  1

LET m    =  .001

(Our choice of the satellite mass m does not matter
because it cancels out of the calculation.)

For initial conditions, we will start the satellite .1 earth
radii above the surface of the earth on the + x axis;

LET Rx  =  1.1
LET Ry  =  0
LET  R   =  SQR(Rx*Rx + Ry*Ry)

CALL CROSS
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Orbit-1  ProgramProjectile Motion Program

Figure 24
Our new orbital motion program.

Figure 23
Projectile motion program that plots
crosses every tenth of a second.
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We also calculated an initial value of R for use in the
gravitational force formula, and plotted a cross at this
initial point.

We are going to fire the satellite in the +y direction,
parallel to the surface of the earth.  Trial and error shows
us that a reasonable value for the speed of the satellite
is 5.5 earth radii per hour, thus we write for our initial
velocity commands

LET Vx  =  0

LET Vy  =  5.5

LET V  =  SQR(Vx*Vx + Vy*Vy)

In our projectile motion program of Figure (5-23) we
wanted a cross plotted every 100 time steps dt.  This
was done with the command

IF MOD(i,100)  =  0 THEN CALL CROSS

For our orbit program, trial and error shows that we get
a good looking plot if we draw a cross every 40 time
steps, each time step dt being .01 hours.  Thus our new
MOD line will be

IF MOD(i,40)  =  0 THEN CALL CROSS

and we will get a cross every .01 * 40 = .4 hours.

The final change is to stop plotting after one orbit.  From
running the program we find that one orbit takes about
9 hours, thus we can stop plotting just before one orbit
with the LOOP instruction

LOOP UNTIL T > 9

Putting all these steps together gives us the complete
BASIC program shown in Figure (24).

When we run the Orbit 1 program, we get the elliptical
orbit shown in Figure (25).

Exercise 10

Convert your projectile motion program to the Orbit 1
program.  Use the same initial conditions so that you get
the same orbit as that shown in Figure (25).  (It is
important to get your Orbit 1 program running correctly
now, for it will be used as the basis for studying several
phenomena during the rest of this chapter.  If you are
having problems, simply type the program in precisely
as shown in Figure (24).

Once your program is working, it is easy to make small
modifications to improve the results. To create Figure
(25a) we added the command

BOX CIRCLE  -1,1,-1,1

to draw a circle to represent the earth. We also changed
dt to .001 and changed the MOD command to
MOD(i,539)  to get an even number of crosses around
the orbit. We then plotted until T = 9 hours. (With dt ten
times smaller, our i counter has to be ten times bigger
to get the old crosses.)

Figure 25
Output of the Orbit 1 program.  The satellite is initially
out at a distance x = 1.1 earth radii, and is fired in the
+y direction at a speed of 5.5 earth radii per hour.

Figure 25a
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you can hear the statement "That's good there, Neil".  A
short while later you hear the clear echo "That's good
there, Neil".  The time delay from the original statement
and the echo is the time it takes a radio wave, traveling
at the speed of light, to go to the moon and back.  Using
an inexpensive stop watch, one can easily measure the
time delay as being about 2 2/5 seconds.  Thus the one-
way trip to the moon is 1 1/5 seconds.  Since light
travels 1 ft/nanosecond, or 1 billion feet per second,
from this one determines that the moon is about 1.2
billion feet away.  You can convert this distance to earth
radii to check the astronomer's value of 60 earth radii as
the average distance to the moon.)

Exercise 11
Adjust the initial conditions in your Orbit 1 program so
that the satellite is in a low earth orbit, and see what the
period of the orbit is.

(To adjust the initial conditions, start, for example, with
 Rx =1.01, Ry =0, vx =0  and adjust  vy  until you get a

circular orbit centered on the earth.  As a check that the
satellite did not go below the surface of the earth, you
could add the line

IF R < 1  THEN PRINT "CRASHED"

Adding this line just after you have calculated R in the
DO LOOP will immediately warn you if the satellite has
crashed.  You can then adjust the initial  vy  so that you
just avoid a crash.  Once you have a circular orbit, you
can adjust the time in the "LOOP UNTIL T > ..." com-
mand so that just one orbit is printed.  This tells you how
long the orbit took.  You can also see how long the orbit
took by adding the line in the DO LOOP

IF MOD(I, 40) = 0 THEN PRINT T, RX, RY

Looking at the values of  Rx  and  Ry  you can tell when
one orbit is completed, and the value of T tells you how
long it took.

Exercise 12

Put the satellite in a circular orbit whose radius is equal
to the radius of the moon's orbit.  (See Table 1, Planetary
Units, for the value of the moon orbit radius.)  See if you
predict that the moon will take about 4 weeks to go
around this orbit.)

Satellite Motion Laboratory
In our study of projectile motion, we could go to the
laboratory and take strobe photographs in order to see
how projectiles behaved.  Obtaining experimental data
for the study of satellite motion is somewhat more
difficult.  What we will do is to use the Orbit 1 program
or slight modification of it to stimulate satellite motion,
using it as our laboratory for the study of the behavior
of satellites.

But first we wish to check that the Orbit 1 program
makes predictions that are in agreement with experi-
ment.  The program is based on  Newton's laws of
gravity,  Fg = GMm/r2 , Newton's law of motion

 a = F/m, and the procedures we developed earlier
for predicting the motion of an object whose accel-
eration is known.  Thus a verification of the results
of the Orbit 1 program can be considered a verifica-
tion of these laws and procedures.

Some tests of the Orbit 1 program can be made using
the results of your own experience.  Anyone who has
listened to the launch of a low orbit satellite should be
aware that the satellite takes about 90 minutes to go
around the earth once.  The Orbit 1 program should give
the same result, which  you can check in Exercise 11.
Another obvious test is the prediction of the period of
the moon in its orbit around the earth.  It is about 4
weeks from full moon to full moon, thus the period
should be approximately 4 weeks or 28 days.  The fact
that the apparent diameter of the moon does not  change
much during this time indicates that the moon is
traveling in a nearly circular orbit about the earth.  If you
accept the astronomer's measurements that the moon
orbit radius is about 60 earth radii away, then you can
check the Orbit 1 program to see if it predicts a 4 week
period for an earth satellite in a circular orbit of that
radius (Exercise 12).

(An easy way to measure the distance to the moon was
provided by the first moon landing.  Because of a
problem with Neil Armstrong's helmet, radio signals
sent to Neil from Houston were retransmitted by Neil’s
microphone, giving an apparent echo.  The echo was
particularly noticeable while Neil was setting up a TV
camera.  On a tape of the mission supplied by NASA,
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KEPLER'S LAWS
A more detailed test of Newton's laws and the Orbit 1
program is provided by Kepler's laws of planetary
motion.

To get a feeling for the problems involved in studying
planetary motion, imagine that you were given the job
of going outside, looking at the sky, and figuring out
how celestial objects moved.  The easiest to start with
is the moon, which becomes full again every four
weeks.  On closer observation you would notice that the
moon moved past the background of the apparently
fixed stars, returning to its original position in the sky
every 27.3 days.  Since, as we mentioned, the diameter
of the moon does not change much, you might then
conclude that the moon is in a circular orbit about the
earth, with a period of 27.3 days.

The time it takes the moon to return to the same point
in the sky is not precisely equal to the time between full
moons.  A full moon occurs when the sun, earth, and
moon are in alignment.  If the sun itself appears to move
relative to the fixed stars, the  full moons will not occur
at precisely the same point, and the time between full
moons will not be exactly the time it takes the moon to
go around once.

To study the motion of the sun past the background of
the fixed stars is more difficult because the stars are not
visible when the sun is up.  One way to locate the
position of the sun is to observe what stars are overhead
at "true" midnight, half way between dusk and dawn.
The sun should then be located on the opposite side of
the sky.  (You also have to correct for the north/south
position of the sun.)  After a fair amount of observation
and calculations, you would find that the sun itself
moves past the background of the fixed stars, returning
to its starting point once a year.

From the fact that the sun takes one year to go around
the sky, and the fact that its apparent diameter remains
essentially constant, you might well conclude that the
sun, like the moon, is traveling in a circular orbit about
the earth.  This was the accepted conclusion by most
astronomers up to the time of Nicolaus Copernicus in
the early 1500s AD.

If you start looking at the motion of the planets like
Mercury, Venus, Mars, Jupiter, and Saturn, all easily

visible without a telescope, the situation is more com-
plicated.  Mars, for example, moves  in one direction
against the background of the fixed stars, then reverses
and goes backward for a while, then forward again as
shown in Figure (26).  None of the planets has the
simple uniform motion seen in the case of the moon and
the sun.

After  a lot of observation and the construction of many
plots, you might make a rather significant discovery.
You might find what the early Greek astronomers
learned, namely that if you assume that the planets
Mercury, Venus, Mars, Jupiter, and Saturn travel in
circular orbits about the sun, while the sun is traveling
in a circular orbit about the earth, then you can explain
all the peculiar motion of the planets.  This is a
remarkable simplification and compelling evidence
that there is a simple order underlying the motion of
celestial objects.

One of the features of astronomical observations is that
they become more accurate as time passes.  If you
observe the moon for 100 orbits, you can determine the
average period of the moon nearly 100 times more
accurately than from the observation of a single period.
You can also detect any gradual shift of the orbit 100
times more accurately.

Earth orbit

Mars orbit

Apparent retrograde orbit

Background stars

Figure 26
Retrograde motion of the planet Mars.
Modern view of why Mars appears to
reverse its direction of motion for a while.
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Even by the time of the famous Greek astronomer Ptolemy
in the second century AD, observations of the positions
of the planets had been made for a sufficiently long time
that it had become clear that the planets did not travel in
precisely circular orbits about the sun.  Some way was
needed to explain the non circularity of the orbits.

The simplicity of a circular orbit was such a compelling
idea that it was not abandoned.  Recall that the apparently
peculiar motion of Mars could be explained by assuming
that Mars traveled in a circular orbit about the sun which
in turn traveled in a circular orbit about the earth.  By
having circular orbits centered on points that are them-
selves in circular orbits, you can construct complex
orbits.  By choosing enough circles with the correct radii
and periods, you can construct any kind of orbit you wish.

Ptolemy explained the slight variations in the planetary
orbits by assuming that the planets traveled in circles
around points which traveled in circles about the sun,
which in turn traveled in a circle about the earth.  The extra
cycle in this scheme was called an epicycle.  With just a
few epicycles, Ptolemy was able to accurately explain all
observations of planetary motion made by the second
century AD.

With 1500 more years of planetary observations, Ptolemy's
scheme was no longer working well.  With far more
accurate observations over this long span of time, it was
necessary to introduce many more epicycles into Ptolemy's
scheme in order to explain the positions of the planets.

Even before problems with Ptolemy's scheme became
apparent, there were those who argued that the scheme
would be simpler if the sun were at the center of the solar
system and all the planets, including the earth, moved in
circles about the sun.  This view was not taken seriously
in ancient times, because such a scheme would predict
that the earth was moving at a tremendous speed, a
motion that surely would be felt.  (The principle of
relativity was not understood at that time.)

For similar reasons, one did not use the rotation of the
earth to explain the daily motion of sun, moon, and stars.
That would imply that the surface of the earth at the
equator would be moving at a speed of around a thousand
miles per hour, an unimaginable speed!

In 1543, Nicolaus Copernicus put forth a detailed plan for
the motion of the planets from the point of view that the
sun was the center of the solar system and that all the

planets moved in circular orbits about the sun.  Such a
theory not only conflicted with common sense about
feeling the motion of the earth, but also displaced the earth
and mankind from the center of the universe, two results
quite unacceptable to many scholars and theologians.

Copernicus' theory was not quite as simple as it first
sounds.  Because of the accuracy with which planetary
motion was know by 1543, it was necessary to include
epicycles in the planetary orbits in Copernicus' model.

Starting around 1576, the Dutch astronomer Tycho Brahe
made a series of observations of the planetary positions
that were a significant improvement over previous mea-
surements.  This work was done before the invention of
the telescope, using apparatus like that shown in Figure
(27).  Tycho Brahe did not happen to believe in the
Copernican sun-centered theory, but that had little

Figure 27
Tycho Brahe’s apparatus.
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Kepler's First Law
Kepler's first law states that the planets move in ellip-
tical orbits with the sun at one focus.  By analogy we
should find from our Orbit 1 program that earth satel-
lites move in elliptical orbits with the center of the earth
at one focus.  To check this prediction, we need to know
how to construct an ellipse and determine where the
focus is located.

The arch above the entrance to many of the old New
England horse sheds was a section of an ellipse.  The
carpenters drew the curve by placing two nails on a
wide board, attaching the ends of a string to each nail,
and moving a pencil around while keeping the string
taut as shown in Figure (28).  The result is half an ellipse
with a nail at each one of the focuses.  (If you are in the
Mormon Tabernacle’s elliptical auditorium and drop a
pin at one focus, the pin drop can be heard at the other
focus because the sound waves bouncing off the walls
all travel the same distance and add up constructively
at the second focus point.)

To see if the satellite orbit from the Orbit 1 program is
an ellipse, we first locate the second focus using the
output shown in Figure (25a) by locating the point
symmetrically across from the center of the earth as
shown in Figure (29).  Then at several points along the
orbit we draw lines from that point to each focus as
shown, and see if the total length of the lines (what
would be the length of the stretched string) remains
constant as we go around the orbit).

Figure 28
Ellipse constructed with two nails and a string.

effect on the reason for making the more accurate
observations.  Both the Ptolemaic and Copernican
systems relied on epicycles, and more accurate data
was needed to improve the predictive power of these
theories.

Johannes Kepler, a student of Tycho Brahe, started
from the simplicity inherent in the Copernican system,
but went one step farther than Copernicus.  Abandon-
ing the idea that planetary motion had to be described
in terms of circular orbits and epicycles, Kepler used
Tycho Brahe's accurate data to look for a better way to
describe the planet's motion.  Kepler found that the
planetary orbits were accurately and simply described
by ellipses, where the sun was at one of the focuses of
the ellipse.  (We will soon discuss the properties of
ellipses.)  Kepler also found a simple rule relating the
speed of the planet to the area swept out by a line drawn
from the planet to the sun.  And thirdly, he discovered
that the ratio of the cube of the orbital radius to the
square of the period was the same for all planets.  These
three results are known as Kepler's three laws of
planetary motion.

Kepler's three simple rules for planetary motion, which
we will discuss in more detail shortly, replaced and
improved upon the complex system of epicycles needed
by all previous theories.  After Kepler's discovery, it
was obvious that the sun-centered system and elliptical
orbits provided by far the simplest description of the
motion of the heavenly objects.  For Isaac Newton,  half
a century later, Kepler's laws served as a fundamental
test of his theories of motion and gravitation.  We will
now use Kepler's laws in a similar way, as a test of the
validity of the Orbit 1 program and our techniques for
predicting motion.

Figure 29
Checking that our satellite orbits are an ellipse.  We
construct a second focus, and then see if the sum of
the distances from each focus to a point on the
ellipse in the same for any point around the ellipse.
For this diagram, we should show that a+b = c+d.

focus

a

bc

d

focus

nail nail

string

board
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Exercise 13
Using the output from your Orbit 1 program, check that
the orbit is an ellipse.

Exercise 14

Slightly alter the initial conditions of your Orbit 1 program
to get a different shaped orbit.  (Preferably, make the
orbit more stretched out.)  Check that the resulting orbit
is still an ellipse.

Kepler's Second Law
Kepler's second law relates the speed of the planet to the
area swept out by a line connecting the sun to the planet.
If we think of the sun as being at the origin of the
coordinate system, then the line from the sun to the
planet is what we have been calling the coordinate
vector  R .  It is also called the radius vector R .  Kepler's
second law explicitly states that the radius vectorR
sweeps out equal areas in equal times.

To apply Kepler's second law to the output of our Orbit
1 program, we note that we had the computer plot a
cross at equal times along the orbit.  Thus the area swept
out by the radius vector should be the same as R moves
from one cross to the next.  To check this prediction, we

have in Figure (30) reproduced the output of Figure
(25a), shaded the areas swept out as R moves from
positions A to B, from C to D, and from E to F.  These
areas should look approximately equal; you will check
that they are in fact equal in Exercise 15.

The most significant consequence of Kepler's second
law is that in order to sweep out equal areas while the
radius vector is changing length, the planet or satellite
must move more rapidly when the radius vector is
short, and more slowly when the radius vector is long.
The planet moves more rapidly when in close to the
sun, and more slowly when far away.

An extreme example of elliptical satellite orbits are the
orbits of some of the comets that periodically visit the
sun.  Halley's comet, for example, visits the sun once
every 76 years.  The comet spends about 1 year in the
close vicinity of the sun, where it is visible from the
earth, and the other 75 years on the rest of its orbit which
goes out beyond the edge of the planetary system.  The
comet moves rapidly past the sun, and spends the
majority of the 76 year orbital period creeping around
the back side of its orbit where its radius vector is very
long.

R

A

B

C

D

E F

R

R

Figure 30

Kepler’s Second Law.  The radius vector R should sweep out equal areas in equal time.
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Exercise 15
For both of your plots from Exercises 13 and 14, check
that the satellite's radius vector sweeps out equal areas
in equal times.  Explicitly compare the area swept out
during a time interval where the satellite is in close to the
earth to an equal time interval where the satellite is far
from the earth.

This exercise requires that you measure the areas of
lopsided pie-shaped sections.  There are a number of
ways of doing this.  You can, for example, draw the
sections out on graph paper and count the squares, you
can break the areas up into triangles and calculate the
areas of the triangles, or you can cut the areas out of
cardboard and weigh them.

Kepler's Third Law
Kepler's third law states that the ratio of the cube of the
orbital radius R to the square of the period T is the same
ratio for all the planets.  We can easily use Newton's
laws of gravity and motion to check this result for the
case of circular orbits.  The result, which you are to
calculate in Exercise 16, is

  R3

T2
=

GMs

4π2
(20)

where  Ms  is the mass of the sun.  In this calculation, the
mass  mp  of the planet, the orbital radius R, the speed
v all cancelled, leaving only the sun mass  Ms  as a
variable.  Since all the planets orbit the same sun, this
ratio should be the same for all the planets.

When the planet is in an elliptical orbit, the length of the
radius vector R changes as the planet goes around the
sun.  What Kepler found was that the ratio  of    R3/T2

was constant if you used the "semi major axis" for R.
The semi major axis is the half the maximum diameter
of the ellipse, shown in Figure (31).  As an optional
Exercise (17), you can compare the ratio of   R3/T2 for
the two elliptical orbits of Exercises (13) and (14),
using the semi major axis for R.

Exercise 16
Consider the example of a planet of mass  mp  in a
circular orbit about the sun whose mass is  Ms .  Using
Newton's second law and Newton's law of gravity, and
the fact that for circular motion the magnitude of the
acceleration is  v2/ R , solve for the radius R of the orbit.
Then use the fact that the period T is the distance   2 πR
divided by the speed v, and construct the ratio   R3/T2  .
All the variables except  Ms  should cancel and you
should get the result shown in Equation 20.

Exercise 17 (optional)

A more general statement of Kepler's third law, that
applies to elliptical orbits, is that   R3/T2  is the same for
all the planets, where R is the semi major axis of the
ellipse (as shown in Figure (31)).  Check this prediction
for the two elliptical orbits used in Exercises (13) and
(14).  In both of those examples the satellite was orbiting
the same earth, thus the ratios should be the same.

Semi major axis

Figure 31
The semi major axis of an ellipse.
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MODIFIED GRAVITY
AND GENERAL RELATIVITY
After we have verified that the Orbit 1 program calcu-
lates orbits that are in agreement with Kepler’s laws of
motion, we should be reasonably confident that the
program is ready to serve as a laboratory for the study
of new phenomena we have not necessarily encoun-
tered before.  To illustrate what we can do, we will
begin with a question that cannot be answered in the
lab.  What would happen if we modified the law of
gravity?  What, for example, would happen if we
changed the universal constant G, or altered the expo-
nent on the r dependence of the force?  With the
computer program, these questions are easily answered.
We simply make the change and see what happens.

These changes should not be made completely without
thought.  I have seen a project where a student tried to
observe the effect of changing the mass of the satellite.
After many plots, he concluded that the effect was not
great.  That is not a surprising result considering the fact
that the mass  ms of the satellite cancels out when you
equate the gravitational force to  msa.

One can also see that, as far as its effect on a satellite’s
orbit, changing the universal constant G will have an
effect equivalent to changing the earth mass  Me .  Since
Kepler’s laws did not depend particularly on what mass
our sun had, one suspects that Kepler’s laws should
also hold when G or  Me  are modified.  This guess can
easily be checked using the Orbit 1 program.

Changing the r dependence of the gravitational force is
another matter.  After developing the special theory of
relativity, Einstein took a look at Newton’s theory of
gravity and saw that it was not consistent with the
principle of relativity.  For one thing, because the
Newtonian gravitational force is supposed to point to
the current instantaneous position of a mass, it should
be possible using Newtonian gravity to send signals
faster than the speed of light.  (Think about how you
might do that.)

From the period of time between 1905 and 1915
Einstein worked out a new theory of gravity that was
consistent with special relativity and, in the limit of
slowly moving, not too massive objects, gave the same
results as Newtonian gravity.  We will get to see how
this process works when, in the latter half of this text we

start with Coulomb’s electric force law, include the
effects of special relativity, and find that magnetism is
one of the essential consequences of this combination.

Einstein’s relativistic theory of gravity  is more com-
plex than the theory of electricity and magnetism, and
the new predictions of the theory are much harder to
test.  It turns out that Newtonian gravity accurately
describes almost all planetary motion we can observe
in our solar system.  Einstein calculated that his new
theory of gravity should predict new observable effects
only in the case of the orbit of Mercury and in the
deflection of starlight as it passed the rim of the sun.  In
1917 Sir Arthur Eddington led a famous eclipse expe-
dition in which the deflection of starlight past the rim
of the eclipsed sun could be observed.  The deflection
predicted by Einstein was observed, making this the
first clear correction to Newtonian gravity detected in
250 years. Einstein’s real fame began with the success
of the Eddington expedition.

While Einstein set out to construct a theory of gravity
consistent with special relativity, he was also im-
pressed by the connection between gravity and space.
Because all projectiles here on the surface of the earth
have the same downward acceleration, if you were in
a sealed room you could not be completely sure whether
your room was on the surface of the earth, and the
downward accelerations were caused by gravity, or
whether you were out in space, and your room was
accelerating upward with an acceleration g.  These
equivalent situations are shown in Figure (32).

g

stationary elevator

falling ball

g

accelerating elevator

floating ball

gravity no gravity

Figure 32
Equivalent situations.  Explain why you would
feel the same forces if you were sitting on the
floor of each of the two rooms.
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The equivalence between a gravitational force and an
acceleration turned out to be the cornerstone of
Einstein’s relativistic theory of gravity.  It turned out
that Einstein’s new theory of gravity could be inter-
preted as a theory of space and time, where mass
caused a curvature of space, and what we call gravita-
tional forces were a consequence of this curvature of
space.  This geometrical theory of gravity, Einstein’s
relativistic theory, is commonly called the General
Theory of Relativity.

As they often say in textbooks, a full discussion of
Einstein’s relativistic theory of gravity is “beyond the
scope of this text”.  However we can look at at least one
of the predictions.  As far as satellite orbit calculations
are concerned, we can think of Einstein’s theory as a
slight modification of the Newtonian theory.  We have
seen that any modification of the factors G,  ms or  me in
the Newtonian gravitational force law would not have
a detectable effect.  The only thing we could notice is
some change in the exponent of r.

With a few of quick runs of the Orbit 1 program, you
will discover that the satellite orbit is very sensitive to
the exponent of r.  In Figure (33) we have changed the
exponent from – 2 to – 1.9.  This simply requires
changing

  G*ms*me R∧2me R∧2

to

  G*ms*me R∧1.9me R∧1.9

in the formula for  Fg .  The result is a striking change
in the orbit.  When the exponent is – 2, the elliptical
orbit is rock steady.  When we change the exponent to
– 1.9, the ellipse starts rotating around the earth.  This
rotation of the ellipse is called the precession of the
perihelion, where the word “perihelion” describes the
line connecting the two focuses of the ellipse.

A  1/r2  force law is unique in that only for this
exponent, – 2, does the perihelion, the axis of the
elliptical orbit, remain steady.  For any other value of
the exponent, the perihelion  rotates or precesses  one
way or another.

It turns out that a number of effects can cause the
perihelion of a planet’s orbit to precess.  The biggest
effect we have not yet discussed is the fact that there are
a number of planets all orbiting the sun at the same time,
and these planets all exert slight forces on each other.
These slight forces cause slight perihelion precessions.

In the 250 years from the time of Newton’s discovery
of the law of gravity, to the early 1900s, astronomers
carefully worked out the predicted orbits of the planets,
including the effects of the forces between the planets
themselves.  This work, done before the development
of computers, was an extremely laborious task.  A good
fraction of one’s lifetime work could be spent on a
single calculation.

Figure 33
Planetary orbit when the gravitational
force is modified to a   1 / r1.9  force.
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The orbit of the planet Mercury provided a good test of
these calculations because its orbital ellipse is more
extended than that of the other close-in planets.  The
more extended an ellipse, the easier it is to observe a
precession.  (You cannot even detect a precession for
a circular orbit.)  Mercury’s orbit has a small but
observable precession.  Its orbit precesses by an angle
that is slightly less than .2 degrees every century.  This
is a very small precession which you could never detect
in one orbit.  But the orbit of Mercury has been
observed for about 3000 years, or 30 centuries.  That is
over a 5 degree precession which is easily detectable.

When measuring small angles, astronomers divide the
degree into 60 minutes of arc, and for even smaller
angles, divide the minute into 60 seconds of arc.  One
second of arc, 1/3600 of a degree, is a very small angle.
A basketball 30 miles distant subtends an angle of
about 1 second of arc.  In these units, Mercury’s orbit
precesses about 650 seconds of arc per century.

By 1900, astronomers doing Newtonian mechanics
calculations could account for all but 43 seconds of arc
per century precession of Mercury’s orbit as being
caused by the influence of neighboring planets.  The 43
seconds of arc discrepancy could not be explained.
One of the important predictions of Einstein’s relativ-
istic theory of gravity is that it predicts a 43 second of
arc per century precession of Mercury’s orbit, a preces-
sion caused by a change in the gravitational force law
and not due to neighboring planets.  Einstein used this
explanation of the 43 seconds of arc discrepancy as the
main experimental foundation for his relativistic theory
of gravity when he just presented it in 1915.  The
importance of the Eddington eclipse expedition in
1917 is that a completely new phenomena, predicted
by Einstein’s theory, was detected.

(The Eddington expedition verified more than just the
fact that light is deflected by the gravitational attraction
of a star.  You can easily construct a theory where the
energy in the light beam is related to mass via the
formula  E = mc 2 , and then use Newtonian gravity to
predict a deflection.  Einstein’s General Relativity
predicts a deflection twice as large as this modified
Newtonian approach.  The Eddington expedition ob-
served the larger prediction of General Relativity,
providing convincing evidence that General Relativity
rather than Newtonian gravity was the more correct
theory of gravity.)

Exercise 18

Start with your Orbit 1 program, modify the exponent in
the gravitational force law, and see what happens.
Begin with a small modification so that you can see how
to plot the results. (If you make a larger modification, you
will have to change the plotting window to get interest-
ing results.)

(To get the 43 seconds of arc per century precession of
Mercury’s orbit, using a modified gravitational force
law, the force should be proportional to  1/ r2.00000016

instead of  1/ r2.)
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CONSERVATION OF
ANGULAR MOMENTUM
With the ability to work with realistic satellite orbits
rather than just the circular orbits, we will be able to
make significant tests of the laws of conservation of
angular momentum and of energy, as applied to satel-
lite motion.  In this section, we will first see how
Kepler’s second law of planetary motion is a direct
consequence of the conservation of angular momen-
tum, and then do some calculations with the Orbit 1
program to see that a satellite’s angular momentum is
in fact conserved—does not change as the satellite goes
around the earth.  In the next section we will first take
a more general look at the idea of a conservation law,
and then apply this discussion to the conservation of
energy for satellite orbits.

Recall that Kepler’s second law of planetary motion
states that a line from the sun to the planet, the radius
vector, sweeps out equal areas in equal times.  For this
to be true when the planet is in an elliptical orbit, the
planet must move faster when in close to the sun and the
radius vector is short, and slower when far away and the
radius vector is long.

To intuitively see that this speeding up and slowing
down is a consequence of the conservation of angular
momentum, one can modify the three dumbbell experi-
ment we used to demonstrate the conservation of

angular momentum.  In this demonstration the instruc-
tor uses only one dumbbell.  After a student assists the
instructor in getting his rotation started, the instructor
extends the dumbbell out to full arm’s reach, for
instance,  when he is facing the class, and pulls his arm
in when he is facing away as shown in Figure (34).
Some practice is needed to maintain this pattern and not
lose one’s balance.

The rather expected result of this demonstration is that
the instructor rotates more slowly when his arm is far
out, and more rapidly when his arm is in close.  If we
associate the dumbbell with a satellite orbiting the
earth, we see the same speeding up as the lever arm
about the axis of rotation is reduced, and slowing down
as the lever arm is increased.

A fairly simple geometrical construction demonstrates
that the rule about the radius vector sweeping out equal
areas in equal times is precisely what is required for
conservation of angular momentum.  In Figure (35a)
we have plotted an elliptical satellite orbit showing the
position of the planet for two different equal time
intervals.  The time intervals  ∆t are short enough that
we can fairly accurately represent the displacement of
the satellite by short, straight lines of length   v1∆t in the
upper triangle and   v2∆t in the lower triangle.  With this
approximation we can represent the areas swept out by
the radius vector by triangles as shown by the shaded
areas in Figure (35a).

Figure 35
Calculating the area swept out by the
planet during a short time interval   ∆∆ t .

sun
equal areas

b = v∆t

h = r
(a)

(b)

r2

∆tv2

1

2

(a) (b)

Figure 34
One dumbbell experiment.
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Now the area of a triangle is one half the base times the
altitude.  If you look at the lower triangle in Figure
(35a), and take the side   v2∆t as the base, then the
distance labeled   r2⊥ is the altitude, as seen in the sketch
in Figure (34b).  Thus the area of the triangle at position
2 is

  area swept
out at position 2
in a time ∆t

= 1
2 (base) × (altitude)

= 1
2 (v2∆t) × r2⊥

(21)

When the satellite is at position 2 in Figure (35a),
moving at a velocity  v2, the distance of closest ap-
proach if it continued at the same velocity  v2 would be
the distance   r2⊥ .  Thus   r2⊥  is the “lever arm” for the
motion of the satellite at this point in the orbit.

We get a similar formula for the area of the triangle at
position 1.  Using Kepler’s second law which says that
these areas should be equal for equal times  ∆t, we get

  1
2

v1∆t r1⊥ =
1
2

v2∆t r2⊥ (22)

Dividing Equation 22 through by  ∆t and multiplying
both sides by 2m, where m is the mass of the satellite,
gives

  m1v1r1⊥ = m2v2r2⊥ (23)

Recall that the definition of a particle’s angular mo-
mentum about some axis is the linear momentum

 p = mv times the lever arm  r⊥  (see Equations 7–15,
16).  Thus the left side of Equation 23 is the satellite’s
angular momentum at position 1, the right side at
position 2.  The statement that the satellite sweeps out
equal areas in equal times is thus equivalent to the
statement that the satellite’s angular momentum   mvr⊥
has the same value all around the orbit. Like the
dumbbell in Figure (34), the satellite moves faster
when  r⊥  is small, and slower then  r⊥  is large, in order
to conserve angular momentum.

As a direct check of the conservation of angular mo-
mentum in the satellite orbit program, note that if a
particle is located a distance x from an axis of rotation
and is moving in the y direction with a velocity  vy as
shown in Figure (36a), the lever arm about the origin is
simply x, and the particle’s angular momentum about
the origin a  is

  
a = mxvy

particle's angular
momentumin Figure (36a) (24)

Using the right hand convention illustrated in Figure
(7-14), we see that this particle has angular momentum
directed up, out of the paper.  We will call this positive
angular momentum.  (You can think of m as a small
piece of the bicycle wheel shown in Figure 7-14.)

Now consider a particle of mass m located a distance y
from the origin traveling in the – x direction as shown
in Figure (36b).  By the right hand convention the
angular momentum is still positive (you could think of
this m as another part of the same bicycle wheel), but
the x velocity is now negative.  Thus the formula for this
particle’s angular momentum is

 b = – myvx (25)

We have to put in the minus (–) sign to counteract the
fact that  vx is negative but  b  is positive.

It turns out that if a particle is in the xy plane at some
arbitrary position  R = (x,y), and has some arbitrary
velocity  v = (vx,vy) in the xy plane, then the formula
for the angular momentum  0  of the particle about the
origin is

 o = m xvy – yvx (26)

y

m

vy

0 x
x

Figure 36b

Here   = myvx.

Figure 36a

Here   = mx vy .

y

m

vx

0
x

y
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You  can see that this general result is just a combina-
tion of the two special cases we considered in Figures
(36) and Equations 24 and 25.  (Equation 26 also comes
from the formula   = m r × v where   r × v is the vector
cross product of r and v.  We will discuss vector cross
products in detail later in Chapter 11.  For now Equa-
tion 26 is all we need.)

With Equation 26, we can easily test whether angular
momentum is in fact conserved in our satellite orbit
calculations.  By the end of the calculational loop, we
have already calculated new values of the satellite’s x
and y coordinates  Rx and  Ry , and x and y velocity
components  vx and  vy .  Thus to calculate the satellite’s
angular momentum, all we need is the line

 LET Lz = M * Rx*Vy – Ry*Vx (27)

where we are using the name  Lz  because we are
observing the z component of the satellite’s angular
momentum, as indicated in Figure (37).

To check that angular momentum is conserved, we
could add a print line at the end of the calculational loop
like

IF MOD (I, 40) = 0  THEN PRINT Rx, Ry, Lz
(28)

By printing the values of  Rx and  Ry as well as  Lz , we
can see where the satellite is in its orbit as well as the
value of the angular momentum at that point.

Exercise 19

Add lines (27) and (28) to your Orbit 1 program and
check that angular momentum is conserved.  Use
several different initial conditions so that you can check
conservation of angular momentum for different ellipti-
cal orbits.  (Make sure that  Lz is calculated within the
calculational loop so that the latest values of  Rx,  Ry, Vx
and Vy are used for each calculation.)  Also, if you set the
satellite mass m equal to 1, the values for  Lz will be
easier to interpret.  (The value of the constant m does not
matter since you are simply checking that  Lz  is constant
during the satellite’s orbital motion.)

Exercise 20

The fact that angular momentum is conserved in Exer-
cise 19 should not be too surprising because you have
already checked in earlier exercises that the elliptical
orbit obeys Kepler’s second law, and as we have just
seen, Kepler’s second law implies conservation of
angular momentum.  In this exercise, see if angular
momentum is also conserved if we modify the gravita-
tional force law as we did in Exercise 19.  Take your
program from Exercise 19, the one that prints out the
values of the angular momentum, change the exponent
of r in Newton’s law of gravity, and see if angular
momentum is conserved while the ellipse is precessing.

y

x

z

rotating
wheel

Figure 37
Angular momentum vector of a rotating wheel.
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CONSERVATION OF ENERGY
In addition to angular momentum, there is another
quantity that is conserved during a satellite’s orbital
motion.  In Chapter 10, which is completely devoted to
the topic of energy, we will discuss techniques for
deriving formulas for various forms of energy.  But it
is not necessary to be able to derive energy formulas in
order to be able to appreciate and use the concept.

The fundamental idea behind the concept of energy is
that energy is a conserved quantity.  To study the
conservation of energy is often a more difficult job than
studying the conservation of linear or angular momen-
tum, because there are many forms that energy can
take, and not all the forms are easy to recognize.  But in
certain simple examples like the motion of an earth
satellite, there are only two forms of energy we have to
deal with, and the conservation of energy is easy to
observe.

Unlike linear and angular momentum, energy does not
point anywhere.  Energy is represented by a number,
not a vector.  You get a bill from your electric company
for the amount of electrical energy you used the previ-
ous month.  The electric company has a formula, based
on the reading of your electric meter, for the amount of
electrical energy you used.  Because energy is con-
served, the power company could not create the energy
they sold you out of nothing, they probably got the
energy either from a nuclear power plant or by burning
fossil fuels.  If they got the energy from fossil fuels, that
energy originally came from the sun, from the combin-
ing of hydrogen nuclei to form helium nuclei.  If the
electricity came from a nuclear power plant, the energy
came from the splitting of large uranium or plutonium
nuclei into smaller nuclei.  The uranium and plutonium
nuclei were formed by  getting their energy from a
supernova explosion that must have occurred over
five billion years ago.

In our discussion of energy in Chapter 10, we will see
that there is a close analogy between keeping track of
your checkbook balance in a bank and keeping a record
of the amount of energy a system has.  With a bank

balance, there is a convention that if your balance is
positive, the bank owes you money, and if the balance
is negative, you owe the bank money.  A zero balance
indicates that neither owes each other anything.  If the
bank is not worried about your credit, it does not make
much difference whether your balance is positive,
negative or zero, you can still write checks, make
deposits, and go about your normal business.

In the way we deal with energy, what we call the zero
of energy does not make much difference either.  We
can think of a power company borrowing energy from
a coal company just as it borrows money from a bank.
In this sense the power company can have a negative
energy balance just as it has a negative bank balance.
The fact that energy is conserved means that the power
company cannot create energy out of nothing to repay
the debt.  The difference between the power company
and physical systems like satellites in orbit is that we let
power companies pay their energy debt with cash, a
physical system can increase its energy balance only by
getting energy from somewhere else.

In our accounting scheme for energy, some terms are
positive and some are negative.  The term called kinetic
energy is always positive.  In most circumstances,
kinetic energy is given by the formula   1/2 mv2 where
m is the mass of the object and v the object’s speed.
Kinetic energy is positive because  neither  m or
1/2 m  v2 can become negative.

To observe conservation of energy for satellite motion,
it is necessary to account for two forms of energy.  One
is kinetic energy 1/2  v2, the other is what is called
gravitational potential energy.  Our formula for gravi-
tational potential energy will be  –Gmsme/r  where G
is the gravitational constant,  ms  and  me  the masses of
the satellite and earth respectively, and r the separation
between them.  This formula looks much like the
gravitational force formula, except that it is propor-
tional to 1/r rather than  1/r2 .
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What is often upsetting to students when they first
encounter the gravitational potential energy formula is
the minus sign.  How can energy be negative?  This is
essentially a result of our accounting procedure.  The
important feature of energy is that it is conserved.  If the
gravitational potential energy in some part of an orbit
becomes more negative, then the kinetic energy has to
become more positive so that the total is conserved, i.e.,
stays constant.  As far as energy conservation is con-
cerned, it does not make any difference what the total
energy is, as long as it is constant.

At this point we have made no effort to explain where
the formulas  1/2 mv2  for kinetic energy and

 –Gmsme/r for gravitational potential energy came
from.  That is a subject for Chapter 10.  What we are
concerned with now is to see if the Total Energy, the
sum of these two, is conserved as the satellite moves
around its orbit.

  total energy
of a satellite
in orbit

= kinetic
energy +

gravitational
potential
energy

Etot = 1
2 mv2 –

G msme
r

(29)

We will check for conservation of energy in much the
same way we checked for conservation of angular
momentum using our Orbit 1 program.   Near the end
of the calculational loop, after we have calculated the
latest values of the satellite position r and velocity v,
and have also calculated the corresponding magni-
tudes r and v, we can add the line

 LET Etot = Ms*V*V/2 – G*Ms*Me/R (30)

Then we can add a print line like

 IF MOD(I, 40) = 0 THEN PRINT Rx, Ry, Etot

By looking at the printed values of  Etot we can see
whether this formula for  Etot is conserved as the
satellite moves around.

Exercise 21
Using the steps described above, check that the
satellite’s total energy  Etot is conserved.  (You will notice
slight variations in the value of  Etot, the values are not as
steady as they were in the printout of angular momen-
tum.  Exercise 22 suggests a way of improving the
energy calculation and getting better results.)

As a variation, print out the values of the kinetic energy,
potential energy and  Etot.  You will see big changes in
the kinetic and potential energy, while the sum  Etot
remains nearly constant.  Start the satellite with different
initial conditions and check for energy conservation for
different elliptical orbits.

Exercise 22
We can obtain a more accurate calculation of the
satellite’s total energy by slightly modifying the value
of v used in the kinetic energy formula.  When we put
the calculation of  Etot at the end of the calculational
loop, we are using the value of v at the end of the time
step dt.  It turns out that we get a more accurate
energy calculation if we use a value of v that is the
average of the value we had when we entered the
calculational loop and the value a time dt later when
we left.  This averaging is easily accomplished using
the following commands inserted into your calcula-
tional loop.

  LET Vold = V new linesaving old value of v

LET Vx = . . .

LET Vy = . . . your old lines calculating
the next new value of v

LET V = SQR ( Vx * Vx + Vy * Vy)

LET Vnew = V saving the new value of V

LETV = ( Vold+ Vnew) /2 setting V to the averagevalue

LET Etot = ( Ms* V * V )/2 – G * Ms* Me/R

The steps above using the average of  Vnew and  Vold for
V in the calculation of the kinetic energy represents the
kind of specialized computer trick we have tried to avoid
in this text.  However, the trick works so well, the
improvement in the value of the total energy is so great
that it is worth the effort.  This is particularly true for
project work where a check for conservation of energy
is the main check of the validity of the calculation.  (You
can usually spot computer errors by printing out the total
energy, because computer errors almost never con-
serve energy.
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Exercise 23 (optional, more like a project)
It turns out that if we modify the formula for the
gravitational force, for example changing the expo-
nent of r from + 2 to – 1.9, we also have to modify the
formula for the gravitational potential energy in order
to observe energy conservation.  You will learn in
Chapter 10 that the formula for the gravitational
potential energy is the integral of the magnitude of the
force.  We can, for example, obtain our formula for
gravitational potential energy from the gravitational
force formula by the following integration

   Gmsme
r2 dr

∞

r

= –
Gmsme

r (31)

If you modify the gravitational force formula, you can do
the same kind of integration to get the corresponding
potential energy formula.  (In Chapter 10 we will have a
lot more to say about this integration.  For now you can
treat the integration as a convenient device for obtain-
ing the potential energy formula.  Since the important
feature of energy is that it is conserved, if you find from
running your Orbit 1 program that the total energy turns
out to be conserved, you know you have the correct
potential energy formula no matter how it was derived.)

For this exercise, start by modifying the gravitational
force law by changing the exponent of r from + 2 to – 1.9.
Then run your Orbit 1 program using the formula

 – Gmsme /r  for potential energy to see that this formula
does not work.  (Use the accurate version of the
program from Exercise 22 so that you can be more
confident of the results.)

Then integrate  Gmsme /r1.9 to find a new potential
energy formula.  See if energy is conserved with your
new formula.  Once this is successful, try some other
modification.



Chapter 9
Applications of
Newton’s Second
Law

In the last chapter our focus was on the motion of
planets and satellites, the study of which historically
lead to the discovery of Newton’s law of motion and
gravity.  In this chapter we will discuss various appli-
cations of Newton’s laws as applied to objects we
encounter here on earth in our daily lives.  This chapter
contains many of the examples and exercises that are
more traditionally associated with an introductory
physics course.

CHAPTER 9 APPLICATIONS OF
NEWTON’S SECOND LAW
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ADDITION OF FORCES
The main new concepts discussed in this chapter are
how to deal with a situation in which several forces are
acting at the same time on an object.  We had a clue for
how to deal with this situation in our discussion of
projectile motion with air resistance, where in Figure
(1)  reproduced here, we saw that the acceleration a  of
the Styrofoam projectile was the vector sum of the
acceleration g  produced by gravity and the accelera-
tion  aair  produced by the air resistance

 a = g + aair (1)

If we multiply Equation 1 through by m, the mass of the
ball, we get

 ma = mg + maair (2)

We know that  mg  is the gravitational force acting on
the ball, and it seems fairly clear that we should identify

 maair  as the force  Fair  that the air is exerting on the ball.
Thus Equation 2 can be written

 ma = Fg + Fair

In other words the vector  ma , the ball’s mass times its
acceleration, is equal to the vector sum of the forces
acting upon it.  More formally we can write this
statement in the form

   
ma = FiΣ

i

=
the vector sum of
the forces acting
on the object

more general
form of Newton's
second law

(4)

Equation 4 forms the basis of this chapter.  The basic
rule is that, to predict the acceleration of an object, you
first identify all the forces acting on the object. You
then take the vector sum of these forces, and the result
is the object’s mass m times its acceleration a .

When we begin to apply Equation 4 in the laboratory,
we will be somewhat limited in the number of different
forces that we can identify.  In fact there is only one
force for which we have an explicit and accurate
formula, and that is the gravitational force  mg  that acts
on a mass m.  Our first step will be to identify other
forces such as the force exerted by a stretched spring,
so that we can study situations in which more than one
force is acting.

3

"wind"

v
3

a
g

air

a3

a air3 = g + a

Figure 1
Vector addition of accelerations.

sF

m

mg
Figure 2
Spring force balanced by the gravitational force.



9-3

SPRING FORCES
The simplest way to study spring forces is to suspend
a spring from one end and hang a mass on the other as
shown in Figure (2).  If you wait until the mass m has
come to rest, the acceleration of the mass is zero and
you then know that the vector sum of the forces on m
is zero.  In this simple case the only forces acting on m
are the downward gravitational force  mg  and the
upward spring force  Fs .  We thus have by Newton’s
second law

  FiΣ
i

= Fs + mg = ma = 0 (5)

and we immediately get that the magnitude  Fs  of the
spring force is equal to the magnitude mg of the
gravitational force.

As we add more mass to the end of the spring, the spring
stretches.  The fact that the more we stretch the spring,
the more mass it supports, means that the more we
stretch the spring the harder it pulls back, the greater  Fs
becomes.

To measure the spring force, we started with a spring
suspended from a nail and hung 50 gm masses on the
end, as shown in Figure (3).  With  only one 50 gram
mass, the length S of the spring, from the nail  to the
hook on the mass, was 45.4 cm.  When we added

another 50 gm mass, the spring stretched to a length of
54.8 centimeters.  We added up to five 50 gram masses
and plotted the results shown in Figure (4).

Looking at the plot in Figure (4) we see that the points
lie along a straight line.  This means that the spring force
is linearly proportional to the distance the spring has
been stretched.

To find the formula for the spring force, we first draw
a line through the experimental points and note that the
line crosses the zero force axis at a length of 35.9 cm.
We will call this distance the unstretched length  So .

Thus the distance the spring has been stretched is
 S – So , and the spring force should be linearly pro-

portional to this distance.  Writing the spring force
formula in the form

 
Fs = k S – So

(6)

all we have left is determine the spring constant k.

300
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S

Figure 3
Calibrating the spring force.

Figure 4
Plot of the length of the spring as
a function of the force it exerts.
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The easy way to find the value of k is to solve Equation
6 for k and plug in a numerical value that lies on the
straight line we drew through the experimental points.
Using the value   Fs = 200 gm× 980 cm /sec

  = 19.6 × 104 dynes when the spring is stretched to a
distance S = 73.7 cm gives

  
k =

Fs

S – So

=
19.6 × 104 dynes

73.7 – 35.9 cm

= 5.18 × 103 dynes
cm

Equation 6, the statement that the force exerted by a
spring is linearly proportional to the distance the spring
is stretched, is known as Hooke’s law.  Hooke was a
contemporary of Isaac Newton, and was one of the first
to suspect that gravitational forces decreased as  1/r2.
There was a dispute between Hooke and Newton as to
who understood this relationship first.  It may be more
of a consolation award that the empirical spring force
“law” was named after Hooke, while Newton gets
credit for the basic gravitational force law.

Hooke’s law, by the way, only applies to springs if you
do not stretch them too far.  If you exceed the “elastic
limit”, i.e., stretch them so far that they do not return to
the original length, you have effectively changed the
spring constant k.

The Spring Pendulum
The spring pendulum experiment is one that nicely
demonstrates that an object’s acceleration is propor-
tional to the vector sum of the forces acting on it .  In this
experiment, shown in Figure (5), we attach one end of
a spring to a nail, hang a ball on the other end, pull the
ball back off to one side, and let go.  The ball loops
around as seen in the strobe photograph of Figure (6).
The orbit of the ball is improved, i.e., made more open
and easier to analyze, if we insert a short section of
string between the end of the spring and the nail, as
indicated in Figure (5).

This experiment does not appear in conventional text-
books because it cannot be analyzed using calculus—
there is no analytic solution for this motion.  But the
analysis is quite simple using graphical methods, and a
computer can easily predict this motion.  The graphical
analysis most clearly illustrates the point we want to
make with this experiment, namely that the ball’s
acceleration is proportional to the vector sum of the
forces acting on the ball.

In this experiment, there are two forces simultaneously
acting on the ball.  They are the downward force of
gravity  Fg = mg , and the spring force  Fs .  The spring
force  Fs always points back toward the nail from which
the spring is suspended, and the magnitude of the

Figure 5
Experimental setup.

Figure 6
Strobe photograph of a spring pendulum.

nail

string

spring

ball
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spring force is given  by Hooke’s law  Fs = k S – So .
Since we can  calibrate the spring before the experiment
to determine k and  So , and since we can measure the
distance S  from a strobe photograph of the motion, we
can determine the spring force at each position of the
ball in the photograph.

In Figure (7) we have transferred the information about
the positions of the ball from the strobe photograph to
graph paper and labeled the first 17 positions of the ball
from – 1 to 15.  Consider the forces acting on the ball
when it is located at the position labeled 0.  The spring
force  Fs  points from the ball up to the nail which in this
photograph is located at a coordinate (50, 130).  The
distance S from the hook on the ball to the nail, the
distance we have called the stretched length of the

spring, is 93.0 cm.  You can check this for yourself by
marking off the distance from the edge of the ball to the
nail on a piece of paper, and then measuring the
separation of the marks using the graph paper (as we
did back in Figure (1) of Chapter 3).  We measure to the
edge of the ball and not the center, because that is where
the spring ends, and in calibrating the spring we mea-
sured the distance S to the end of the spring.  (If we
measured to the center of the ball, that would introduce
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Figure 7
Spring pendulum
data transferred
to graph paper.
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an error of about 1.3 cm, which produces a noticeable
error in our results.)

It turns out that we used the same spring in our
discussion of Hooke’s law as we did for the strobe
photograph in Figure (6).  Thus the graph in Figure (4)
is our calibration curve for the spring.  (The length of
string added to the spring is included in the unstretched
length  So).  Using Equation 6 for the spring force, we
get

  Fs = k S – So

= 5.18 × 103dynes
cm × 93.0 – 35.9 cm

= 29.6 × 104dynes (8)

The direction of the spring force is from the ball to the
nail. Using a scale in which  104 dynes = 1 graph paper
square, we can draw an arrow on the graph paper to
represent this spring force.  This arrow, labeled  Fs ,
starts at the center of the ball at position 0, points toward
the nail, and has a length of 29.6 graph paper squares.

Throughout the motion, the ball is subject to a gravita-
tional force  Fg  which points straight down and has a
magnitude mg.  For the strobe photograph of Figure
(6), the mass of the ball was 245 grams, thus the
gravitational force has a magnitude

  Fg = mg = 245 gm × 980 cm
sec2

= 24.0 × 104 dynes (9)

This gravitational force can be represented by a vector
labeled  mg  that starts from the center of the ball at
position 0, and goes straight down for a distance of 24
graph paper squares (again using the scale 1 square =

 104 dynes.)

The total force  Ftotal  is the vector sum of the individual
forces  Fs and  Fg

 Ftotal = Fs + mg (10)

Figure 8a
Force vectors.
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The vector addition is done graphically in Figure (8a),
giving us the total force acting on the ball when the ball
is located at position 0.  On the same figure we have
repeated the steps discussed above to determine the
total force acting on the ball when the ball is up at
position 10.  Note that there is a significant shift in the
total force acting on the ball as it moves around its orbit.

According to Newton’s second law, it is this total force
 Ftotal  that produces the ball’s acceleration a.  Explicitly

the vector ma should be equal to  Ftotal .  To check
Newton’s second law, we can graphically find the
ball’s acceleration a a  at any position in the strobe
photograph, and multiply the mass m to get the vector
ma.

In Figure (8b) we have used the techniques discussed
in Chapter 3 to determine the ball’s acceleration vector

  a∆t2  at positions 0 and 10.  (Recall that for graphical
work from a strobe photograph, we had

  a = (s2 – s1)/∆t2  or    a∆t2 = (s2 – s1) , where  s1  is
the previous and  s2  the following displacement vec-
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as the direction of the vector    a ∆t2 at position 0 in
Figure (8b).  In a similar way we have constructed the
vector  ma  at position 10 .

As a comparison between theory and experiment, we
have drawn both the vectors  Ftotal and  ma at positions
0 and 10 in Figure (8c).  While the agreement is not
exact, it is the best we can expect, considering the
accuracy with which we can read the strobe photo-
graphs.  The important result is that the vectors  Ftotal
and  ma can be seen to closely follow each other as the
ball moves around the orbit.  (In Exercise 1 we ask you
to compare  Ftotal  and  ma at a couple of more positions
to see these vectors following each other.)  (I once
showed a figure similar to Figure (8c) to a mathemati-
cian, who observed the slight discrepancy between the
vectors  Ftotal  and  ma and said, “Gee, it’s too bad the
experiment didn’t work.”  He did not have much of a
feeling for experimental errors in real experiments.)

Exercise 1

Using the data for the strobe photograph of Figure (6),
as we have been doing above, compare the vectors

 Ftotal and  ma  at two more locations of the ball.

tors and  ∆t  the time between images.)  At position 0 the
vector   a ∆t2 has a length of 5.7 cm as measured directly
from the graph paper.  Since  ∆t = .1sec  for this strobe
photograph, we have, with   ∆t2 = .01,

  a∆t2 = a× .01 = 5.7 cm

a = 5.7 cm
.01 sec2 = 570 cm

sec2

Using the fact that the mass m of the ball is 245 gm, we
find that the length of the vector  ma at position 0 is

  
ma at position0 = 245 gm × 570

cm

sec2

= 14.0 × 104 gm cm

sec2

= 14.0 × 104 dynes

In Figure (8c) we have plotted the vector ma at position
0 using the same scale of one graph paper square
equals  104 dynes .  Since ma has a magnitude of

  14.0×104 dynes , we drew an arrow 14.0 squares
long.  The direction of the arrow is in the same direction
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Acceleration vectors.
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Figure 9
Vector diagram.  Z  is the coordinate
of the nail,  R  the coordinate of the
ball, and S  the displacement of the
ball from the nail.

Z

S

nail at (50,130)

R

R Z S= +

sF

mg

nail

Figure 10
Force diagram, showing the two
forces acting on the ball.

To apply this general structure to the spring pendulum
problem, we first have to be able to describe the
direction of the spring force  Fs .  This is done using the
vector diagram of Figure (9).  The vector Z  represents
the coordinate of the nail from which the spring is
suspended, S  the displacement from the nail to the ball,
and  R  the coordinate of the ball. From Figure (9) we
immediately get the vector equation

 Z + S = R (12)

which we can solve for the spring length S

 S = R – Z (13)

From Figure (7) we see that the nail is located at the
coordinate (50,130) thus

 Z = (50,130)

Throughout the motion of the ball, the spring force
points in the –S  direction as indicated in Figure (10),
thus the formula for the spring force can be written

 Fs = –S k S – So (14)

where  k S – So  is the magnitude of the spring force
determined in Figure (4).

Computer Analysis
of the Ball Spring Pendulum
It turns out that using the computer you can do quite a
good job of predicting the motion of the ball bouncing
on the end of the spring.  A program for predicting the
motion seen in Figure (7) is listed in the appendix of this
chapter.  Here all we will discuss are the essential
features that you will find in the calculational loop of
that program.

The main features of any program that predicts the
motion of an object are the following lines, written out
in English

  ! Calculational Loop

Let Rnew = Rold + Vold * dt

Let F1 = . . . find forces acting
on the object

Let F2 = . . .

Let Ftotal = F1 + F2 + . . . find the vector
sum of the forces

Let a = Ftotal/m
Newton's
second law

Let Vnew = Vold + a * dt

Loop Until . . . ! Repeat calculation (11)
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Using Equation 6 for the spring force, the English
calculational loop for the spring pendulum becomes

 ! Calculational loop for spring pendulum

Let Rnew = Rold + Vold * dt

Let S = R – Z

Let Fs = – S * k * S – So

Let Fg = mg

Let Ftotal = Fs + Fg

Let A = Ftotal /m

Loop Until . . . (15)

A translation into BASIC of the lines for calculating S
and  Fs  would be, for example,

LET Sx    =  Rx – Zx

LET Sy    =  Ry – Zy

LET S      =  SQR (Sx * Sx + Sy * Sy)

LET Fsx  =  (– Sx / S) *  k * (S – So)

LET Fsy  =  (– Sy / S) * k * (S – So) (16)

The rest of the program, discussed in the Appendix, is
much like our earlier projectile motion programs, with
a new calculational loop.  In Figure (11) we have
plotted the results of the spring pendulum program,
where the crosses represent the predicted positions of
the ball and the squares are the experimental positions.
If you slightly adjust the initial conditions for the
motion of the ball, you can make almost all the crosses
fall within the squares.  How much adjustment of the
initial conditions you have to do gives you an indication
of the size of the errors involved in determining the
positions of the ball from the strobe photograph.

Analytic Solution
If you pull the ball straight down and let go, the ball
bounces up and down in a periodic motion that can be
analyzed using calculus.  The resulting motion is called
a sinusoidal oscillation which we will discuss in
considerable detail in Chapter 14.  You will see that if
you can use calculus to obtain an analytic solution,
there are many ways to use the results.  The oscillatory
spring motion serves as a model for describing many
phenomena in physics.

Figure 11
Output from the ball spring
program. The crosses are the
points predicted by the computer
program, while the black squares
represent the experimental data
points. The program in the
Appendix illustrates how the data
points can be plotted on the same
diagram with your computer plot.
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THE INCLINED PLANE
Galileo discovered the formulas for projectile motion
by using an inclined plane to slow the motion down,
making it easier to measure positions and velocities. He
studied rolling balls, whereas we wish to study sliding
objects using a frictionless inclined plane.

The frictionless inclined plane was more or less a
figment of the imagination of the authors of introduc-
tory textbooks, at least until the development of the air
track.  And even with an air track some small effects of
friction can be observed.  We will discuss the inclined
plane here because it illustrates a useful technique for
analyzing the forces on an object, and because it leads
to some interesting laboratory experiments.

As a simple experiment,  place a book, a floppy disk, or
some small object under one end of an air track so that
the track is tilted at an angle θ as shown in Figure (12).
If you keep the angle θ small, you can let the air cart
bounce against the bumper at the end of the track
without damaging anything.

To analyze the motion of the air cart, it helps to
exaggerate the angle θ in our drawings of the forces
involved as we have done this in Figure (13). The first
step in handling any Newton’s law problem is to
identify all the forces involved.  In this case there are
two forces acting on the air cart; the downward force of
gravity  mg  and the force  Fp of the plane against the
cart.

The main feature of a frictionless surface is that it can
exert only normal forces, i.e., forces perpendicular to
the surface.  (Any sideways forces are the result of
“friction”.)  Thus  Fp  is perpendicular to the air track,
inclined at an angle θ  away from the vertical direction.

What makes the analysis of this problem different from
the motion of the spring pendulum discussed in the last
section is the fact that the cart is constrained to move
along the air track.  This tells us immediately that the
cart accelerates along the track, and has no acceleration
perpendicular  the track.  If there is no perpendicular
acceleration, there must be no net force perpendicular
to the track.  From this fact alone we can determine the
magnitude of the force  Fp  exerted by the track.

Before we do any calculations, let us set up the problem
in such a way that we can take advantage of our
knowledge that the cart moves only along the track.
Without thinking, we would likely take the x axis to be
in the horizontal direction and the y axis in the vertical
direction.  But with this choice the cart has a component
of velocity in both the x and y directions.

The analysis is greatly simplified if we choose one of
the coordinate axes to lie along the plane.  In Figure
(14), we have chosen the x axis to lie along the plane,
and decomposed the downward gravitational force
into an x component which has a magnitude   mgsinθ
and a – y component of magnitude   mgcosθ .

Now the analysis of the problem is easy.  Starting with
Newton’s law in vector form, we have

  ma = ΣFi = mg + Fp (17)

Separating Equation 17 into its x and y components, we
get

m

θ

air track

air cart

Figure 12
Tilted air cart.

Figure 13
Forces on the air cart.
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  max = mg x = mgsinθ (18a)

  may = 0

= Fp – mg y

= Fp – mgcosθ (18b)

where we set   ay = 0  because the cart moves only in the
x direction.

From Equation 18b we immediately get

  Fp = mgcosθ (19)

as the formula for the magnitude of the force the plane
exerts on the cart.

Of more interest is the formula for ax which we imme-
diately get from Equation 18a

  
ax = gsinθ (20)

We see that the cart has a constant acceleration down
the plane, an acceleration whose magnitude is equal to
the acceleration due to gravity, but reduced by a factor

  sinθ . It is this reduction that slows down the motion,
and allowed Galileo to study motion with constant
acceleration using the crude timing devices available to
him at that time.

Exercise 2
A one meter long air track is set at an angle of

   θ = .03 radians. (This was done by placing a 3 millimeter
thick floppy disk under one end of the track.

(a) From your knowledge of the definition of the radian,
explain why, to a high degree of accuracy, the   sin θ  and
θ are the same for these small angles.

(b) The cart is released from rest at one end of the track.
How long will it take to reach the other end.  (You can
consider this to be a review of the constant acceleration
formulas.)

y

x

mg cos θ

θ

mg sin θ

Fp

mg
θ

m

Figure 14
Choosing the x axis to lie along the plane.

Portrate of Galileo

Galileo’s Inclined plane

Above photos from the informative web page
http://galileo.imss.firenze.it/museo/b/egalilg.html
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FRICTION
If you do the experiment suggested in Exercise 2,
measuring the time it takes the cart to travel down the
track when the track is tilted by a very small angle, the
results are not likely to come out very close to the
prediction.  The reason is that for such small angles, the
effects of “friction” are noticeable even on an air track.

In introductory physics texts, the word “friction” is
used to cover a multitude of sins.  With the air track,
there is no physical contact between the cart and track.
But there are air currents that support the cart and come
out around the edge of the cart.  These air currents
usually slow the air cart down, giving rise to what we
might call friction effects.

In common experience, skaters have as nearly a fric-
tionless surface as we are likely to find.  The reason that
you experience little friction when skating is not be-
cause ice itself is that slippery, but because the ice melts
under the blade of the skate and the skater travels along
on a fine ribbon of water.  The ice melts due to the
pressure of the skate against the ice.  Ice is a peculiar
substance in that it expands when it freezes.  And
conversely, you can melt it by squeezing it.  If, how-
ever, the temperature is very low, the ice does not melt
at reasonable pressures and is therefore no longer
slippery.  At temperatures of   40° F below zero, roads
on ice in Alaska are as safe to drive on as paved roads.

When two solid surfaces touch, the friction between
them is caused by an interaction between the atoms in
the surfaces.  In general, this interaction is not under-
stood.  Only recently have computer models shed some
light on what happens when clean metal surfaces
interact.  Most surfaces are quite “dirty” at an atomic
scale, contaminated by oxides, grit and whatever.  It is
unlikely that one will develop a comprehensive theory
of friction for real surfaces.

Friction, however, plays too important a role in our
lives to be ignored.  Remember the first time you tried
to skate and did not have a  surface with enough friction
to support you.  To handle friction, a number of
empirical rules have been developed.  One of the more
useful rules is “if it squeaks, oil it”.  At a slightly higher
level, but not much, are the formulas for friction that
appear in introductory physics text books.  Our  lack of
respect for these formulas comes from the experience
of trying to verify them in the laboratory.  There is some
truth to them, but the more accurately one tries to verify
them, the worse the results become.  With this state-
ment in mind about the friction formulas, we will state
them, and provide one example.  Hundreds of ex-
amples of problems involving friction formulas can be
found in other introductory texts.

Inclined Plane with Friction
In our analysis of the air cart on the inclined track, we
mentioned that a frictionless surface exerts only a
normal force on an object.  If there is any sideways
force, that is supposed to be a friction force  Ff .  In
Figure (15) we show a cart on an inclined plane, with
a friction force  Ff  included.  The normal force  Fn  is
perpendicular to the plane, the friction force  Ff  is
parallel to the plane, and gravity still points down.

m

Fn

mg

θ

F f

Figure 15
Friction force acting on the cart.
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To analyze the motion of the cart when acted on by  a
friction force, we write Newton’s second law in the
usual form

  ma = ΣFi = mg + Fn + Ff (21)

The only change from Equation 13 is that we have
added in the new force  Ff .

Since the motion of the cart is still along the plane, it is
convenient to take the x axis along the plane as shown
in Figure (16).  Breaking Equation 21 up into x and y
components now gives

  max = ΣFx = mg sin θ – Ff (22a)

  may = ΣFy = –mg cos θ + Fn = 0 (22b)

From 22b we get,

  Fn = mg cos θ (23)

which is the same result as for the frictionless plane.

The new result comes when we look at motion down
the plane.  Solving 22a for ax gives

  ax = gsinθ – Ff /m (24)

Not surprisingly, the friction force reduces the accel-
eration down the plane.

Coefficient of Friction
To go any further than Equation 24, we need some
values for the magnitude of the friction force  Ff .  It is
traditional to assume that  Ff   is proportional to the force

 Fn  between the surfaces.  Such a proportionality can be
written in the form

  Ff = µFn (25)

where the proportionality constant µ is called the
coefficient of friction.

Equation 25 makes the explicit assumption that the
friction force does not depend on the speed at which the
object is moving down the plane.  But it is easy to show
that this is too simple a model.  It is harder to start an
object sliding than to keep it sliding.  This is why you
should not jam on the brakes when trying to stop a car
suddenly.  You should keep the tires rolling so that there
is no sliding between the surface of the tire and the
surface of the road.

The difference between non slip or static friction and
sliding friction is accounted for by saying that there are
two different coefficients of friction, the static coeffi-
cient   µs  which applies when the object is not moving,
and the kinetic coefficient   µk which applies when the
objects are sliding.  For common surfaces like a rubber
tire sliding on a cement road, the static coefficient   µs
is greater than the sliding or kinetic coefficient   µk .

Let us substitute Equation 25 into Equation 24 for the
motion of an object down an inclined plane, and then
see how the hypothesis that  Ff  is proportional to  Fn
can be tested in the lab.  Using Equation 25 and 24 gives

  ax = g sin θ – Ff/m

= g sin θ – µFn/m

Using   Fn = mg cos θ gives

  ax = g sin θ – µg cos θ

= g sin θ – µ cos θ (26)

x

y

m

Fn

Ff

mg cos θ

θ

mg sin θ

mg

Figure 16
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Equation 26 clearly applies only if   sin θ  is greater than
  µ cos θ  because friction cannot pull the object back up

the plane.

If we have a block on an inclined plane, and start with
the plane at a very small angle, so that   sin θ  is much
less than   µ cos θ , the block will sit there and not slide.
If you increase the angle until   sin θ = µ cos θ, with µ
the static coefficient of friction, the block should just
start to slide.  Thus   µs

 is determined by the condition

  sin θ = µs cos θ

or dividing through by   cos θ

  µs = tan θs (27)

where θs is the angle at which slipping starts.

After the block starts sliding, µ is supposed to revert to
the smaller coefficient   µk  and the acceleration down
the plane should be

  ax = g sin θ – µk g cos θ (26a)

Supposedly one can then determine the kinetic coeffi-
cient   µk  by measuring the acceleration ax and using
Equation 26a for   µk .

If you try this experiment in the lab, you may encounter
various difficulties.  If you try to slide a block down a
reasonably smooth board, you may get fairly consistent
results and obtain values for   µs  and   µk .  But if you try
to improve the experiment by cleaning and smoothing
the surfaces, the results may become inconsistent be-
cause clean surfaces have a tendency to stick rather
than slide.

The idea that friction forces can be described by two
coefficients   µs  and   µk  allows the authors of introduc-
tory physics texts to construct all kinds of homework
problems involving friction forces.  While these prob-
lems may be good mental exercises, comparable to
solving challenging crossword puzzles, they are not
particularly appropriate for an introductory physics
course.  The reason is that the formula   Ff = µFn  is an
over simplification of a complex phenomena.  A decent
treatment of friction effects belongs in a more ad-
vanced engineering oriented course where there is time
to study the limitations and applicability of such a rule.
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STRING FORCES
Another favorite device of the authors of introductory
texts is the massless string (or rope).  The idea that a
string has a small mass compared to the object to which
it is attached is usually a very good approximation.
And strings and ropes are convenient devices for
transferring a force from one object to another.

In addition, strings have the advantage that you can
immediately tell the direction of the force they trans-
mit.  The force has to be along the direction of the string
or rope, for a string cannot pull sideways.  We used this
idea when we discussed the motion of a golf ball
swinging in a circle on the end of a string.  The string
could only pull in along the direction of the string
toward the center of the circle.  From this we concluded
that the force acting on the ball was also toward the
center of the circle, in the direction the ball was
accelerating.

To see how to analyze the forces transmitted by strings
and ropes, consider the example of two children pulling
on a rope in a game of tug of war show in Figure (17).
Let the child labeled 1 be pulling on the rope with a
force  F1 and child labeled 2 pulling with a force  F2 .
Assuming that the rope is pulled straight between them,
the forces F1 and  F2  will be oppositely directed.

Applying Newton’s second law to the rope, and assum-
ing that the force of gravity on the rope is much smaller
than either F1 or  F2  and therefore can be neglected, we
have

 mrope a rope = F1 + F2

If we now assume that the rope is effectively massless,
we get

 F1 + F2 = 0 (28)

Thus  F1  and  F2  are equal in magnitude and  oppositely
directed.  (Note that if there were a net force on a
massless rope, the rope would have an infinite accel-
eration.)

A convenient way to analyze the effects of a taut rope
or string is to say that there is a tension T in the rope, and
that this tension transmits the force along the rope.  In
Figure (18) we have redrawn the tug of war and
included the tension T.  The point where child 1 is
holding the rope is subject to the left directed force F1
exerted by the child and the right directed force caused
by the tension T in the rope.  The total force on this point
of contact is  F1 + T1 .  Since the point of contact  is
massless, we must have  F1 + T1 = 0  and therefore the
tension T on the left side of the rope is equal to the
magnitude of  F1.  A similar argument shows that the
tension force  T2  exerted on the second child is equal to
the magnitude of  F2 .  And since the magnitude of F1
and  F2  are equal, the tension forces must also be equal.

Isaac Newton noted that when a force was transmitted
via a massless medium, like our massless rope, or the
force of gravity, the objects exerted equal and opposite
forces (here  T1 and  T2 ) on each other.  He called this the
Third Law of Motion.  We will have more to say about
Newton’s third law in our discussion of systems of
particles in Chapter 11.)

F1 F2

(1) (2)

F1 F2

(1) (2)

T1 T2

T1 T2= = T

Figure 17
Tug of war.

Figure 18
Tension T in the rope.
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THE ATWOOD’S MACHINE
As an example of using a string to transmit forces,
consider the device shown in Figure (19) which is
called an Atwood’s Machine.  It simply consists of two
masses at the ends of a string, where the string runs over
a pulley.  We will assume that the pulley is massless and
the bearings in the pulley frictionless so that the only
effect of the pulley is to change the direction of the
string.

To predict the motion of the objects in Figure (19) we
start by analyzing the forces on the two masses.  Both
masses are subject to the downward force of gravity,

 m1g  and  m2g  respectively.  Let the tension in the
string be T.  As a result of this tension, the string exerts
an upward force T on both blocks as shown.  (We saw
in the last section that this force T must be the same on
both masses.)

Applying Newton’s second law to each of the masses,
noting there is only motion in the y direction, we get

 m1a 1y = T – m1g

m2a 2y = T – m2g
(29)

In Equations 29, we note that there are three unknowns
T,  a1y  and  a2y , and only two equations.  Another
relationship is needed.  This other relationship is sup-
plied by the observation that the length  of the string,
given from Figure (19a) is

 = h1 + h2 (30)

does not change.  Differentiating Equation 30 with
respect to time and setting  d /dt = 0  gives

 
 

0 =
d
dt

=
dh1

dt
+

dh2

dt
= v1 + v2

where  v1 = dh1/dt is the velocity of mass 1, etc.
Differentiating again with respect to time gives

 
0 =

dv1

dt
+

dv2

dt
= a1 + a2 (31)

Thus the desired relationship is

 a1 = – a2 (32)

(You might say that it is obvious that  a1 = – a2 ,
otherwise the string would have to stretch.  But if you
are dealing with more complicated pulley problems, it
is particularly convenient to write down a formula for
the total length of the string, and differentiate to obtain
the needed extra relationship between the accelera-
tions.)

Using Equation 32 in 29 we get

 m1a 1y = T – m1g

–m2a 1y = T – m2g
(32b)

m1

m2

m1

m2
g

g

T
T

h1 h2

m1

m2

m1

m2
g

g

T
T

Figure 19a
An Atwood’s machine consists of two masses suspended
from a string looped over a pulley. The acceleration is
proportional to the difference in mass of the two objects.

Figure 19b
Forces involved.
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Solving 32a for T to get  T = m1 a1y + g  and using this
in Equation 32b gives

 –m2a1y = m1a1y + m1g – m2g

or

 
a 1y = g

m 1 – m 2
m 1 + m 2

(33)

From Equation 33 we see that the acceleration of mass
 m1 is uniform, and equal to the acceleration due to

gravity, modified by the factor  m1 – m2 / m1 + m2 .

When you solve a new problem, see if you can check
it by seeing if the limiting cases make sense.  In
Equation 30, if we set  m2 = 0, then  a1 = g  and we have
a freely falling mass as expected.  If  m1 = m2 , then the
masses balance and  a1y = 0  as expected.  When a
formula checks out in its limiting cases, as this one did,
there is a good chance that the result is correct.

The advantage of an of the Atwood’s Machine is that
by choosing  m1 close to , but not equal to  m2 , you can
reduce the acceleration, making the motion easier to
observe, just as Galileo did by using inclined planes.  If
you reduce the acceleration too much by making  m1 too
nearly equal to  m2 , you run the risk that even small
friction in the bearings of the pulley will dominate the
results.

Exercise 3
In a slight complication of the Atwood’s Machine, we
use two pulleys instead of one as shown in Figure (20).
We can treat this problem very much like the preceding
example except that the length of the string is   h1 + 2h2

plus some constant length representing the part of the
string that goes over the pulleys and the part that goes
up to the ceiling.  Calculate the accelerations of masses

 m1 and  m2.  For what values of  m1 and  m2 is the system
balanced?

Exercise 4

If you want something a little more challenging than
Exercise 3, try analyzing the setup shown in Figure (21),
or construct your own setup. For Figure (21), it is enough
to set up the four equations with four unknowns.

m1

h1
h2

m2

Figure 20
Pulley arrangement for Exercise 3.

Figure 21
Pulley arrangement for Exercise 4

m3

m1

m2
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θ
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THE CONICAL PENDULUM
Our final example in this chapter is the conical pendu-
lum.  This is one of our favorite examples because it
involves a combination of Newton’s second law, circu-
lar motion, no noticeable friction, and the predictions
can be checked using an old boot, shoelace and wrist-
watch.

For a classroom demonstration of the conical pendu-
lum, we usually suspend a relatively heavy ball on a
thin rope, with the other end of the rope attached to the
ceiling as shown in Figure (22).  The ball is swung in
a circle so that the path of the rope forms the surface of
a cone as shown.  The aim is to predict the period of the
ball’s circular orbit.

The distances involved and the forces acting on the ball
are shown in Figure (23).  The ball is subject to only two
forces, the downward force of gravity  mg , and the
tension force T  of the string.  If the angle that the string
makes with the vertical is θ , then the force T has an
upward component   Ty = Tcosθ  and a component di-
rected radially inward of magnitude   Tx = Tsinθ .  (We
are analyzing the motion of the ball at the instant when
it is at the left side of its orbit, and choosing the x axis
to point in toward the center of the circle at this instant.)

Applying Newton’s second law to the motion of the
ball, noting that  ay = 0 since the ball is not moving up
and down, gives

 max = Tx

may = 0 = Ty – mg
(34)

The special feature of the conical pendulum is the
fact that, because the ball is travelling in a circle, we
know that it is accelerating toward the center of the
circle with an acceleration of magnitude  a = v2/r.  At
the instant shown in Figure (23), the x direction
points toward the center of the circle, thus  a = ax and
we have

 ax = v2/r (35)

The rest of the problem simply consists of solving
Equations 34 and 35 for the speed v of the ball and
using that to calculate the time the ball has to go
around.  The easy way to solve these equations is to
write them in the form

 
Tx = max =

mv2

r
(36a)

 Ty = mg (36b)

Dividing Equation 36a by 36b and using
  Tx TyTx Ty = Tsinθ TcosθTsinθ Tcosθ = tanθ , we get

  Tx

Ty
= tan θ =

mv2

mgr
=

v2

gr

Figure 22
The conical pendulum.

Figure 23
Forces acting on the ball.
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Next use the fact that    tanθ = r/h  to get

  
tan θ =

r
h

=
v2

gr

 
v = r

g
h

(37)

Finally we note that the period is the distance traveled
in one circuit,   2π r , divided by the speed v of the ball

  period
of orbit

=
2πr

v
=

2πr

r g/h

  
period = 2π h

g (38)

The prediction of Equation 38 is easily tested, for
example, by timing  10  rotations of the ball and
dividing the total time by 10.  Note that if the angle θ is
kept small, then the height h of the ball is essentially
equal to the length  of the rope, and we get the formula

  period ≈ 2π
g

(39)

Equation 39 is the famous formula for the period of
what is called the simple pendulum, where the ball
swings back and forth rather than in a circle.  Equation
39 applies to a simple pendulum only if the angle θ is
kept small.  For large angles, Equation 38 is exact for
a conical pendulum, but Equation 39 has to be replaced
by a much more complicated formula for the simple
pendulum.  (We will discuss the analysis of the simple
pendulum in Chapter 11 on rotations and oscillations.)

Note that the formula for the period of a simple
pendulum depends only on the strength g of gravity and
the length  of the pendulum, and not on the mass m or
the amplitude of the swing.  As a result you can
construct a clock using the pendulum as a timing
device, where the period depends only on how long you
make the pendulum.

Exercise 5  Conical Pendulum
Construct a pendulum by dangling a shoe or a boot
from a shoelace.

(a) Verify that for small angles θ, you get the same period
if you swing the shoe in a circle to form a conical
pendulum, or back and forth to form a simple pendulum.

(b) Time 10 swings of your shoe pendulum and verify
Equation 38 or 39.  (You can get more accurate results
using a smaller, more concentrated mass, so that you
can determine the distance  more accurately.)  Try
several values of the shoe string length  to check that
the period is actually proportional to  .

Exercise 6
This is what we like to call a clean desk problem.  Clear
off your desk, leaving only a pencil and a piece of paper.
Then starting from Newton’s second law, derive the
formula for the period of a conical pendulum.

What usually happens when you do such a clean desk
problem is that since you just read the material, you think
you can easily do the analysis without looking at the text.
But if you are human, something will go wrong, you get
stuck somewhere, and may become discouraged.  If
you get stuck, peek at the solution and finish the
problem.  Then a day or so later clean off your desk
again and try to work the problem.  Eventually you
should be able to work the problem without peeking at
the solution, and at that point you know the problem well
and remember it for a long time.

When you are learning a new subject like Newton’s
second law, it is helpful to be fully familiar with at least
one worked out example for each main topic.  In that
way when you encounter that topic again in your work,
in a lecture, or on an exam, you can draw on that
example to remember what the law is and how it is
applied.

At various points in this course, we will encounter
problems that serve as excellent examples of a topic in
the course.  The conical pendulum is a good example
because it combines Newton’s second law with the
formula for the acceleration of a particle moving in a
circle; the prediction can easily be tested by experi-
ment, and the result is the famous law for the period of
a pendulum.  When we encounter similarly useful ex-
amples during the course, they will also be presented
as clean desk problems.
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APPENDIX
THE BALL SPRING PROGRAM

! --------- Plotting window
!           (x axis = 1.5 times y axis)
   SET WINDOW -40,140,-10,110

! --------- Draw & label axes
   BOX LINES 0,100,0,100
   PLOT TEXT, AT -3,0 : "0"
   PLOT TEXT, AT -13,96: "y=100"
   PLOT TEXT, AT 101,0 : "x=100"

! ---------- Experimental constants
   LET m = 245
   LET g = 980
   LET K = 5130
   LET So = 35.9
   LET Zx = 50
   LET Zy = 130

! --------- Initial conditions
   LET Rx = 88.2
   LET Ry = 42.8
   LET Vx = (80.2 - 91.1)/(2*.1)
   LET Vy = (24.4 - 63.1)/(2*.1)
   LET T  = 0
   CALL CROSS

! --------- Computer Time Step
   LET dt = .001
   LET i = 0

! --------- Calculational loop
   DO
      LET Rx = Rx + Vx*dt
      LET Ry = Ry + Vy*dt

      LET Sx = Rx - Zx
      LET Sy = Ry - Zy
      LET S  = Sqr(Sx*Sx + Sy*Sy)

      Let Fs = K*(S - So)
      LET Fx = -Fs*Sx/S
      LET Fy = -Fs*Sy/S - m*g

      LET Ax = Fx/m
      LET Ay = Fy/m

      LET Vx = Vx + Ax*dt
      LET Vy = Vy + Ay*dt

      LET T = T + dt
      LET i = i+1

      IF MOD(i,100) = 0 THEN CALL CROSS
      PLOT Rx,Ry

   LOOP UNTIL T > 1.6

! --------- Plot data
   DO
      READ Rx,Ry
      CALL BOX
   LOOP UNTIL END DATA

   DATA 88.2, 42.8
   DATA 80.2, 24.4
   DATA 68.0, 12.0
   DATA 52.9,  8.6
   DATA 37.4, 14.7
   DATA 24.0, 28.8
   DATA 14.2, 47.5
   DATA  9.0, 67.0
   DATA  8.2, 83.9
   DATA 11.1, 95.0
   DATA 16.7, 98.8
   DATA 23.9, 94.1
   DATA 32.2, 81.5
   DATA 41.9, 62.1
   DATA 52.1, 39.9
   DATA 62.2, 19.4

! --------- Subroutine "CROSS" draws
          ! a cross at Rx,Ry.
   SUB CROSS
       PLOT LINES: Rx-2,Ry;  Rx+2,Ry
       PLOT LINES: Rx,Ry-2;  Rx,Ry+2
   END SUB

! --------- Subroutine "BOX" draws
          ! a cross at Rx,Ry.
   SUB BOX
       PLOT LINES: Rx-1,Ry+1;  Rx+1,Ry+1
       PLOT LINES: Rx-1,Ry-1;  Rx+1,Ry-1
       PLOT LINES: Rx-1,Ry+1;  Rx-1,Ry-1
       PLOT LINES: Rx+1,Ry+1;  Rx+1,Ry-1
   END SUB

   END

The new feature is the READ statement at the top of this
column.  Each READ statement reads in the next
values of Rx and Ry from the DATA lines below. We
then call BOX which plots a box centered at Rx,Ry.
The LOOP statement has this plotting continue until
we run out of data. (In Figure 11, we filled in the boxes
with a paint program to make them stand out.)
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Chapter 10
Energy

  – Gmme / r  the gravitational potential energy of the
satellite.  We saw that   Etotal  did not change its value
as the satellite went around its orbit.

It turns out that energy is a much more complex subject
than we might suspect from the discussion of satellite
motion.  There are many forms of energy, such as
electrical energy, heat energy, light energy, nuclear
energy and various forms of potential energy.  Some-
times there is a simple formula for a particular form of
energy, but sometime it may be hard even to figure out
where the energy has gone.  Despite the complexity,
one simple fact remains, if we look hard enough we find
that energy is conserved.

If, in fact, it were not for the conservation of energy, we
would not have invented the concept in the first place.
Energy is a useful concept only because it is conserved.

What we are going to do in this chapter is first take a
more general look at the idea of a conservation law,
and then see how we can use energy conservation to
develop formulas for the various forms of energy we
encounter.  We will see, for example, where the formula

  1 / 2 mv2  for kinetic energy comes from, and we will
show how the formula   – Gmme / r  for gravitational
potential energy reduces to a much simpler formula
when applied to objects falling near the surface of the
earth.

CHAPTER 10 ENERGY

In principle, Newton's laws relating force and accel-
eration can be used to solve any problem in mechanics
involving particles whose size ranges from that of
specks of dust to that of planets.  In practice, many
mechanics problems are too difficult to solve if we try
to follow all the details and analyze all the forces
involved.  For instance   f = ma presumably applies
to the motion of the objects involved in the collision of
two automobiles, but it would be an enormous task to
study the details of the collision by analyzing all the
forces involved.

In a complicated problem, we cannot follow the
motion of all the individual particles; instead we look
for general principles that follow from Newton's laws
and apply these principles to the system of particles as
a whole.  We have already discussed two such general
principles: the laws of conservation of linear and
angular momentum.  We have found that if two cars
traveling on frictionless ice collide and stick together,
we can use the law of conservation of linear momen-
tum to calculate their resulting motion.  We do not
have to know how they hit or any other details of the
collision.

In our discussion of satellite motion, we saw that there
was another quantity, which we called energy, that
was conserved.  Our formula for the total energy of the
satellite was   Etotal = 1 / 2 mv2 – Gmme / r  where

  1 / 2 mv2 was called the kinetic energy and

`
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CONSERVATION OF ENERGY
Because energy comes in different forms, it is more
difficult to state how to compute energy than how to
compute linear momentum.  But, as we shall see, it is
not necessary to state all the formulas for all the
different forms of energy.  If we know the formula for
some forms of energy, we can use the law of conserva-
tion of energy to deduce the other formulas as we need
them.  How a conservation law can be used in this way
is illustrated in the following story, told by Richard
Feynman in The Feynman Lectures on Physics (Vol. I,
Addison-Wesley, Reading, Mass., 1963).

"Imagine a child, perhaps 'Dennis the Menace,' who
has blocks that are absolutely indestructible, and can-
not be divided into pieces.  Each is the same as the
other.  Let us suppose that he has 28 blocks.   His mother
puts him with his 28 blocks into a room at the beginning
of the day.  At the end of the day, being curious, she
counts the blocks very carefully, and discovers a phe-
nomenal law—no matter what he does with the blocks,
there are always 28 remaining!  This continues for a
number of days, until one day there are only 27 blocks,
but a little investigating shows there is one under the
rug—she must look everywhere to be sure that the
number of blocks has not changed.

One day, however, the number appears to change—
there are only 26 blocks.  Careful investigation indi-
cates that the window was open, and upon looking
outside, the other two blocks are found.  Another day
careful count indicates that there are 30 blocks!  This
causes considerable consternation, until it is realized
that Bruce came to visit, bringing his blocks with him,
and he left a few at Dennis' house.  After she had
disposed of the extra blocks, she closes the window,
does not let Bruce in, and then everything is going
along all right, until one time she counts and finds only

25 blocks.  However, there is a box in the room, a toy
box, and the mother goes to open the toy box, but the
boy says, 'No, do not open my toy box,' and screams.
Mother is not allowed to open the toy box.  Being
extremely curious, and somewhat ingenious, she in-
vents a scheme!  She knows that a block weighs 3
ounces, so she weighs the box at a time when she sees
28 blocks, and it weighs 16 ounces.  The next time she
wishes to check, she weighs the box again, subtracts 16
ounces and divides by 3.  She discovers the following:

  number of
blocks seen

+
weight of box – 16 oz

3 oz

= constant

There then appear to be some gradual deviations, but
careful study indicates that the dirty water in the
bathtub is changing its level.  The child is throwing
blocks into the water, and she cannot see them because
it is so dirty, but she can find out how many blocks are
in the water by adding another term to her formula.
Since the original height of the water was 6 inches and
each block raises the water a quarter of an inch, this
new formula would be

  number of
blocks seen

+
weight of box – 16 oz

3 oz

+
height of water – 6 inches

1/4 inch

= constant

(1)

In the gradual increase in the complexity of her world,
she finds a whole series of terms representing ways of
calculating how many blocks are in places where she
is not allowed to look.  As a result of this, she finds a
complex formula, a quantity which has to be com-
puted, which always stays the same in her situation."
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Similarly, we will find a series of terms representing
ways of calculating various forms of energy.  Unlike
the story, where some blocks are actually seen, we
cannot see energy; all of the terms in our equation for
energy must be computed.  But if we have included
enough terms and have not neglected any forms of
energy, the numerical value of all the terms taken
together will not change; that is, we will find that
energy is conserved.

It is not necessary, however, to start with the complete
energy equation.  We will begin with one term.  Then,
as the complexity of our world increases, we will add
more terms to the equation so that energy remains
conserved.

MASS ENERGY
On earth, the greatest supply of useful energy ulti-
mately comes from the sun, mainly as sunlight, which
is a form of radiant energy.  The energy we obtain from
fossil fuel, such>é” coal and wood, and the energy we
get from hydroelectric dams came originally from the
sun.  On a clear day, the sun delivers as much energy to
half a square mile of tropical land as was released by the
first atomic bomb.  In about 1 millionth of a second, the
sun radiates out into space an amount of energy equal
to that used by all of mankind during an entire year.

The sun emits radiant energy at such an enormous
rate that if it burned like a huge lump of coal, it would
last about 5000 years before burning out.  Yet the sun
has been burning at nearly its present rate for over 5
billion years and should continue burning for an-
other 5 billion years.  How the sun could emit all of
this energy was explained in 1905 when Einstein
discovered that mass and energy are related through
the well-known equation

 
E = mc2

(2)

where E is energy, m mass, and c the speed of light.

The sun's source of energy is the tiny fraction of its mass
that is being converted continually to radiant energy
through nuclear reactions.  Similar processes occur
when the hydrogen bomb is exploded.  To indicate the
amount of energy that is in principle available as mass
energy, imagine that the mass of a 5–cent piece (5 gm)
could be converted entirely into electrical energy.  This
electrical energy would be worth several million dol-
lars.  The problem is that we do not have the means
available to convert mass completely into a useful form
of energy.  Even in the nuclear reactions in the sun or
in the atomic or hydrogen bombs, only a few tenths of
1% of the mass is converted to energy.

Since most of the energy in the universe is in the form
of mass energy, we shall begin to develop our equation
for energy with Einstein's formula  E = mc2.  As we
mentioned, we will add terms to this equation as we
discover formulas for other forms of energy.
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Ergs and Joules
Our first step will be to use the Einstein energy
formula to obtain the dimensions of energy.  In the
CGS system of units we have

  
E = m gm × c2 cm2

sec2 = mc2 gm cm2

sec2

The set of dimensions  gm cm2/sec2 is called an erg.

   
1

gm cm2

sec2
= 1 erg CGS units

In the MKS system of units, we have

  E = m kg × c2 m2

sec2 = mc2 kg m2

sec2

where the set of dimensions of  kg m2/sec2 is called
a joule.

  
1

kg m2

sec2
= 1 joule MKS units

It turns out that for many applications the MKS joule is
a far more convenient unit of energy than the CGS erg.
A 100-watt light bulb uses 100 joules of energy per
second, or 1 billion ergs of energy per second.  The erg
is too small a unit of energy for many applications, and
it is primarily for this reason that the MKS system of
units is more often used than the CGS system.  This is
particularly true when dealing with electrical phenom-
ena.

Exercise 1
(a) Use dimensions to determine how many ergs there
are in a joule.  (Check your answer against the statement
that a 100-watt bulb uses 100 joules or  109 ergs of
energy per second.)

(b) As you may have guessed, a 1 watt light bulb uses
1 joule of energy per second.  How many joules of
energy does a 1000 watt bulb or heater use in one hour.
(This amount of energy is called a kilowatt hour
(abbreviated kwh) and costs a home owner about 10
cents when supplied by the local power company.)

(c) If a 5-cent piece (which has a mass of 5 grams) could
be converted entirely to energy, how many kilowatt
hours of energy would it produce?  What would be the
value of this energy at a rate of 10¢ per kilowatt hour?
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KINETIC ENERGY
From the recoil definition of mass (Chapter 6), we
saw that the mass of an object increases with speed,
becoming very large when the speed of the object
approaches the speed of light.  The formula for the
increase in mass with speed was simply

 m =
m0

1 – v2/c2
(6-14)

where  m0 is the mass of the particle at rest (the rest
mass).  When we combine this formula with Einstein's
equation  E = mc2, we get as the equation for the
energy of a moving particle

 
E = mc2 =

m0c2

1 – v2/c2
(3)

According to Equation (3), when a particle is at rest
(v = 0), its energy is given by

  E0 = m0c2 rest energy (4)

This energy  m0c2 is called the rest energy of the
particle.  As a particle begins to move, its mass, and
therefore its energy, increases.  The extra energy
that a particle acquires as a result of its motion is
called kinetic energy.  If  mc2 is the total energy, then
the formula for the particle's kinetic energy is

 kinetic
energy = total

energy – rest
energy

KE = mc2 – m0c
2 (5)

Example 1
The muons in the motion picture Time Dilation of the
µ–Meson (Muon) Lifetime moved at a speed of .995c.
By what factor did their mass increase and what is their
kinetic energy?

Solution:  The first step is to calculate  1 – v2/c2 for
the muons.  An easy way to do this is as follows:

 v = .995 c

v
c = .995 = 1 – .005

v2

c2 = 1 – .005 2

= 1 – 2 .005 + .005 2

= 1 – .01 + .000025

We have neglected .000025 compared to .01 be-
cause it is so much smaller.  We now have

  
1 – v2

c2
≈ 1 – 1 – .01 = .01

1 – v2

c2
≈ .01 = .1 = 1

10

(This procedure is discussed in more detail in the
section on approximation formulas in Chapter 1.)

Now that we have  1 – v2/c2 = 1/10  for these
muons, we can calculate their relativistic mass

 m =
m0

1 – v2/c2
=

m0
1/10

= 10m0

Thus the mass of the muons has increased by a factor
of 10.  The total energy of the muons is

 E = mc2 = 10m0 c2 = 10 m0c2

Hence, their total energy is also 10 times their rest
energy.  Their increase in energy, or their kinetic
energy, is

 KE = mc2 – m0 c2 = 10m0 c2 – m0c
2

KE = 9 m0c
2

This kinetic energy  9m0c2 is the amount of additional
energy that is required to get muons moving at a speed

 v = 0.995c.
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Exercise 2
Assume that an electron is traveling at a speed
v = .99995c.

(a) What is  1 – v2/c2  for this electron?

(b) By what factor has its mass increased over its rest
mass?

(c) By what factor has its total energy increased over its
rest energy?

(d) The rest mass of an electron is
 m0 = 0.911 x 10– 27 gm .  What is its rest energy ( in

ergs)?

(e) What is the total energy (in ergs) of this electron?

(f) What is the kinetic energy of this electron in ergs?

Slowly Moving Particles
In Example 1, where the particle (muon) was mov-
ing at nearly the speed of light, we determined its
increase in mass and its kinetic energy by calculat-
ing  1 – v2/c2 .  However, when a particle is mov-

ing much slower than the speed of light, for instance,
1000 mi/sec or less, there is an easier way to calcu-
late the energy of the object than by evaluating

 1 – v2/c2 directly.
In the section on approximation formulas in Chapter
1, it was shown that when v/c is much less than 1,
then we can use the approximate formula

  1
1 – α

≈ 1 + α
2 (1-25)

to get

  1
1 – v2/c2

≈ 1 + v2

2c2 (6)

The approximate formula  1 + v2/2c2  is much easier
to use than  1/ 1 – v2/c2 .  Moreover, if v/c is a small
number, then the formula is quite accurate, as illus-
trated in Table 1.  It should be noted however that when
v becomes larger than about .1c, the approximation
becomes less accurate.  When we reach v = c, the exact
formula is   1/ 1 – v2/c2 = ∞  but the approximate
formula gives  1 + v2/2c2 = 1.5.  At this point the
approximate formula is no good at all!

v                          valueof exact formula

1
1 – v2/c2

  valueof approximate formula

1 + v2

2c2

.01c 1.000050003 1.000050000

.1c 1.005037 1.005000

.2c 1.0206 1.0200

.3c 1.048 1.045

.5c 1.148 1.125

.7c 1.41 1.25

.9c 2.30 1.40

.99c 7.1 1.49

c ∞ 1.5

Table 1   Numerical check  of the Approximation Formula   1
1 – v2/c2

≈ 1 + v2

2c2
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It is worth noting that, at one time, only the kinetic
energy term  1/2m0v2 in Equation 7 was recognized as
a form of energy.  Before 1905, it was not known that

 m0c2  should be included in the equation for conserva-
tion of energy, because no one had ever observed the
rest mass of an object to change.  The first evidence that
the rest energy had to be included came from the study
of nuclear reactions.  In these reactions enormous
amounts of energy were released, producing a detect-
able change in the nuclear rest masses.

So long as an object is moving at a speed of .1c or less,
the kinetic energy of that object will be far less than its
rest mass energy.  For example, let us compare the
kinetic energy to the rest mass energy of a 10–gm pistol
bullet that travels with a speed of about 300 m/sec.
Using MKS units, we find that the bullet's kinetic
energy (KE) is

  
KE =

1
2

m0v
2

=
1
2

× .01 kg × 300 m/sec
2

= 450 joules

This  is enough to allow a bullet to penetrate a plank.
The rest mass energy  E0 of the bullet is

  E0 = m0c2

= .01 kg 3 × 108 m/sec
2

= 9 × 1014 joules

This is the amount of energy released in a moderate-
sized atomic bomb.

If we use Equation (6), the total energy of a particle
becomes

   E = mc2

= m0c2 1

1 – v2/c2

exact
formula

≈ m0c2 1 +
v2

2c2
approximate
formula

≈ m0c2 + m0c2 v2

2c2

The factor c2 cancels in the second term, and we are
left with the approximate formula

   

E ≈ m0c
2 +

1
2

m0v2

approximateformula
for particlesmoving
at speedsless than
about .1c

(7)

Since Equation (7) contains the approximation made in
Equation (6), it is not valid for particles traveling faster
than about one tenth of the speed of light.  For particles
traveling at nearly the speed of light, we must use

 E = m0c
2/ 1 – v2/c2 .  But for particles traveling as

slowly as a few thousand miles an hour or less, Equa-
tion (6) is so accurate that any error would be difficult
to detect.

For all but the last section of this chapter, we will
confine our discussion to the energy of objects travel-
ing at slow speeds, where Equation (7)  is not only
accurate, but is the simplest equation to use.  When we
look at this equation, we can see that the mass energy

 E = mc2 is now written in two distinct parts  m0c2,
which is the rest mass energy, and  1/2m0v2, which is
the energy of motion or kinetic energy

  
E = m0c2 rest

energy + 1
2 m0v2 kinetic

energy (7a)

Written in this way, our equation for total energy is
beginning to resemble Equation (1), which was used to
determine the number of blocks in Dennis' room.  We
now have two terms representing two different kinds of
energy.
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Exercise 3
For the preceding example of a 10 gram bullet:

a) at 10 cents per kilowatt hour, what is the value of the
bullet's kinetic energy?

b) what is the value of its rest energy?

c) how fast would the bullet be traveling if it had twice
as much kinetic energy?

GRAVITATIONAL
POTENTIAL ENERGY
Let us continue our search for terms to add to our
equation for energy.  Suppose that a ball of mass m is
dropped from a height h above the floor, as shown in
Figure (1).  Immediately before the ball hits the floor,
it has a rest energy  m0c2, and a kinetic energy  1 21 2m0v

2.
Immediately before the ball was dropped, however, it
had the same rest energy  m0c2 but no kinetic energy.
Where did the kinetic energy that it possessed just
before it hit the floor come from?

If we were observant, we might have noted that some
effort was needed to lift the ball from the floor to a
height  h.  As the ball was lifted a new kind of energy
was being stored.  This new form of energy, which was
released when the ball was dropped, is called gravita-
tional potential energy.  When it is included, our
equation for energy becomes

 
Etotal = m0c2 + 1

2
m0v2 +

gravitational
potential
energy

(8)

To find the formula for the gravitational potential
energy, we will assume that energy is conserved and
that the total energy of the ball, immediately before it
is released, is equal to the total energy of the ball
immediately before it hits the ground.

When a ball is dropped from a height h, it accelerates
downward with a constant acceleration g until it hits the
floor.  Thus we can use the constant acceleration
formulas (see Appendix 1 in Chapter 4.)

 
s = vit +

1
2

at2

vf = vi + at

with  vi = 0, a = g, and s = h we get

  h = 1
2

gt2 (12)

 vf = gt (13)

h

at rest kinetic energy = 0

v

m

m kinetic energy  =       mv 1
2

2

Figure 1
Falling Weight.  When a weight is dropped
it gains kinetic energy.  This kinetic energy
comes from the energy we stored in the
object when we lifted it up to a height h.
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Substituting  t = vf / g  from Equation 13 into Equa-
tion (12) gives

 
h = 1

2g
vf

2

g2 =
vf

2

2g

1
2 vf

2 = gh (14)

Multiplying Equation 14 through by  m0 gives

 1
2

m0vf
2 = m0gh (15)

Suppose that we use  m0gh as the formula for gravita-
tional potential energy.  (The greater h, the higher we
have lifted the ball, the more potential energy we have
stored in it.)

  

m0gh =
formula for
gravitational
potential energy

near the
surface of
the earth

(16)

Before the ball is released, its total energy is in the form
of rest energy and gravitational potential energy

  Etotal
before
release = m0c2 + m0gh (17)

Just before the ball hits the floor, where it has kinetic
energy but no potential energy (since h = 0), the total
energy is

  
Etotal

just before
hitting floor = m0c2 + 1

2m0vf
2 (18)

At first, Equations 17 and 18 for total energy look
different; but since  1/2m0vf

2 = m0gh (Equation 15),
they give the same numerical value for the ball's total
energy.  Thus, we conclude that we have chosen the
correct formula for calculating gravitational potential
energy.

Exercise 4
Call  v2  the speed of the ball when it has fallen halfway
to the floor.

(a) Explain why the ball's total energy, when it has fallen
halfway to the floor, is

  Etotal
halfway
down = m0c

2 + 1
2

m0v2
2 + m0g

h
2

(b) Calculate  v2   (just as we calculated  vf ) and show
that the total energy of the ball when halfway down is the
same as when it was released, or just before it hit the
floor.

Exercise 5
Show that the formula for gravitational potential energy
has the dimensions of joules (in the MKS system) and
ergs (in the CGS system).

Exercise 6

What is the gravitational potential energy (in joules and
ergs) of a 100–gm ball at a height of 2 meters above the
floor?  (Measure h starting from the floor.)

What happens to the energy after the ball has hit the
floor and is lying at rest?  At this point, it no longer has
kinetic energy or gravitational potential energy.  Now
what should we add to our equation to maintain conser-
vation of energy?  In this case, we have to look "under
the rug," in the "dirty water," and "out the window" all
at once.  When the ball hit the floor, we heard a thump;
thus, some of the ball's energy has been dissipated as
sound energy.  We find that there is a dent in the floor;
hence we know that some of the energy has gone into
rearranging the molecules in that part of the floor.  Also,
because the bottom of the ball and the floor underneath
became slightly warmer after the ball hit the floor, we
conclude that some of the energy was converted into
heat energy.  (In some collisions, such as when a
mining pick strikes a stone, we see what looks like a
spark, which shows us that some of the kinetic energy
has been changed into radiant energy, or light.)
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Notation
Since our discussion for the remainder of this chapter
will deal with objects moving at speeds much less than
the speed of light, objects whose mass m is very nearly
equal to the rest mass  m0 , we will stop writing the
subscript 0 for the rest mass.  With this notation, our
formulas for kinetic energy and gravitational potential
energy are simply  1/2mv2 and mgh.  Only when we
discuss objects like atomic particles whose speeds can
become relativistic, will we be careful to distinguish
the rest mass  m0  from the total mass m.

Example 2
Consider a simple pendulum consisting of a ball swing-
ing on the end of a string, as shown in Figure (2).  When
the ball is released from a height h it has a potential
energy  m0gh.  As the ball swings down toward the
bottom, h decreases and the ball loses potential energy
but gains kinetic energy.  At the bottom the original
potential energy  mgh  has been entirely converted into
kinetic energy  1/2mv2.  Then the ball climbs again,
gaining potential energy but losing kinetic energy.

After the ball hits the floor, the formula for total energy
becomes as complicated as

 
Etotal = m0c2 +

1
2

m0v2 + m0gh

+ sound energy

+ energy to cause a dent

+ heat energy + light energy

(19)

Because energy can appear in so many forms that are
often difficult to detect, it was not until many years after
Newton  that conservation of energy was established as
a general law.  The law of conservation of energy is
used to solve only those problems where very little
energy "escapes" in a form that is difficult to detect.  In
a complicated collision problem we can calculate only
how much energy is "lost," that is, changed to other
forms of energy.

On an atomic scale, however, we do not have to think
of energy as being "lost" because the various forms of
energy are more easily detected.  For example, we will
see in Chapter 17  that the heat energy and sound energy
are primarily the kinetic energy of the atoms and
molecules; thus, these do not appear as separate forms
of energy.  It is on this small scale that the law of
conservation of energy may be most accurately veri-
fied.

On the other hand, if we can neglect the effects of
friction and air resistance, the law of conservation of
energy can be used to solve mechanics problems that
would otherwise be difficult to solve.  We will  illustrate
this with two examples in which gravitational potential
energy  m0gh is converted into kinetic energy  1/2m0v

2

and vice versa.

pivot

A (at rest)

B

h

C

Figure 2
Application of conservation of energy
to pendulum motion.  The speed at B
can be found by equating the kinetic
energy at B    1/2mv2  to the potential
energy lost in going from A to B (mgh).
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Finally, at position C, the ball has swung back up to a
height h and all the kinetic energy has been changed to
potential energy.  The ball stops momentarily at posi-
tion C, and the swing is reversed.  Eventually, however,
the pivot becomes warm and air currents are set up by
the swinging pendulum; thus, the pendulum itself
gradually loses energy and finally comes to rest.

As long as we can neglect air resistance and friction in
the pivot we can use the conservation of energy equa-
tion to calculate the speed of the ball at position B.
Before the ball is released

 Etotal A = m0c
2 + mgh

At position B, where h = 0

 Etotal B = m0c
2 + 1

2
mvB

2

If energy is conserved

 Etotal A = Etotal B

m0c2 + mgh = m0c2 + 1
2

mv2

Note that since  m0c2  did not change, it does not enter
into this calculation.  Here we could apply the conser-
vation of energy equation without considering the rest
energy.  We now have

 mgh = 1
2mvB

2

vB
2 = 2gh

vB = 2gh

Example 3
It should be noted that we are able to calculate the
speed of the ball in the preceding example without an
analysis of the forces involved.  An even more
striking example of conservation of energy that would
be nearly impossible to analyze in terms of forces is
that of a skier traveling down a very icy hill.  If he is
not an experienced skier, he may not know how to
dissipate some of his kinetic energy as heat and sound
by scraping the edges of his skis against the ice.  If he
is not able to dissipate energy, then no matter how he
turns, no matter how twisted a path he takes, when he
reaches bottom, all his potential energy  m0gh will
have been converted to kinetic energy  1/2m0v2, in
which case his speed at the bottom of the hill will be

 2gh .  To see why an inexperienced skier should
not try icy hills, consider that if the hill has a 500–ft
rise, his speed at the bottom will be 179 ft/sec or 122
mi/hr.  This result is computed not from the details of
the skier's path, but from the knowledge that he was
not able to dissipate energy.  As we mentioned at the
beginning of the chapter, the conservation of energy
is one of the general principles of mechanics that can
be applied successfully without knowing all the de-
tails involved in the physical situation.

Exercise 7
A car coasts along a road that leads from the top of a
300–ft–high hill, down through a valley, and up over a
200 ft high hill.  Assume that the car does not dissipate
energy through friction and air resistance.

(a) If the car starts at rest from atop the higher hill, how
fast will it be traveling when it reaches the top of the
lower hill   (g = 32 ft/sec2) ?

(b) If the car is initially moving at 80 ft/sec (55 mi/hr)
when it starts coasting at the top of the higher hill, how
fast will the car be moving when it reaches the top of
the lower hill?
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WORK
Let us take another look at the example where we
dropped a ball of mass m from a height h above the floor
as shown in Figure (3).  At the height h, the ball had a
gravitational potential energy mgh.  Just before hitting
the floor, all this gravitational potential energy had
been converted to kinetic energy 1/2 mv2.  We know
that the ball speeded up, accelerated, because gravity
was exerting a downward force mg on the ball as it fell.

There appears to be a coincidence in this example.
Gravity pulls down on the ball with a force of magni-
tude mg, the ball falls a distance h, and the ball gains a
kinetic energy equal to   (mg)×h.  In this example the
energy that gravity supplies to the ball by pulling down
on it is equal to the gravitational force (mg) times the
distance h over which the force acted.  Is this a
coincidence, or does this example provide a clue as to
the way in which forces supply energy?

In this case, where we have a constant force mg, and the
ball moves in the direction of the force for a distance h,
the increase in energy is the force times the distance.

In more general examples, however, the situation can
be more complex.  If the object is not moving in the
direction of the force, then only the component of the
force in the direction of motion adds energy to the
object.  And if the force is not constant, we have to break
the problem into many small steps, and calculate the
energy gained in each step.  We shall see that calculus
provides powerful techniques to handle these situa-
tions.

We will begin the discussion with the introduction of a
new term which we will call work.  In some ways this
is an unfortunate choice of a word, for everyone has
their own idea of what “work” is, and it seldom
coincides with the physicist's definition.  In the physicist's
definition, a force does work on an object when it adds
energy to the object.  More explicitly, the work a force
does is equal to the energy that the force supplies.  In the
case of the falling ball the gravitational force supplied
an amount of energy mgh, therefore that is the work that
the gravitational force did as the ball fell.

 work done by the
force of gravity
as the ball fell

= mgh (20)

From Equation (20), we see that for the case where we
have a constant force, and the object moves in the
direction of the force, the work done is equal to the
magnitude of the force times the distance moved.

   

Work = Force × Distance

If the force is
constant and the
distance is in
the direction of
the force

(21)

Exercise 8

Show that force times distance has the same dimen-
sions as energy.  (Get the dimensions of energy from

 E =mc2 .)

As the first complication, or correction to our definition
of work, suppose that the force is not in the same
direction as the motion.  Suppose, for example, a
hockey puck slides for a distance S along frictionless
ice as shown in Figure (4).  During this motion a
gravitational force mg is acting and the puck moves a
distance S.  But the puck coasts along at constant speed;
it does not gain any energy at all.  In this case the
gravitational force does no work.

Figure 3
A ball, subject to a gravitational force mg,
falling a distance h, gains a kinetic energy mgh.

Figure 4
The force of gravity does no work
on the sliding hockey puck.

hmg

mg

v
S
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When we throw the ball up, the angle between the
downward force and upward motion is θ  = 180°,
cos θ = – 1, and we get

W  =  F ⋅ S  =  F S  cos θ
      = mgh(–1)  =  –mgh

We now predict that gravity is taking energy from the
ball, which is also correct.

Finally, in the case of a hockey puck, the angle θ
between the  – y directed force and the x directed
motion is 90°.  We have  cos θ  = 0, so that  F ⋅ S  =  0
and the gravitational force does no work.  Again the
formula W  =  F ⋅ S works.

Exercise 9
A frictionless plane is inclined at an angle θ  as shown
in Figure (5).  A hockey puck initially at a height h above
the ground, slides down the plane.  When the puck gets
to the bottom, it has moved a distance    S =h / cosθ  as
shown. (This comes from h = S cosθ )

a) Verify the formula S = h/cosθ   for the two cases θ = 0
and θ  = 90°.  I.e., what are the values for    h / cosθ  for
these two cases, and are the answers correct?

b) Show that the work   W = Fg ⋅S, done by the gravi-
tational force as the puck slides down the plane, is
mgh no matter what the angle θ  is.

c) Explain the result of part (b) from the point of view of
conservation of energy.

The problem with the hockey puck example is that the
gravitational force is down and the motion is sideways.
In this case the – y directed gravitational force has no
component along the x directed motion of the puck.  In
order for the puck to gain energy, it must accelerate in
the x direction, but there is no x component of force to
produce that acceleration.

Now let us consider an example where the force is
acting opposite to the direction of motion.  If we throw
a ball up in the air, the ball starts out with the kinetic
energy 1/2 mv0

2 that we gave it.  As the ball rises,
gravity acts against the motion of the ball and removes
kinetic energy.  When the ball has risen to a height h
given by mgh = 1/2 mv0

2, all the kinetic energy is gone
and the ball stops.  The ball has reached the top of the
trajectory.  This example tells us that when the force is
directed opposite to the direction of motion, the work
is negative—the force removes rather than adds en-
ergy.

The Dot Product
This is where our discussion has lead so far.  We have
a quantity called “work” which is a form of energy.  It
is the energy supplied by a force acting on a moving
object.  Now energy, given by formulas like E = mc2,
is a scalar quantity; it is a number that does not point
anywhere.  But our formula for work = force times
distance involves two vectors, the force F and the
distance S.  What mathematical way can we combine
the two vectors F and S to get a number for the work W?
One possibility, that we discussed back in the chapter
on vectors, is the scalar or dot product.

W  =  F ⋅ S   =  F  S  cos θ (22)

Mathematically the dot product turns the vectors F
and S  into a scalar number W.  Let us see if  W =   F⋅S
is the correct formula for work.  If F  and S  are in the
same direction,  θ  = 0°, cos θ  = 1, and we get

  W = F⋅S = F S cos θ = F S

Applied to the case of a falling ball,  F = mg ,   S = h
and we get W = mgh which is correct.

S

F
θ

θ S = h/cosθ

h

Figure 5
Diagram for Exercise 9.
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Let us consider another example where we store poten-
tial energy by doing work against a force.  Suppose I tie
one end of a spring to a post and pull on the other end
as shown in Figure (6).  As I stretch the spring, I am
exerting a force Fme and moving the end of the spring
in the same direction.  Therefore I am doing positive
work on the spring, and this energy is stored in what we
can call the “elastic potential energy” of the stretched
spring.  (We know that a stretched spring has some
form of potential energy, for a stretched spring can be
used to launch a ball up into the air.)

Non-Constant Forces
Our example above, of storing energy in a spring by
stretching it, introduces a new complication.  We
cannot calculate the work I do Wme  in stretching the
spring by writing Wme =  Fme ⋅ S .  The problem is that,
the farther I stretch the spring, the harder it pulls back
(Hooke’s law).  If I slowly pull the spring out, I have to
apply an increasingly stronger force.  If we try to use the
formula Wme =  Fme ⋅ S , the problem is what value of
Fme to use.  Do we use the weak Fme at the beginning
of the pull, the strong one at the end, or some average
value.

We could use an average value, but there is a more
general way to calculate the work I do.  Suppose I wish
to pull the spring from an initial position xi to a final
position xf.  Imagine that I break this span from xi to xf
into a bunch of small intervals of width   ∆x , ending at
points labeled x0, x1, ... xn as shown in Figure (7).
During each small interval the spring force does not
change by much, and I can stretch the spring through
that interval by exerting a force equal to the strength of

Work and Potential Energy
In the discussion of energy, physicists tend to use a lot
of words like work, potential energy, kinetic energy,
etc.  What we are doing is building a conceptual picture
to help us organize a number of physical phenomena
and related mathematical equations.  You will find that
when you see this picture, are familiar with the “jar-
gon”, these concepts become easy to use and powerful
in their applications.  Much of this chapter is to intro-
duce the jargon and develop the picture.

The ideas of work and potential energy are closely
related and play critical roles in the picture of energy.
Let us discuss some examples simply from the point of
view of getting used to the jargon.

Suppose I pick a ball of mass m off the floor and slowly
lift it up to a height h.  While lifting the ball, I have to
just barely overcome the downward gravitational force
mg.  Therefore I exert an upward directed force of
magnitude mg, and I do this for a distance h.  Since my
upward force and the upward displacement are in the
same direction, the work I do, call it  Wme, is my force
mg times the distance h, or  Wme  =  mgh.  Using the
ideas of potential energy discussed earlier, we can say
that all the energy Wme  =  mgh that I supplied lifting the
ball went into gravitational potential energy mgh.

While I was lifting the ball, gravity was pulling down.
The downward gravitational force and the upward
displacement were in opposite directions and therefore
the work done by the gravitational force was negative.
While we are storing gravitational potential energy,
gravity does negative work.  When we let go of the ball,
gravity releases potential energy by doing positive
work.

Fme

Figure 6
Doing work on a spring.
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the spring force at the end of the interval.  For example
in stretching the spring from position x0 to x1, I apply
a force of magnitude Fs(x1) for a distance   ∆x  and
therefore do an amount of work

(∆Wme)1  =  Fs(x1)∆x

To get out to position x2, I increase my force to Fs(x2)
and apply that force over another interval   ∆x  to do an
amount of work

(∆Wme)2  =  Fs(x2)∆x

If I keep repeating this process until I reach the final
position xf, the total amount of work I have done is

   (Wme)total = (∆Wme)1 + (∆Wme)2 + ...

+ (∆Wme)n

= Fs(x1)∆x + Fs(x2)∆x + ...

+ Fs(xn)∆x

= Fs(xi)∆x∑
i=1

n

(23)

In Equation 23, we still have an approximate calcula-
tion as long as the intervals   ∆x  are of finite size.  We
get an exact calculation of the work I do if we take the
limit as   ∆x  goes to zero, and the number of intervals
goes to infinity.  In that limit, the right side of Equation

23 becomes the definite integral of Fs(x) from the
initial position  x i  to the final position  x f  :

 

( Wme) total = – Fs(x)dx

x i

x f

(24)

The statement of the work we did, Equation 24, can be
written more formally by noting that the spring force
Fs(x) is actually a vector which points opposite to the
direction I pulled the spring.  In addition, we should
think of each   ∆x or dx as a small vector displacement

  ∆x or  dx in the direction I pulled.  Since my force was
directed opposite to Fs, the work I did during each
interval  dx  can be written as the dot product

  dWme = Fme⋅dx = – Fs⋅dx

and the formula for the total work I did becomes

  

( Wme) total = – Fs⋅dx

xi

xf

(25)

Equation 25 is more general but a bit clumsier to use
than 24.  To use Equation 25, we would first note that
I was pulling along the x axis, and thus  dx = dx .  Then
I would note that the spring force was opposite to the
direction I was pulling, so that    – Fs(x)⋅dx  =   +Fs(x)dx

x0 x1 x2 xn

xfxi

∆x2∆x1

Figure 7
I can stretch the spring through a series of
small intervals of length ∆x.  In each interval I
apply a constant force that is just strong enough
to get the spring to the end of the interval.
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where Fs(x) is the formula for the strength of the spring
force.  That gets me back to Equation (24) and the
problem of evaluating the definite integral.

Potential Energy Stored in a Spring
Springs are useful in physics demonstrations and prob-
lems because of the simple force law (Hooke’s law)
which is quite accurately obeyed by real springs.  In our
study of the motion of a ball on the end of a spring in
Chapter 9, we saw that the formula for the strength of
the spring force was

Fs  =  K(S – S0) (9–6)

where S is the length of the spring and S0 the unstretched
length (the length at which Fs goes to zero in
Figure 9–4).

We can simplify the spring force formula, get rid of the
S0, by considering a situation where an object is held in
an equilibrium position by spring forces.  Suppose for
example we have a cart on an air track with springs

connecting the cart to each end of the track as shown in
Figure (8).  Mark the center of the cart with an arrow,
and choose a coordinate system where x = 0 is at the
equilibrium position as shown in Figure (8a).

With this setup, the spring force is always a restoring
force that is pushing the cart back  to the equilibrium
position x = 0.  If we give the cart a positive displace-
ment as in Figure (8b), we get a left directed or negative
spring force.  A negative displacement shown in (8c)
produces a right directed or positive spring force.  And
to a high degree of accuracy, the strength of the spring
force is proportional to the magnitude of the displace-
ment from equilibrium.

All of these results can be described by the formula

 
Fs(x) = –Kx (26)

where the minus sign tells us that a positive displace-
ment x produces a negative directed force and vice
versa.  There is no S0 or  x0 in Equation 26 because we
chose x = 0 to be the equilibrium position where Fs = 0.
Equation 26 is what one usually finds as a statement of
Hooke’s law, and K is called the spring constant.

Equation 26 allows us to easily calculate the potential
energy stored in the springs.  If I start with the cart at rest
at the equilibrium position as shown in Figure (8a), and
pull the cart to the right a distance xf, the work I do is

 
Wme = Fme dx

x=0

x=xf

= (–Fs) dx
x=0

x=xf

= Kx dx
x=0

x=xf

(27)

where I have to exert a force  Fme = –Fs to stretch the
spring.

Fs

Fs

x = 0 equilibrium

x

x

(a)

(b)

(c)

Figure 8
The spring force  Fs is always opposite to the
displacement x.  If the spring is displaced
right,  Fs points left, and vice versa.
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 In Equation 27, the constant K can come outside the
integral, we are left with the integral of xdx which is
x2/2, and we get

 

Wme = K x dx
x= 0

x=xf

= K
x2

2
0

xf

= K
x f

2

2

Noting that all the work I do is stored as “elastic
potential energy of the spring”, we get the formula

 

Spring potential energy = K
x2

2
(28)

In Equation 28, we replaced xf by x since the formula
applies to any displacement xf I choose.

Exercise 10

If you pull the cart of Figure (8) back a distance xf from
the equilibrium position and let go, all the potential
energy you stored in the cart will be converted to kinetic
energy when the cart crosses the equilibrium position x
= 0.  Use this example of conservation of energy to
calculate the speed v of the cart when it crosses x = 0.
(Assume that you release the cart from rest.)

Exercise 10, which you should have done by now,
illustrates one of the main reasons for bothering to
calculate potential energy.  It is much easier to predict
the speed of the ball using energy conservation than it
is using Newton’s second law.  We can immediately
find the speed of the ball by equating the kinetic energy
at x = 0 to the potential energy at  x = xf  where we
released the cart.  To make the same prediction using
Newton’s second law, we would have to solve a
differential equation and do a lot more calculation.

Exercise 11

With a little bit of cleverness, we can use energy
conservation to predict the speed of the cart at any point
along the air track.  Suppose you release the cart from
rest at a distance xf , and want to know the cart’s speed
at, say,  xf/2.  First calculate how much potential energy
the cart loses in going from xf  to   xf/2, and then equate
that to the kinetic energy  1/2mv2  that the cart has
gained at  xf/2.
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WORK ENERGY THEOREM
The reason that it is easier to apply energy conserva-
tion than Newton’s second law is that when we have
a formula for potential energy, we have already done
much of the calculation.  We can illustrate this by
deriving what is called the “Work Energy Theorem”
where we use Newton’s second law to derive a
relation between work and kinetic energy.  We will
first derive the theorem for one dimensional motion,
and then see that it is easily extended to motion in
three dimensions.

Suppose a particle is moving along the x axis as shown
in Figure (9).  Let a force Fx(x) be acting on the particle.
Then by Newton’s second law

 
Fx(x) = max(x) = m

dvx(x)

dt
(29)

Multiplying by dx and integrating to calculate the work
done by the force Fx, we get

 

Fx(x)dx
i

f

= m
dvx(x)

dt
dx

i

f

(30)

In Equation (30), we are integrating from some initial
position  x i  where the object has a speed vxi , to a
position  x f  where the speed is vxf.

The next step is a standard calculus trick that you may
or may not remember.  We will first move things
around a bit in the integral on the right side of Equation
30:

 

m
dvx

dt
dx

i

f

= m dvx

i

f
dx
dt

(31)

Next note that  dx/dt  = vx,  the x component of the
velocity of the particle.  Thus the integral becomes

 

m dvx

i

f
dx
dt

= m vxdvx

vi

vf

(32)

After this transformation, we can do the integral be-
cause everything is now expressed in terms of the one
variable vx.  Using the fact that the integral of vxdvx is
vx2/2, we get

 

m vxdvx

vi

vf

= m
vx

2

2 vi

vf

=
1
2

mvfx
2 –

1
2

mvix
2

(33)

Using Equations (31) through (33) in Equation (30)
gives

 

Fx(x)dx

xi

xf

=
1
2

mvfx
2 –

1
2

mvix
2

(34)

The left side of Equation 34 is the work done by the
force Fx as the particle moves from position xi to
position xf.  The right side is the change in the kinetic
energy.  Equation 34 tells us that the work done by the
force Fx equals the change in the particle’s kinetic
energy.  This is the basic idea of the work energy
theorem.

F (x)x
v

x
Figure 9
An x directed force acting on a
particle moving in the x direction.
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To derive the three dimensional form of Equation 34,
start with Newton’s second law in vector form

F  =  ma (35)

Take the dot product of Equation 35 with dx and
integrate from i to f to get

  
F ⋅dx

i

f

= ma ⋅dx

i

f

(36)

Writing

  a ⋅dx = a xdx + a ydy + a zdz (37)

we get

  

F ⋅dx

i

f

= m
dvx

dt
dx +

dvy

dt
dy +

dvz

dt
dz

i

f

(38)

Following the same steps we used to get from Equation
31 to 33, we get

  
F ⋅dx

i

f

=
1
2

mvfx
2 –

1
2

mvix
2

                
+  1

2
mvfy

2  – 1
2

mviy
2

                +  1
2

mvfz
2  – 1

2
mviz

2 (39)

Finally noting that by the Pythagorean theorem

vi
2  =  vix

2  + viy
2  + viz

2  

vf
2  =  vfx

2  + vfy
2  + vfz

2 (40)

we get, using (40) in (39)

  

F ⋅dx

i

f

=
1
2

mvf
2 –

1
2

mvi
2

(41)

which is the three dimensional form of the work energy
theorem.

Several Forces
Suppose several forces F1, F2, ...  are acting on the
particle as the particle moves from position i to position
f.   Then the vector F in Equations 35 through 41 is the
total force Ftot which is the vector sum of the individual
forces:

F  =  Ftot  =  F1 + F2 + . . . (42)

Our formula for the work done by these forces becomes

  
F ⋅dx

i

f

= (F1 + F2 + ...) ⋅dx
i

f

                

  
= F1 ⋅dx

i

f

+ F2 ⋅dx

i

f

+ ... (43)

and we see that the work done by several forces is just
the numerical sum of the work done by each force
acting on the object.  Equation 41 now has the interpre-
tation that  the total work done by all the forces acting
on a particle is equal to the change in the kinetic
energy of the particle.
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Conservation of Energy
To see how the work energy theorem leads to the idea
of conservation of energy, suppose we have a particle
subject to one force, like the spring force Fs acting on
an air cart as shown in Figure (8).  If the cart moves from
position i to position f, then the work energy theorem,
Equation 41 gives

  
F ⋅dx

i

f

=
1
2

mvf
2 –

1
2

mvi
2 (44)

In our analysis of the spring potential energy, we saw
that if I slowly moved the cart from position i to position
f, I had to exert a force Fme that just overcame the spring
force Fs, i.e., Fme = –Fs.  When I moved the cart
slowly, the work I did went into changing the potential
energy of the cart.  Thus the formula for the change in
the cart’s potential energy is

  change in the
potential energy of
the cart when the
cart moves from
position i to position f

= F ⋅dx

i

f

= – Fs ⋅dx

i

f
(45)

Equation 45 is essentially equivalent to Equation 25
which we derived in our discussion of spring forces.

Spring forces have the property that the energy stored
in the spring depends only on the length of the spring,
and not on how the spring was stretched.  This means
that the change in the spring’s potential energy does not
depend upon whether I moved the cart, or I let go and
the spring moves the cart.  We should remove Fme from
Equation 45 and simply express the spring potential
energy in terms of the spring force

  
change in spring
potential energy

= – Fs ⋅dx

i

f

(46)

Equation 46 says that the change in potential energy is
minus the work done by the force on the object as the
object moves from i to f.  There is a minus sign because,
if the force does positive work, potential energy is
released or decreases.  We will see that Equation 46 is
a fairly general relationship between a force and it’s
associated potential energy.

We are now ready to convert the work energy theorem
into a statement of conservation of energy.  Rewrite
Equation 44 with the work term on the right hand side
and we get

  
0 = – Fs ⋅dx

i

f

+
1
2

mvf
2 –

1
2

mvi
2 (47)

The term in the first curly brackets is the change in the
particle’s potential energy, the second term is the
change in the particle’s kinetic energy.  Equation 47
says that the sum of these two changes is zero

0  =  change in
potential energy

 + change in
kinetic energy

(47a)

If we define the total energy of the particle as the sum
of the particle’s potential energy plus its kinetic energy,
then the change in the particle’s total energy in moving
from position i to position f is the sum of the two
changes on the right side of Equation 47a.  Equation
47a says that this total change is zero,  or that the total
energy is conserved.



10-21

Conservative and
Non-Conservative Forces
We mentioned that the potential energy stored in a
spring depends only on the amount the spring is
stretched, and not on how it was stretched.  This means
that the change in potential energy depends only on the
initial and final lengths of the spring, and not on how we
stretched it.  This implies that the integral

  
– Fs ⋅dx

i

f

has a unique value that does not depend upon how the
particle was moved from  i to f.

Gravitational forces have a similar property.  If I lift an
object from the floor to a height h, the increase in
gravitational potential energy is mgh.  This is true
whether I lift the object straight up, or run around the
room five times while lifting it.  The formula for the
change in gravitational potential energy is

  change in
gravitational

potential energy
= – Fg ⋅dx

i

f

= – Fgydy
0

h

= – – mg dy
0

h

= mgh (48)

Again we have the change in potential energy equal to
minus the work done by the force.

Not all forces, however, work like spring and gravita-
tional forces.  Suppose I grab an eraser and push it
around on the table top for a while.  In this case I am
overcoming the friction force between the table and the
eraser, and we have  Fme = – Ffriction.  The total work
done by me as I move the eraser from an initial position
i to a final position f is

  work I do
while moving

the eraser
= – Fme ⋅dx

i

f

= – Ffriction⋅dx

i

f (49)

There are two problems with this example.  The
integrals in Equation 49 do depend on the path I take.
If I move the eraser around in circles I do a lot more
work than if I move it in a straight line between the two
points.  And when I get to position f, there is no stored
potential energy.  Instead all the energy that I supplied
overcoming friction has probably been dissipated in
the form of heat.

Physicists divide all forces in the world into two
categories.  Those forces like gravity and the spring
force, where the integral

  
F ⋅dx

i

f

depends only on the initial and final positions  i and f,
are called "conservative" forces.  For these forces there
is a potential energy, and the formula for the change in
potential energy is minus the work the force does when
the particle goes from i to f.

All the other forces, the ones for which the work
integral depends upon the path, are called non-conser-
vative forces.  We cannot use the concept of potential
energy for non-conservative forces because the for-
mula for potential energy would not have a unique or
meaningful value.  The non-conservative forces can do
work and change kinetic energy, but as we see in the
case of friction, the work ends up as something else like
heat rather than potential energy.

It is interesting that on an atomic scale, where energy
does not disappear in subtle ways like heat, we almost
always deal with conservative forces and can use the
concept of potential energy.
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GRAVITATIONAL POTENTIAL
ENERGY ON A LARGE SCALE
In our computer analysis of satellite motion, we saw
that the quantity  Etot, given by

 
Etot =

1
2

mv2 –
GMem

r
(50)

was unchanged as the satellite moved around the earth.
As shown in Figure (10), m is the mass of the satellite,
v  its velocity, R its distance from the center of the earth,
and  Me is the mass of the earth.  This was our first non
trivial example of conservation of energy, where
1/2 mv2  is the satellite’s kinetic energy, and –GMem/R
must be the formula for the satellites's gravitational
potential energy.  Our discussion of the last section
suggests that we should be able to obtain this formula
for gravitational potential energy by integrating the
gravitational force F g   =  GMem/r2 from some initial
to some final position.

Here on the surface of the earth, the formula for
gravitational potential energy is mgh.  This simple
result arises from the fact that when we lift an object
inside a room, the strength of the gravitational force mg
acting on it  is essentially constant.  Thus the work I do
lifting a ball a distance h is just the gravitational force
mg times the height h.  Since this work is stored as
potential energy, the formula for gravitational potential
energy is simply mgh.

In the case of satellite motion, however, the strength of
the gravitational force was not constant.  In our first
calculation of satellite motion in Chapter 8, the satellite
started 1.1 earth radii from the center of the earth and
went out as far as r = 5.6 earth radii.  Since the
gravitational force drops off as  1 r21 r2, the gravitational
force was more than 25 times weaker when the satellite
was far away, than when it was launched.

Zero of Potential Energy
Another difference is that the formula mgh for a ball in
the room measures changes in gravitational potential
energy starting from the floor where h = 0.  In a rather
arbitrary way,we have defined the gravitational poten-
tial energy to be zero at the floor.  This is a convenient
choice for people working in this room, but people
working upstairs or downstairs would naturally choose
their own floors rather than our floor as the zero of
gravitational potential energy for objects they were
studying.

Since conservation of energy deals only with changes
in energy, it does not make any difference where you
choose your zero of potential energy.  A different
choice simply adds a constant to the formula for total
energy, and an unchanging or constant amount of
energy cannot be detected.  The most famous example
of this was the fact that a particle’s rest energy m

0
c2 was

unknown until Einstein introduced the special theory
of relativity, and undetected until we saw changes in
rest energy caused by nuclear reactions.  In the case of
the gravitational potential energy of a ball, if we use the
floor downstairs as the zero of gravitational potential
energy, we add the constant term  (mg)hfloor to all our
formulas for  Etot 

(where h floor is the distance between
floors in this building).  This constant term has no
detectable effect.

In finding a formula for gravitational potential energy
of satellites, planets, stars, etc., we should select a
convenient floor or zero of potential energy.  For the
motion of a satellite around the earth, we could choose
gravitational potential energy to be zero at the earth’s
surface.  Then the satellite’s potential energy would be
positive when its distance r from the center of the earth
is greater than the earth radius re , and negative should
r become less than re .  Such a choice would be
reasonable if we were only going to study earth satel-
lites, but the motion of a satellite about the earth is very
closely related to the motion of the planets about the sun
and the motion of moons about other planets.  Choos-
ing r = re  as the distance at which gravitational poten-
tial energy is zero is neither a general or particularly
convenient choice.

Figure 10
Earth satellite.

v
m

r

Me
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In describing the interaction between particles, for
example an electron and a proton in a hydrogen atom,
the earth and a satellite, the sun and its planets, or the
stars in a galaxy, the convenient choice for the zero of
potential energy is where the particles are so far apart
that they do not interact.  If the earth and a rock are a
hundred light years apart, there is almost no gravita-
tional force between them, and it is reasonable that they
do not have any gravitational potential energy either.

Now suppose that the earth and the rock are the only
things in the universe.  Even at a hundred light years
there is still some gravitational attraction, so that the
rock will begin to fall toward the earth.  As the rock gets
closer to the earth it will pick up speed and thus gain
kinetic energy.  It was the gravitational force of attrac-
tion that caused this increase in speed, therefore there
must be a conversion of gravitational potential energy
into kinetic energy.

This gives rise to a problem.  The rock starts with zero
gravitational potential energy when it is very far away.
As the rock approaches the earth, gravitational poten-
tial energy is converted into kinetic energy.  How can
we convert gravitational potential energy into kinetic
energy if we started with zero potential energy?

Keeping track of energy is very much a bookkeeping
scheme, like keeping track of the balance in your bank
account.  Suppose you begin the month with a balance
of zero dollars, and start spending money by writing
checks.  If you have a trusting bank, this works because
your bank balance simply becomes negative.

In much the same way, the rock falling toward the earth
started with zero gravitational potential energy.  As the
rock picked up speed falling toward the earth, it gained
kinetic energy at the expense of potential energy.  Since
it started with zero potential energy, and spent some, it
must have a negative potential energy balance.  From
this we see that if we choose gravitational potential
energy between two objects to be zero when the objects
are very far apart, then the potential energy must be
negative when the objects are a smaller distance apart.
When we think of energy conservation as a bookkeep-
ing scheme, then the idea of negative potential energy
is no worse than the idea of a negative checking account
balance.

(In the analogy between potential energy and a check-
ing account, the discovery of rest energy  m0c2 would
be like discovering that you had inherited the bank.  The
checks still work the same way even though your total
assets are vastly different.)

Let us now return to Equation (50) and our formula for
gravitational potential energy of a satellite

 gravitational
potential energy

= –
GMem

r
(50a)

First we see that if the satellite is very far away, that as
r goes to infinity, the potential energy goes to zero.
Thus this formula does give zero potential energy when
the earth and the satellite are so far apart that they no
longer interact.  In addition, the potential energy is
negative, as it must be if the satellite falls in to a distance
r, converting potential energy into kinetic energy.

What we have to do is to show that Equation (50a) is in
fact the correct formula for gravitational potential
energy.  We can do that by calculating the work gravity
does on the satellite as it falls in from r = ∞ to r = r.  This
work, which would show up as the kinetic energy of a
falling satellite, must be the amount of potential energy
spent.  Thus the potential energy balance must be the
negative of this work.  Since the work is the integral of
the gravitational force times the distance, we have
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  gravitational
potential energy
at position R

= – Fg ⋅dr

∞

R

= –
GMm

r2
dr

∞

R

(51)

Equation 51 may look a bit peculiar in the way we have
handled the signs.  We have argued physically that the
gravitational potential energy must be negative, and
we know that it must be equal in magnitude to the
integral of the gravitational force from r = ∞ to r = R.
By noting ahead of time what the sign of the answer
must be, we can do the integral easily without keeping
track of the various minus signs that are involved.  (One
minus sign is in the formula for potential energy,
another is the dot product since Fg  points in and dr  out,
a third in the integral of r– 2, and more come in the
evaluation of the limits.  It is not worth the effort to get
all these signs right when you know from a simple
physical argument that the answer must be negative.)

Carrying out the integral in Equation 51 gives

  
GMem

r2
dr

∞

R

= GMem
dr

r2

∞

R

 
= –

GMem

r ∞

R

= GMem
1
∞ –

1
R

where we used the fact that the integral of   1 r21 r2 is  – 1 r1 r.
Thus we get

  
GMem

r2
dr

∞

R

=
GMem

R

As a result the gravitational potential energy of the
satellite a distance R from the center of the earth is
– GMem/R as given in Equation 50a.
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Gravitational Potential
Energy in a Room
Before we leave our discussion of gravitational poten-
tial energy, we should show that the formula – GMem/r
leads to the formula mgh for the potential energy of a
ball in a room.  To show this, let us use the formula
– GMem/r to calculate the increase in gravitational
potential energy when I lift a ball from the floor, a
distance Re from the center of the earth, up to a  height
h, a distance Re+ h from the center of the earth, as
shown in Figure (11).

We have

 
PEat height h = –

GMem

Re + h

PEat floor = –
GMem

Re

 Increase
in PE

= PEat h – PEat floor

= –
GMem
Re + h

– –
GMem

Re

= GMem
1

Re
– 1

Re + h
(52)

To evaluate the right side of Equation 52, we can write

 1
Re + h

= 1
Re

1
1 + h Re

h Re

h

ReRe +

Figure 11
A height h above the surface of the earth.

Since h/Re is a very small number compared to one, we
can use our small number approximation

  1
1+α

≈ 1 – α if α << 1

to write

  1
1 + h Re

h Re

≈ 1 – h
Re

so that

  1
Re + h

≈ 1
Re

1 – h
Re

= 1
Re

– h
Re

2 (53)

Using Equation 53 in (52) gives

 
Increase

in PE
= – GMem

1
Re

–
1

Re
–

h

Re
2

= GMem
h

Re
2

=
GMe

Re
2

mh

Finally noting that  GMe/ Re
2  =  g, the acceleration

due to gravity at the surface of the earth, we get

 
Increase

in PE
= mgh

which is the expected result.
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The gravitational potential energy of the satellite is
always negative.  Since the satellite is a distance r from
the center of the earth, its potential energy is

 potential
energy = – GMm

r

The total energy of the satellite is

 
Etotal = kinetic

energy +
potential
energy

= 1
2

GMm
r + – GMm

r

Etotal = – 1
2

GMm
r (54)

The total energy of a satellite in a circular orbit is
negative.

Now consider a satellite in an elliptical orbit. In particu-
lar, suppose that the orbit is an extended ellipse, as
shown in Figure (13).  At apogee, the farthest point
from the earth, the satellite is moving very slowly
(explain why by using Kepler's law of equal areas).  For
all practical purposes, the satellite drifts out, stops at
apogee, then falls back toward the earth.  At apogee, the
satellite has almost no kinetic energy; at this point its
total energy is nearly equal to its negative potential
energy

 Etotal = – GMm
rapogee

SATELLITE MOTION
AND TOTAL ENERGY
Consider a satellite moving in a circular orbit about the
earth, as shown in Figure (12).  We want to calculate the
kinetic energy, potential energy, and total energy (sum
of the kinetic and potential energy) for the satellite.  To
find the kinetic energy, we analyze its motion, using
Newton's laws.  The only force acting on the satellite is
the gravitational force  Fg given by

  
Fg = GMm

r2
Fg directed
toward the earth

where we now let M = mass of the earth and m = mass
of the satellite.  Since the satellite is moving at constant
speed v in a circle of radius r, its acceleration is  v2/r
toward the center of the circle

  a = v2

r
a directed
toward the earth

Since a and  Fg are in the same direction, by Newton's
second law

 Fg = m a

GMm
r2 = mv2

r

From this last equation we find that the kinetic energy
 1 21 2mv2 of the satellite is

  1
2

mv2 = 1
2

GMm
r

kinetic
energy

The kinetic energy, as always, is positive.

Figure 12
Satellite in a circular orbit.

M

v

m
Fg

r Figure 13
Satellite in a very eccentric orbit.  By Kepler's
law of equal areas, a satellite with the above
orbit would almost be at rest at apogee.

earthapogee

r  apogee
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Since the total energy is conserved,  Etotal remains
negative throughout the orbit.  If similar satellites are
placed in different orbits, the one that goes out the
farthest (has the greatest  rapogee) is the one with the least
negative total energy, but all the satellites in elliptical
orbits will have a negative total energy.

Suppose an extra powerful rocket is used and a satellite
is launched with a positive total energy.  In such a case,
the positive kinetic energy must always exceed the
negative potential energy. No matter how far out the
satellite goes, headed for apogee, it will always have
some positive kinetic energy to carry it out farther.

Even at enormous distances, where the negative poten-
tial energy  – GMm/r is about zero, some kinetic
energy would still remain, and the satellite would
escape from the earth!

By choosing potential energy to be zero when the
satellite is very far out, the total energy becomes a
meaningful number in itself.  If the total energy is
negative, the satellite will remain bound to the earth; it
does not have sufficient energy to escape. If a satellite
launched with positive total energy, it must escape
since the negative gravitational potential energy is not
sufficiently great to bind the satellite to the earth.  If the
satellite's total energy is zero, it barely escapes.

The orbits of comets about the sun are interesting
examples of orbits of different total energies.  It can be
shown that when a satellite's total energy is positive, its
orbit will be in the shape of a hyperbola, which is an
open-ended curve, as shown in Figure (14a).  In this
orbit  the comet has a positive total energy and never
returns.

If the total energy of the comet is zero, the orbit will be
in the shape of an open curve, called a parabola (Figure
14b).  A comet in this kind of orbit will not return either.

When the comet's total energy is slightly less than zero,
it must return to the sun.  In this situation the comet's
orbit is an ellipse, even though it may be a very
extended ellipse.  A comparison of an extended ellipse
and a parabola is shown in Figure (14c).  From this
figure we can see that near the sun there is not much
difference in the motion of a comet with zero or slightly
negative total energy.  The difference can be seen at a
great distance, where the zero-energy comet continues
to move away from the sun, but the slightly negative-
energy comet returns.

The circular, or nearly circular, motion of the planets is
a limiting case of elliptical motion.  The small circular
orbits (Figure 14d) are occupied by planets that have
large negative total energies.  Thus the planets are
tightly bound to the sun.

Figure 14
a) Hyperbolic orbit of comet with positive total
energy.
b) Parabolic orbit of comet with zero total energy.
c)  Elliptical orbit of comet with slightly negative total
energy.  (Dashed lines show parabolic orbit for
comparison.)
d) Nearly circular orbits of the tightly bound (large
negative energy) planets.

a)

b)

c)

d)

hyperbola

parabola

ellipse

circle
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Example 4   Escape Velocity
At what speed must a shell be fired from a super cannon
in order that it escapes from the earth?  Does it make any
difference at what angle the shell is fired, so long as it
clears all obstructions?  (Neglect air resistance.)

Solution: If the shell is fired at a sufficiently great initial
speed so that its total energy is positive, it will eventu-
ally escape from the earth, regardless of the angle at
which it is fired (so long as it clears obstructions).  To
calculate the minimum muzzle velocity at which the
shell can escape, we will assume that the shell has zero
total energy, so that it barely escapes.  When  Etotal = 0
we have just after the shell is fired

 0 = 1
2

mv2 –
GMem

re

which gives

 v2 =
2GMe

re
(55)

Putting in numbers

  G = 6.67 × 10–8 cm3/gm sec2

Me = 5.98 × 1027 gm

re = 6.38 × 108 cm

we get

  
v2 =

2× 6.67 × 10–8 cm3/gm sec2 5.98 × 1027 gm

6.38 × 108 cm

= 2× 6.67 × 5.98
6.38

10–8 × 1027

108 cm3gm/gm cm sec2

= 1.25 × 1012 cm2/sec2

  vescape = 1.12 × 106 cm/sec

Converting this to more recognizable units, such as mi/
sec, we have

  vescape = 1.12 × 106 cm/sec × 1
1.6 × 105 cm/mi

= 7 mi/sec (11.2 km / sec )

This is also equal to 25,200 mi/hr, which is far faster
than the initial velocity required to put a satellite in an
orbit 100 mi high.

Exercise 12
Calculate the escape velocity required to project a
shell permanently away from the moon

   ( mmoon = 7.35 × 1025 gm, rmoon = 1.74 × 108 cm).

Exercise 13
Once a shell has escaped from the earth, what must its
speed be to allow it to escape from our solar system?

Exercise 14

Find the escape velocities from the earth and the moon,
using the planetary units given on page 8-14.
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BLACK HOLES
A special feature of satellite motion we have just seen
is that we can tell whether or not a satellite can escape
simply by comparing kinetic energy with the gravita-
tional potential energy.  If the satellite's positive kinetic
energy is greater in magnitude than the negative gravi-
tational potential energy, then the satellite escapes,
never to return on its own.  This is true no matter how
or from where the satellite is launched (provided it does
not crash into something.)

So far we have limited our discussion to slowly moving
objects where the approximate formula  1/2mv2  is
adequate to describe kinetic energy.  We got the
formula  1/2mv2  back in Equation 7 by expanding

 E = mc2  to get

   
E = mc2 =

m0c2

1 – v2/c2

≈ m0c2 + 1/2 m0v2

rest energy kinetic energy

(7)

The basic idea is that Einstein's formula  E = mc2  gives
us a precise formula for the sum of the rest energy and
the kinetic energy.  In the special case the particle is
moving slowly, we can use the approximate formula
for  1 – v2/c2  to get the result shown in Equation 7.

For familiar objects like bullets, cars, airplanes, and
rockets, the kinetic energy is  1/2 m0v2 , much, much,
much smaller than the rest energy  m0c2.  The kinetic
energy of a rifle bullet, for example, is enough to allow
the bullet to penetrate a few centimeters into a block of
wood.  The rest energy of the bullet, if converted into
explosive energy, could destroy a forest.  In fact, one
way to tell whether or not the approximate formula

 1/2 m0v2  is reasonably accurate, is to check whether
the kinetic energy is much less than the rest energy.  If
it is, you can use the approximate formula; if not, you
can't.

We now finish our discussion of satellite motion by
going to the opposite extreme, and consider the behav-
ior of particles whose kinetic energy is much greater
than their rest energy.  Such a particle must be moving
at a speed very close to the speed of light.  We
considered such a particle in Exercise 7 of Chapter 6.
There we saw that electrons emerging from the Stanford
linear accelerator travelled at a speed v =
.9999999999875 c, and had a mass 200,000 times
greater than the rest mass.  For such a particle, almost
all the energy is kinetic energy.  In the formula  E = mc2 ,
only one part in 200,000 represents rest energy.

Actually we wish to go one step farther, and discuss
particles with no rest energy, particles that move at the
speed of light.  The obvious example, of course, is the
photon, the particle of light itself.

From one point of view there is not much difference
between an electron travelling at a speed
.9999999999875 c with only 1 part in 200,000 of its
energy in the form of rest energy, and a photon travel-
ing at a speed c and no rest energy.  Taking this point
of view, we will take as the formula for the energy of
a photon  E = mc2 , and assume that this is pure kinetic
energy.

Applying the formula   E = mc2 to a photon implies
that a photon has a mass  mp = Ep/c2 .  We will now
make the assumption that this mass  mphoton is  gravi-
tational mass, and that photons have a gravitational
potential energy  – GMmp/r  like other objects.  Our
assumption, which is slightly in error, is that Newtonian
gravity, which is a non relativistic theory, applies to
particles moving near to or at the speed of light.  It turns
out that Einstein's relativistic theory of gravity gives
almost the same answers, that we are seldom off by
more than a factor of 2 in our predictions.
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Suppose we have a photon a distance r from a star of
mass  Ms .  If the photon has a mass  mp , then the
formula for the total energy of the photon, its kinetic
energy  mpc2 plus its gravitational potential energy

 – GMsmp/r  is

 
Etot = mpc2 –

GMsmp
r

Since  mp  appears in both terms, we can factor it out
(and also take out a factor of  c2 ) to get

 
Etot = mpc2 1 –

GMs

rc2
(56)

Equation 56 applies only when the photon is outside the
star, i.e., when the distance r is greater than the radius
R of the star.

In most cases, the gravitational potential energy is
much less than the kinetic energy of a photon, and
gravity has little effect on the motion of the photon.  For
example, if a photon were grazing the surface of the sun
(if r in Equation 56) were equal to the sun's radius  Rsun)
we would have

 
Etot = mpc2 1 –

GMs

Rsc
2

(57)

Putting in numbers   Ms = 1.99 × 1033gm ,
  Rs = 6.96 × 1010cm  we have

  
GMs

Rsc
2

=
6.67 × 10– 8 cm3

gm sec2 × 1.99 × 1033gm

6.96 × 1010cm × 3 × 1010 2 cm2

sec2

= .00000212

Thus

 Etot = mpc2 1 – .00000212 (58)

From Equation 58 we see that when a photon is as close
as it can get to the surface of the sun, the gravitational
potential energy contributes very little to the total
energy of the photon, only 2 parts in a million.

However, suppose that the a star had the same mass as
the sun but a much, much smaller radius.  If it's radius

 Rs were small enough, the factor  1 – GMs/Rsc
2  in

Equation 58 would become negative, and a photon
grazing the surface of this star would have a negative
total energy.  The photon could not escape from the star.
No photons emerging from the surface of such a star
could escape, and the star would cease to emit light.

Let us see how small the sun would have to be in order
that it could no longer radiate light.  That would happen
when the factor  1 – GMs/Rsc2  is zero, when photons
emerging from the surface of the sun have zero total
energy.  Putting in numbers we get

 GMs
Rsc

2 = 1 (59)

  
Rs =

GMs
c2

=
6.67 × 10– 8 cm3

cm sec2 × 1.99 × 1033cm

3 × 1010 2
cm2/sec2

  Rs = 1.48 × 105cm

= 1.48 kilometer (60)

Equation 60 tells us that an object with as much mass
as the sun, confined to a sphere of radius less than 1.48
kilometers, cannot radiate light.  Although we used the
non relativistic Newtonian gravity in this calculation,
Einstein's relativistic theory of gravity makes the same
prediction.
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In discussions of black holes, one often sees a reference
to the radius of the black hole.  What is usually meant
is the radius given by Equation 59, the radius at which
light can no longer escape if a mass  Ms  is contained
within a sphere of radius  Rs .

Do black holes exist?  Can so much mass be concen-
trated in such a small sphere?  The question has been
difficult to answer because black holes are hard to
observe since they do not emit light.  They have to be
detected indirectly, from the gravitational pull they
exert on neighboring matter.  In the sky there are many
binary star systems, systems in which two stars orbit
about each other.  In some examples we have observed
a bright star orbiting about an invisible companion.
Careful analysis of the orbit of the bright star suggests
that the invisible companion may be a black hole.
There is recent evidence that gigantic black holes, with
the mass of millions of suns, exists at the center of many
galaxies, including our own.

That a black hole cannot radiate light is only one of the
peculiar properties of these objects.  When so much
matter is concentrated in such a small volume of space,
the gravitational force becomes so great that other
forces cannot resist the crushing force of gravity, and as
far as we know, the matter inside the black hole
collapses to a point—a zero sized or very, very small
sized object.  At the present time we do not have a good
theory for what happens to the matter inside a black
hole. (We will have more to say about black holes in
later chapters.)

Exercise 15

Studies of the motion of the stars in our galaxy suggests
that at the center of our galaxy is a large amount of mass
concentrated in a very small volume.  For this problem,
assume that a mass of 100 million suns is concentrated
in the small volume.  If this massive object is in fact a
black hole, what is the radius from which light can no
longer escape?

A Practical System of Units
In the CGS system of units, where we measure distance
in centimeters, mass in grams and time in seconds, the
unit of force is the dyne (  1 dyne = 1 gm cm/sec2 ) and
the unit of energy is the erg (  1 erg = 1 gm cm2/sec2 ).
We have found the CGS system quite convenient for
analyzing strobe photographs with 1 cm grids.  But
when we begin to talk about forces and particularly
energy, the CGS system is often rather inconvenient.  A
force of one dyne is more on the scale of the force
exerted by a fly doing push-ups than the kind of forces
we deal with in the lab.  A baseball pitched by Roger
Clemens has a kinetic energy of over a million ergs and
a 100 watt light bulb uses ten million ergs of electrical
energy per second.  The dyne and particularly the erg
are much too small a unit for most every day situations.

In the MKS system of units, where we measure dis-
tance in meters, mass in kilograms and time in seconds,
the unit of force is the newton and energy the joule.  The
force required to lift a 1 kilogram mass is 9.8 newtons
(mg), and the energy of a Roger Clemens’ pitch is over
10 joules.  When working with practical electrical
phenomena, the use of the MKS system is the only
sensible thing to do.  The unit of power, the watt, is one
joule of energy per second.  Thus a 100 watt light bulb
consumes 100 joules of electrical energy per second.
Volts and amperes are both MKS units, the corre-
sponding CGS units are statvolts and esu, which are
almost never used.

Where CGS units are far superior is  in working with the
basic theory of atoms, as for the case of the Bohr theory
discussed in Chapter 36.  This is because the electric
force law has a much simpler form in CGS units.  What
we will do in the text from this point on is to use MKS
units almost exclusively until we get through the
chapters in electrical theory and applications.  Then we
will go back to the CGS system in most of our discus-
sions of atomic phenomena.



Chapter 11
Systems of Particles

So far in our applications of Newton’s second law, we
have treated objects as individual point particles. In
some problems, this appeared to be a reasonable
approximation.  But in others, like the motion of an
apple falling from a tree, it appeared to be a remark-
able result that the entire earth could be treated as a
point particle located at the center of the earth.  Newton
supposedly invented calculus to show that one could do
this.

In this chapter we will look at ways to handle systems
consisting of many particles. In particular, we will see
that often the concept of center of mass allows us to
treat a group of interacting particles as a single par-
ticle. This can lead to an enormous simplification of the
analysis and a clearer understanding of the result.

CHAPTER 11 SYSTEMS OF
PARTICLES

Diver - Movie
For a student project, Tobias Hays was videotaped
doing a series of dives, a few of which are shown in
this movie. Working frame by frame, you can see
that the diver's center of mass follows a parabolic
trajectory. (It was actually more instructive to use a
parabolic trajectory to locate the diver's center of
mass in various positions.)
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CENTER OF MASS
To introduce the concept of center of mass, let us begin
with some examples of mechanical systems that at first
appear fairly complex, but which are greatly simplified
when we focus our attention  on the motion of the center
of mass.

Consider the motion of the earth about the sun.  To
analyze the problem, we could first treat the sun as a
point mass fixed at the origin and apply Newton’s
second law to the earth to determine the earth’s ellipti-
cal orbit.  On closer inspection, however, we note that
the earth is not a point particle but an earth-moon
system.  A more accurate treatment of the problem
requires us to consider two interacting particles both
orbiting the sun.

With a computer program it is not too difficult to set up
the earth-moon-sun system and directly solve for the
motion of the earth and moon.  Because the sun is so
massive, it is still a good approximation to place the sun
at rest at the origin of the coordinate system.  We then
have the earth subject to the gravitational force of the
sun and the moon, and the moon experiencing the
gravitational force of the sun and the earth.  If we
include all of these forces in the program, and start off
with reasonable initial conditions, we will get the
expected result that the earth goes about the sun in an
elliptical orbit with a slight wobble, and the moon goes
around the earth in a nearly circular orbit.  If we plot the
moon’s orbit, exaggerating the orbit radius as in Figure
(1), the orbit looks somewhat peculiar because it repre-

sents circular motion about a moving center.  It looks
like the drawing of epicycles from a text on ancient
Greek astronomy.

For a similar but much more difficult problem, con-
sider the globular cluster shown in Figure (2).  Globular
clusters are fairly common objects in our galaxy.  A
typical globular cluster  is a swarm of several million
stars all attracting each other to form a single gravita-
tionally bound body.  We can think of it as a confined
gas of stars, confined not by a bottle or a rubber balloon
but by the gravitational attraction between the stars.

The globular clusters in our galaxy lie outside the main
body of stars of the galaxy, typically orbiting around or
through the galaxy.  If we wished to calculate the orbit
of a globular cluster, our first approximation would be
to treat it as a point particle.  To do better than that with
a computer program, we might try to analyze the
motion of each star as we did in the earth-moon-sun
problem above.  But the futility of doing this would
soon become obvious.  Each of the millions of stars
interact not only with the gravitational force of the
galaxy, but with each other.  Each star is subject to
millions of forces, and any direct computer calculation
becomes impossibly complex.  One might try to sim-
plify the problem by considering a cluster of only a few

Figure 1
Motion of the moon around the sun.  In this
sketch, we have greatly exaggerated the size
of the moon's orbit about the earth in order
to show the epicycle like motion of the
moon.

Sun
Earth

Moon

Figure 2
Globular cluster (NCG 5272).
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hundred stars, but even then a lot of time on a super
computer is needed for a meaningful prediction.

Despite all the forces involved, the motion of the cluster
can easily be analyzed if we focus on the motion of the
center of mass of the cluster.  When we calculate the
motion of the center of mass, all internal forces cancel,
and we have to consider only the net force of the galaxy
on the total mass of the stars.  In the earth-moon-sun
problem, the center of mass of the earth-moon system
travels in an elliptical orbit around the sun.  The earth
and moon each orbit about this center of mass point.
The calculation of the motion of the center of mass of
the earth-moon is the same as calculating the motion of
a point planet about the sun.

The idea of the center of mass is a familiar concept for
it is a balance point.  The center of mass of a long thin
rod is the point where the rod balances on your finger.
If you mark the balance point and throw the rod in the
air, giving it a spin, the balance point follows a smooth
parabolic trajectory while the rest of the rod rotates
about the balance point as shown in Figure (3).  The
balance point or center of mass moves as if all the mass
of the rod were concentrated at that point.

Although the idea of a center of mass or balance point
is fairly straightforward, the formula for the center of
mass of a collection of particles looks a bit peculiar at
first.  But when you get used to the formula, you will
find that it is fairly easy to remember and leads to
impressive simplifications when used in Newton’s
laws.

Center of Mass Formula
Suppose that we have a collection of n particles

 m1 , m2 , mn  , as shown in Figure (4).  The coor-
dinate vector for particle m1 is R1, that for  m2  is R2, etc.
We define the total mass M of the collection of
particles as simply the sum of the individual masses

  
M = m1 + m2 + mi = mi∑

i = 1

n

(1)

The coordinate vector  Rcom of the center of mass point
is then defined by the formula

   
MRcom = miRi∑

i

formula for
centerof mass
coordinate

(2)

Since this is a vector equation, it can be written as the
collection of the three scalar equations

  MXcom = mixi∑
i

(2a)

  MYcom = miyi∑
i

(2b)

  MZcom = mizi∑
i

(2c)

Figure 4
To calculate the center of mass of a collection of
particles, you start by constructing the coordinate
vector for each particle. You then use Equation 2 to
calculate the center of mass coordinate vector.

Figure 3
A meter stick tossed in the air rotates about its center
of mass (balance point).  The center of mass itself
travels along the parabolic path of a point projectile.
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where Xcom, Ycom and  Z com are the x, y and z
coordinates of the center of mass, and  x i ,  yi ,  and  zi
are the x, y, z coordinates of the i-th particle.

To see that Equation 2 does give the balance point of a
collection of particles, let us consider the simple case of
a horizontal massless rod of length l with two masses
m1 and m2 at each end, as shown in Figure (5).  If m1
is placed at the origin of the coordinate system, then
Equation 2a gives

   M Xcom = m1 × 0 + m2 l

X com  =  m2 l
M

  =  m2 l
m1 + m2

If m1 and  m2  are the masses of two children on a
seesaw of length l, then the pivot should be placed a
distance X com  from m1 for the children to balance.  (As
a quick check, if m1 =  m2 , then X com = l /2 which is
obviously correct.)

[If you want to calculate the center of mass of a
continuous object like an irregularly shaped sheet of
plywood, you can mark the plywood off into small
sections of mass   dmi  located at  ri.  Then M is the mass
of the whole sheet of plywood, and the x coordinate of
the center of mass is

  MXcom = xidmiΣ
i

→ xdm

where  xi  is the x coordinate of  ri.  You can then replace
the sum over the   dmi  by an integral. This is a typical
problem treated in an introductory calculus course
and will not be discussed further here.]

Exercise 1
The formula for center of mass looks like it depends on
where you place the origin of the coordinate system.  To
see that this is not true recalculate  Xcom  for the two
masses in Figure (5), placing the origin at  m2 , and show
that the pivot point comes out at the same place on the
rod.

Exercise 2
Show that the center or mass of the earth-moon system
is located inside the earth.

Exercise 3

An ammonia molecule consists of a nitrogen atom and
three hydrogen atoms located on the corners of a
tetrahedron, as shown in Figure (6).  Locate the center
of mass of the ammonia molecule.

Dynamics of the Center of Mass
Let us now see how the concept of center of mass can
be used to handle the dynamic behavior of a system of
particles.  Suppose we have a system with n particles.
The formula for their center of mass coordinate  Rcom
is from Equation 2

 MRcom = m1R1 + m2R2 + + mnRn (2)

If we differentiate Equation 2 with respect to time, and
note that the velocity  Vcom is given by   dRcom/dt, we
get

MVcom  =  m1v1 + m2v2 +  + m nvn (3)

where  vi = dR i /dt  is the velocity of the i-th particle.

l

Xcom

m1 m2

N

H

H

H

Figure 6
Structure of the ammonia molecule.

Figure 5
Calculating the center of mass for two particles.
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Equation 3 already has an interesting interpretation.
Since m1v1 is the linear momentum of particle 1, m2v2
that of particle 2, etc., we see that MVcom is equal to the
vector sum of the linear momenta of all the particles
under consideration.  We will come back to this point
when we discuss the concept of linear momentum in
more detail.

Differentiating Equation 3 with respect to time, noting
that   A com = dVcom /dt  is the acceleration of the center
of mass point, we get

 MA com = m1a1 + m2a2 + + mnan (4)

where  ai = dvi/dt is the acceleration of the i-th par-
ticle.

The final step is to use Newton’s second law to replace
 mai by the vector sum of the forces acting on particle

i.  Calling this sum   FiΣ  , we get

  MA com = F1Σ + F2Σ + + FnΣ (5)

Equation 5 tells us that  MAcom  is equal to the sum of
every force acting on all the particles.

If we wish to apply Equation 5 to the motion of
something as complex as a globular cluster, it looks like
we are still in trouble because, as we have mentioned,
each of the millions of stars in the cluster interacts with
all the other stars in the cluster.  Acting on each star is
the gravitational force of the galaxy plus the millions of
forces exerted by the other stars.

But Newton’s law of gravity provides an enormous
simplification.  When two objects interact gravitation-
ally, they exert equal and opposite forces on each other
as shown in Figure (7).  In that case  Fg1 = –Fg2  or if
we add these two forces of interaction we get

 Fg1 + Fg2 = 0

Let us now write out Equation 5 as it might be applied
to the globular cluster:

 
MA com = FG1 + F21 + F31 +

+ FG2 + F12 + F32 +

+

(6)

where  FG1 is the force of the galaxy on star #1, F21 is
the force of star #2 on star #1, F31 the force of star #3
on star #1, etc.  In the next collection of terms we have

 FG2 ,  the force of the galaxy on star 2, F12 the force of
star #1 on star #2, etc.

Rearranging the order in which we write the forces, we
get

 MA com = FG1 + FG2 + FGn

+ F21 + F12

+ F31 + F13 +

(7)

In Equation 7, we have separated the external forces
 FG1 + FG2 +  exerted by the galaxy on the indi-

vidual stars from the internal forces like F12 and F21
between stars in the cluster.  All the internal forces can
be grouped in pairs, like F12 + F21 , the force of star
#2 on star #1 plus the force of star #1 on star #2.
Because these are equal and opposite forces, all the
pairs of internal forces cancel (over a trillion pairs for
an average cluster), and we are simply left with the
vector sum of the external forces.  In our cluster
example, the vector sum of all the external forces is just
the net force  Fext  the galaxy exerts on the cluster, and
we are left with the fantastically simple result

  
MAcom = F

ext

equation for
center of
massmotion

(8)

Equation 8 tells us that the center of mass of the
globular cluster moves exactly as if the cluster were a
single mass point of mass M equal to the total mass of
the cluster subject to a single force  Fext   equal to the
total gravitational force exerted by the galaxy on all the
stars in the cluster.  This remarkable result explains

m2
Fg1m1

Fg2

r

Fg1 Fg2=  –

Figure 7
Two objects exert equal and
opposite forces on each other.
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why we can often represent a complex system by a
single mass point in the analysis of the system’s
behavior.

When this result is applied to the earth-moon system
shown in Figure (8), we have the following picture.
When we calculate the motion of the center of mass of
the earth and moon about the sun, the internal forces
between the earth and moon cancel, and we are left with

 
Mearth +Mmoon Acom = Fsun on earth +Fsun on moon

where  Fsun on earth is the force of the sun on the earth,
and  Fsun on moon that of the sun on the moon.  The center
of mass moves with the same acceleration as a point
particle of mass  (Mearth + Mmoon )  subject to the total
force the sun exerts on the two.  This results in an
elliptical orbit for the center of mass.

Exercise 4
Two air carts of equal mass are connected by a spring
as shown in Figure (9).  A small black marker is placed
at the center of the spring which remains at the center
of mass of the carts.  One of the carts is given a shove
to the right so that the two carts move off to the right in
an undulating drift.  Describe the motion of the black
marker.

NEWTON’S THIRD LAW
In our analysis of the motion of a globular cluster, the
great simplification came when all the internal forces
canceled in pairs in Equation 7, and we were left with
the result that the acceleration of the center of mass
point was determined solely by the external forces
acting on the swarm of stars.  The cancellation occurred
because the gravitational attraction between two ob-
jects is equal in magnitude and oppositely directed.

m2
Fg1m1

Fg2

What about other forces?  What if two stars are in
collision?  Is the force between them still equal and
opposite?  If not, then we would have to take internal
forces into account when predicting the motion of the
center of mass?  Unable to believe that this would
happen, Newton proposed that when two bodies inter-
act, then the force between them is always equal in
magnitude and oppositely directed, no matter what
forces are involved.  This assumption is known as
Newton’s Third Law of Mechanics.  The third law
guarantees that internal forces cancel in pairs and that
center of mass motion is determined only by external
forces.

[Newton’s first law, as we have mentioned, is that in the
absence of any external forces, an object will move with
uniform motion.  Although there is a direct conse-
quence of the second law   F = ma , Newton explicitly
stated the result, because it was not such an obvious
idea in Newton’s time,  when a horse and buggy was the
smoothest ride available.

In a traditional course in Newtonian mechanics,
Newton’s three laws are presented at the beginning as
basic postulates and everything else is derived from
them.  This was a logical approach for over 200 years
during which time there were no known exceptions to
these laws.  But with the discovery of special relativity
in 1905 and quantum mechanics in 1923, we now know
that Newton’s  laws are an approximate set of equa-
tions which apply with great accuracy to objects like
stars, planets, cars and baseballs, but which have to be
significantly modified when we consider objects mov-
ing at speeds near the speed of light, and which fail
completely on a subatomic scale.]

Figure 8
Forces on the earth and moon, as they go around
the sun. (The force of the sun on the earth is
much larger than the other three forces shown.)

earth

moon

Fsun on earth

Fsun on moon

Figure 9
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CONSERVATION OF LINEAR MOMENTUM

In Chapter 6, after introducing the recoil definition of
mass, we saw that the quantity m1v1 + m2v2 remained
unchanged when the two objects were recoiled from
each other.

V1 + V2 = 0

V1 = V2= 0

V1 V2

m1

m1

m1

m2

m2

m2

We proposed that this was one example of a more
general conservation law—the conservation of linear
momentum.  Now, using Newton’s third law, we can
explicitly demonstrate how the law of conservation of
momentum applies to objects obeying Newton’s laws.

Our discussion begins with Equation 3, reproduced
below as Equation 9, that was obtained by differentiat-
ing the formula for the center of mass of a system of
particles.  The result was

MVcom  =  m1v1 + m2v2 +  + m nvn

=  Ptotal                   
(9)

where Ptotal  =  m1v1 +  + m nvn is the vector sum
of the momenta of all the particles in the system.  We
will call this the total momentum of the system.  We see
from Equation 9 that this total momentum is simply the
total mass M times the velocity of the center of mass.

Differentiating Equation 9 with respect to time, as we
did in going from Equation 3 to 4 we get

dPtotal

dt
  =  m1a1 + m2a2 +  + m nan (10)

This is essentially Equation 4, except that we are
replacing MAcom by  dPtotal/dt  .

Using the fact that m1a1 is the vector sum of all the
forces acting on particle 1, m2a2 the sum acting on
particle 2, etc., we get

 dPtotal

dt
=

sum of all the forces
acting on all the particles

(11)

Now use Newton’s third law to cancel all the internal
forces, and we are left with

  
dPtotal

dt
= Fext

Newton's second law
for a system of particles (12)

where Fext is the vector sum of all the external forces
acting on the system.

If we have an isolated system with no external forces
acting on it  (if our globular cluster were drifting
through empty space), then

  
dPtotal

dt
= 0

for an
isolated
system

(13)

Equation 13 is our desired statement of the law of
conservation of linear momentum.  In words it says that
the total linear momentum of an isolated system is
conserved—does not change with time.  (Linear mo-
mentum is also conserved if there are external forces
but their vector sum is zero.  For example, a cart on an
air track experiences the downward force of gravity
and the upward force of the air, but these forces exactly
cancel.)

In deriving Equation 13, we had to use Newton’s
hypothesis that all internal forces cancel in pairs.  And
we also needed Newton’s second law to relate d mvi /dt
to the vector sum of the forces acting on the i-th particle.
However, the law of conservation of linear momentum
is known to apply on a subatomic scale where the
concepts of force and acceleration loose their meaning.
This suggests that our derivation of momentum conser-
vation is somehow backwards.  A more logical route is
to assume conservation of linear momentum as a basic
principle and derive the consequences.
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[To see how such a derivation would look, consider an
isolated system where there are no external forces. We
get from Equation 11

 
dPtotal

dt
=

vector sum of all the
internal forces acting
on the particles

(14)

But conservation of linear momentum requires that the
linear momentum of an isolated system be conserved.
Thus   d(PTotal)/dt  must be zero, and therefore the
vector sum of all the internal forces must be zero.  This
must be true no matter what kind of forces are involved.
Newton’s third law is a bit more restrictive in that it
requires the internal forces to cancel in pairs.  The
cancellation in pairs is the simplest picture, but not
necessarily required for conservation of linear mo-
mentum.]

Momentum Version
of Newton’s Second Law
In our discussion of Newton’s second law, we have
consistently assumed that the mass of a particle was
constant, so that we could take the m outside the
derivative.  For example, in going from Equation 3 to
Equations 4 and 5  in the center of mass derivation, we
used the following steps to relate the rate of change of
momentum of the i-th particle  d(m ivi)/dt   to the total
force Fi acting on the particle

d m ivi

dt
  =  m idvi

dt
  =  m iai  =  Fi (15)

If we take  F = ma to be the basic form of Newton’s
second law, we have to assume m is constant in order
to get  ma and then F .

Newton recognized that a slight generalization of the
second law would make it unnecessary to assume that
a particle’s mass was constant.  He actually expressed
the second law in the form

 
F =

dp

dt
=

d
dt

mv (16)

where F is the total force acting on a particle of mass
m, moving with a velocity v .  In the special case that
m is constant, then Newton’s second law becomes

F  =  
d mv

dt
  =  m dv

dt
  =  ma    (m = constant)

(17)

Thus we should view the Equation  F = ma as a
special case of the more general law  F = dp/dt  .

The momentum form of Newton’s second law is
advantageous if we are considering problems like that
in the following exercise where momentum is being
transferred to an object at a known rate and we wish to
determine the effective force.  A more basic application
is for relativistic problems where mass changes with
velocity.  Then we must use the momentum form of the
law in order to account for the mass change.  It is
interesting that Newton had the insight to present the
second law in a form that would handle Einstein’s
theory 200 years later.

Exercise 5
A boy is washing the door of his father’s car by squirting
a hose at the door.  Assume that the water comes out of
the hose at a rate of 20 kilograms (liters) per minute at
a speed of 12 meters/second.  When the water hits the
door it dribbles down the side.  What force, in newtons,
does the water exert on the door?

(To solve this, simply calculate the amount of momen-
tum per second that the water brings to the door.)
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COLLISIONS
In our every day experience, collisions are something
we usually try to avoid, whether it is running into a door
or an automobile accident.  Hitting a baseball is an
obvious exception.  In physics, collisions turn out to
play an extremely important role, particularly in the
study of elementary particles.  For example, the atomic
nucleus was discovered as a result of experiments
involving the collision between α  particles and atoms
in a gold foil.

Collisions generally happen rapidly, and one is not
used to observing what happens during a collision.  It
is usually a before and after scene, what was the
situation before the collision, and what did things look
like after.  In most physics experiments like those
involving elementary particles, that is all we can ob-
serve.  However we will begin our discussion of
collisions with an experiment that is explicitly de-
signed to allow us to study the situation during the
collision.

In this experiment, an air cart moving down an air track
collides with a force detector mounted at the end of the
track.  Rather than have the metal cart bounce off the
metal arm of the force detector, we slow the collision
down by mounting a stretched rubber band on the end
of the cart.  With the rubber band colliding with the
force detector, it takes several milliseconds for the
collision to occur and the cart to reverse directions.
During this time we can record both the force the cart
exerts on the force detector and the velocity of the cart.
Using the momentum form of Newton’s second law,
we will find that there is a particularly simple way to
analyze the collision in terms of the concept of impulse.

When collisions are either too rapid or on too small a
scale to be observed directly, we can almost always
apply the law of conservation of momentum to analyze
the results.  In elementary particle collisions, both
energy and momentum may be conserved.  In some
introductory physics lab experiments, momentum is
conserved during the collision and energy after. We
will see how this lets us make detailed predictions
about the behavior of the objects involved.

Impulse
An overview of the air cart force detector experiment
is shown in Figure (10).  Focusing on the momentum
involved, we see that the cart is initially moving down
the track with a momentum  pi  as shown in Figure
(10a).  In Figure (10b) it collides with the force detector,
and in (10c) is moving back up the track with a
momentum  pf .  The net effect of the collision is to
change the cart’s momentum from  pi  to  pf .

mB

pi

a) before collision

b) during collision

c) after collision

force 
detector

mB

mB

pf

Figure 10
Collision of an aircart with the force detector.
During the collision, the force detector first
has to push on the cart to stop it, and then
give an essentially equal push to move it out.
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During the collision itself, the force detector is exerting
a force  F t  on the cart.  The force  F t  acts for only a
short time, but can be measured in detail by the force
detector.  To relate this force to the observed change in
the momentum of the cart, we start with Newton’s law
in the form

 
F t =

dp
dt

(16 repeated)

Multiplying through by dt gives

 F t dt = dp (18)

Now integrate both sides of this equation from a time
ti  before the collision, when the cart momentum was

 pi , to a time tf  after the collision, when the cart
momentum was  pf .  We get

 

F t dt

ti

tf

= dp

pi

pf

= pf – pi (19)

Since  pf – pi  is the change in the momentum of the
cart as a result of the collision, we get

 
impulseof the
force F t

F t dt

ti

tf

=
change in the
momentum of
the air cart

(20)

This integral of  F t  over the time of the collision is
called the impulse of the force  F t .  The force exerted
by the force detector alters the momentum of the cart,
and how much it alters it is equal to the impulse of the
force.

In the air cart experiment, we will record the force  F t
from the output of the force detector, and directly
compare the integral of that force with the change in the
momentum of the cart.

Note that both  pf  and –  pi  are directed to the right. Thus
the magnitude of  pf – pi  is equal to the numerical sum

 pf + pi

 pf – pi = pf + pi

As a result, the impulse supplied by the force detector
has a magnitude  pf + pi or about 2  pi  if the cart comes
out at the same speed it went in. The force detector
supplies 2  pi  because one  pi  is required to stop the cart,
and the other is required to shove it out again.

Calibration of the Force Detector
The force detector is designed to put out a voltage that
is proportional to the force exerted on the detector
beam.  To convert this voltage reading to a force
measurement, we have to calibrate the force detector.
This is easily done by running a string from the air cart,
over a pulley and down to some weights as shown in
Figure (11).  As we add weights to the string we
increase the force the cart exerts on the beam.

Figure (12) shows the output of the force detector as we
added a series of 20 gm weights.   Adding 3 weights
changes the voltage by 42.8 millivolts (mV), thus each
weight changes the output voltage by 42.8/3 = 14.3
mV. (One millivolt =  10– 3  volts.) Each added weight
corresponds to an increase of the force by

  ∆F = mg = 20 gm × 980 cm/s2  = 19600 dynes.      Thus
the factor for converting from millivolts output for this
force detector, to dynes of force is

force 
detector

m
B

Figure 11
Calibrating the force detector.

Figure 12
Voltage output when 20 gram weights are added.
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 conversion
factor

= 19600 newtons
14.3 millivolts

= 1370
dynes

millivolts

(21)

The Impulse Measurement
One way to set up the collision experiment is shown in
Figure (13).  To soften the collision we have added a
metal bracket to the cart and stretched a rubber band
across the open end.  Adjusting the tension in the rubber
band allows us to change the length of time during
which the collision occurs.

Figure (14) shows a fairly typical output of the force
detector.  There is no force until the rubber band reaches
the detector.  The force then increases and then de-
creases symmetrically, and becomes 0 when the cart
leaves.  Using our calibration factor of 1370 dynes/mV,
we have graphed the force, in dynes, as a function of
time in Figure (15).

The impulse of this force is the integral of the force
curve from the time  t1  that the rubber band gets to the
force detector, to  t2  when it leaves.  Since we do not

have a formula for the curve, we cannot do the integral
analytically.  Instead, we have to use some graphical
technique to find the area under that curve.  One way is
to superimpose the curve on graph paper and count the
squares underneath.  A slightly less accurate way we
will use is to construct a triangle whose area is, to our
best estimate, equal to the area under the curve.  We
have done this with the dashed line triangle seen in
Figure (15).  We have adjusted the triangle so that the
extra area at the top matches the area lost at the sides.

The area of a triangle is (1/2 base × altitude).  In Figure
(15), the base of the triangle is 3.00–2.60 = 0.40
seconds.  The height is seen to be close to 56800 dynes.
Thus the area is

  area of
triangle

= 1
2 × 0.40 sec × 56800 dynes

= 11360 dyne seconds
(22)

Equation 22 is our result for the impulse of the force
F(t).

Although the force detector measures the magnitude of
the force F(t) that the cart exerts on the detector, by
Newton’s third law, this should be equal in magnitude
but oppositely directed to the force exerted by the
detector on the cart.  Thus the magnitude of the impulse
calculated in Equation 22 should be equal to the
magnitude of the change in the momentum of the cart,
as a result of the collision.

top view of aircart 

force 
detector beam

rubber band

Figure 13
A rubber band is used to soften the collision.

Figure 14
Output of the force detector. There is zero force
before the cart arrives and after it leaves.

dynes

13700

27400

0

41100

54800

Figure 15
Force versus time graph. The area under the force curve
is about equal to the area of the triangle we drew.



11-12  Systems of Particles

Exercise 6
(a) What is the direction of the force exerted by the force
detector on the cart?

(b)  What is the direction of the vector   ∆p = pf – pi?

(c)  How do these two directions compare?

Change in Momentum
To measure the momentum of the cart before and after
the collision, we mounted a 10 cm long sail on the top
of the cart as shown in the side view of Figure (16).
Mounted above the track is a light source and a photo-
detector seen in the top view.  When the sail on the cart
interrupts the light beam, there is an abrupt change in
the voltage output by the photodetector.  The lower,
dashed curves in Figures (14) and (17) are from the
output of the photodetector.  In Figure (17a) we are
measuring the length of time the sail took to pass by the
photocell on the way down to the force detector.  We
see that this time was 400 milliseconds or .400 seconds.
Thus the velocity of the cart on the way down was

 vi = 10 cm
.400 sec

= 25 cm
sec (23)

On the way back, we find from Figure (17c) that the sail
took 412 milliseconds or .412 seconds to pass the
photodetector.  Thus the final speed of the cart was

 vf = 10 cm
.412 sec

= 24.27 cm
sec (24)

The cart, sail and rubber band apparatus had a total
mass of  mcart  which was measured to be

 mcart = 227 gm (25)

v

photo
detector 10 cm long card

a) side view

b) top viewphoto
detector

light
source

10 cm long card

Figure 16
One way to measure the velocity of the aircart is to
mount a 10 cm long sail is mounted on top of the aircart.
While the sail is interrupting the light beam, there is a
change in the output voltage of the photo detector.

Figure 17a
Simultaneous recording of both the voltage
output from the force detector (solid line)
and the photo detector (dashed line).

Figure 17b,c
Measuring the
length of time the
sail took to go past
the photodetector.
The 10 cm sail took
400 milliseconds to
pass on the way in
(upper curve) and
412 milliseconds on
the way out. We see
it slowed down a bit.

(Another way to
determine the speed
of the aircart is to tilt
the airtrack and
release the cart from
a known height.)
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Thus the initial and final momenta have magnitudes

  pi = mvi = 227 gm × 25.0 cm
sec

= 5680
gm cm

sec

  pf = mvf = 227 gm × 24.27 cm
sec

= 5510
gm cm

sec
The magnitude   ∆p  of the change in momentum is the
sum of these two values

  ∆p = pi + pf = 5680
gm cm

sec + 5510
gm cm

sec

  
change in the
linear momentum
of the aircart

= ∆p = 11200
gm cm

sec

(26)

From Equation 22, we saw that the total impulse
supplied by the force detector was

 
total impulse
from the
force detector

= F t dt
ti

tf

= 11360 dyne sec

(27)
We see that to within a quite reasonable experimental
error, the total impulse supplied by the force detector
equals the change in linear momentum of the aircart.

Exercise 7
Explain why   ∆p in Equation 26 is the sum of the magni-
tudes pi  and pf .

Exercise 8
Show that the dimensions of impulse (dyne seconds)
are the same as momentum (gm cm/sec).

Exercise 9

How much energy, in joules, did the cart lose in the
collision with the force detector?  What percentage of
the cart’s initial kinetic energy was this?

Momentum Conservation
during Collisions
In our force detector experiment we used a rubber band
to slow down the collision so that we could do a more
accurate analysis of the impulse.  Even so the impulsive
force  F t  acted for only a very short time.  The most
important point of the experiment is that, no matter how
short the time is, the impulse, the time integral of  F t  is
equal to the total change in momentum.  If we had let the
metal end of the cart strike the force detector, the
collision would have taken much less time, but the force
would have been much greater.  The integral of the
larger force over the shorter time would still equal the
change in the momentum of the cart.

Suppose that, instead of an air cart colliding with a force
detector, we had two air carts colliding with each other.
During the collision they would by Newton’s third law,
exert equal and opposite forces  F t  on each other.  Thus
they would exert upon each other equal and opposite
impulses  F t dt .  As a result, the momentum gained
by one cart would precisely be equal to the momentum
lost by the other.  The net result is conservation of
momentum during the collision.

Now consider a slightly more complex situation.  Sup-
pose I throw a red billiard ball up in the air, and you
throw a blue billiard ball, and the two balls collide before
landing.

During this collision, more forces are involved.  There
is the force of the red billiard ball on the blue one, the
force of the blue billiard ball on the red one, and there are
the gravitational forces acting on both.  To study the
change in the momenta of the balls, it appears that we
must now account for all four forces at once.

However there is something special about the impulsive
forces found in collisions.  These forces are usually very
large but act for a very short time.  During this short
time the collision forces are usually much larger than
external forces like gravity.  So much larger, in fact, that
we can usually neglect external forces during a colli-
sion.  Since the collision forces conserve linear momen-
tum, we get the result that linear momentum is con-
served during a collision even if external forces are
present.  The only exception would be if the collision is
so slow that the external forces have time to act and
change the system’s momentum during the collision.
This is usually not the case.
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Collisions and Energy Loss
While we can use conservation of linear momentum in
the analysis of a collision, often energy conservation is
not applicable.  If the objects are deformed or give off
heat, light or sound, energy escapes in ways that are
difficult to measure.

In some situations, however, we can use momentum
conservation to figure out how much energy must be
“lost” to deformation, heat, sound, etc.  Suppose, for
example, we hang a steel ball of mass M from a string
as shown in Figure (18), and throw a putty ball of mass
m at the steel ball.  The putty ball is initially moving at
a speed  vi , then hits and sticks to the steel ball.  The two
move off together at speed  vf .

Even though energy is “lost” when the putty ball
squashes up against the steel ball, momentum is con-
served during the collision.  The initial momentum is all
carried by the putty ball, and is thus

  pi = mvi
initial
momentum (28)

After the collision the two move off together at a speed
 vf  and thus have a total momentum

 pf = m+M vf (29)

Since momentum is conserved, we have

 pi = pf

 mvi = m+M vf (30)

Solving for the final speed  vf , we get

 vf = m
m+M vi (31)

We can now calculate the amount of energy that must
be dissipated in this collision.  The initial energy  Ei  is
the kinetic energy of the putty ball

 Ei = 1
2mvi

2 (32)

The final energy  Ef  is the kinetic energy of the two
together

 Ef = 1
2

m+M vf
2 (33)

The energy “lost”, which must have gone into deform-
ing the putty ball, is

 Elost = Ei – Ef

= 1
2

mvi
2 – 1

2
m+M vi

2 (34)

Using Equation 31 for  vf  in Equation 34 gives

 
Elost = 1

2mvi
2 – 1

2 m+M
mvi

m+M

2

= 1
2mvi

2 – 1
2

m2

m+M vi
2

= 1
2mvi

2 1 – m
m+M

 Elost = 1
2mvi

2 M
m+M (35)

It may be somewhat surprising that even though we
may not have the slightest idea how energy is lost
during the deformation of the putty, we can calculate
precisely how much energy this uses.

Exercise 10

Check that Equation 35 gives reasonable results for the
two special cases M = 0 and M =  ∞  (for m ≠  0).

Exercise 11

A 500 gram steel ball is suspended from a string as
shown in Figure (18).  It is struck by a putty ball that
sticks, and half the putty ball’s initial kinetic energy is lost
in the collision.  What is the mass of the putty ball?

v
Mm i

putty ball

before collision
steel ball

vM mf

just after collision

m

Figure 18
Collision of a putty ball with a steel ball.
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After the putty ball has collided with the steel ball in our
preceding example, the two will rise together to a
maximum height h and final angle  θf  before swinging
back down again.  This is illustrated in Figure (19).  We
can predict this height h by applying energy conserva-
tion after the collision.  The kinetic energy  Ef  just after
the collision is transformed into gravitational potential
energy (m + M)gh at the top of the swing, giving

 1
2 m+M vf

2 = m+M gh

or

 
h =

vf
2

2g (36)

If you want to calculate the final angle  θf , you use the
fact that   h = – cos θf  as can be seen from Figure
(19).

This example of the steel and putty ball is essentially
equivalent to the ballistic pendulum discussed in Exer-
cise 12.  In that problem a block of wood of mass M is
suspended from two strings as shown in Figure (20).  A
bullet of mass m is fired into the block and the block
with the bullet stuck inside rises to a height h as shown.

vM mf

just after collision

M

m

m h

θf

θ f
co

s

Figure 19
After the collision, energy is conserved. This
allows us to calculate how high the ball rises.

You can assume that momentum is conserved during
the collision, energy afterward, and from a measure-
ment of the height h, determine the speed  vi  of the
bullet before it hit the block.  This provides a rather
simple, inexpensive way to measure the speed of
bullets.

From the prospective of an introductory physics course,
the ballistic pendulum experiment clearly distinguishes
the use of momentum conservation and energy conser-
vation.  During the collision, momentum is conserved
but energy is not.  During the rise up to a height h,
energy is conserved but momentum is not.  To analyze
such problem, you must develop an understanding of
when you can apply the conservation laws and when
you cannot. (For a safer ballistic pendulum demonstra-
tion, see Figure (21) on the next page.)

Exercise 12
(a)  A bullet of mass  mb traveling at a speed vb is fired
into a block of wood of mass M hanging at rest as
shown in Figure (20).  The combined block and bullet
rise to a height h.  Find a formula for the speed vb of
the bullet.

(b)  For part (a), suppose the bullet's mass is  mb = 10 gm,
the block of wood has a mass M = 1000 gm, and the final
height h is 12 cm.  What was  vb in cm/sec?

Vm
M

M

h

Figure 20
Ballistic pendulum experiment.
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Exercise 13
In a lecture demonstration that is safer to perform than
the above ballistic pendulum experiment, a wastebas-
ket is suspended from two cords and a pillow is placed
inside the wastebasket, as shown in Figure (21).

Various members of the class are selected to throw a
softball into the wastebasket.  A scale is constructed to
indicated how fast the ball was thrown.  If the mass m of
the softball is 200 gm, the mass M of the wastebasket
and pillow is 1000 gm, and the length of the suspension
cords are 2 meters from the ceiling to the center of the
wastebasket, determine the distance (x) that the end of
the basket travels if the ball is thrown at 40 miles/hour.

Collisions that Conserve
Momentum and Energy
When a bullet plows into a block of wood, a consider-
able amount of energy goes into deforming the wood
and bullet.  On the other hand if two hardened steel ball
bearings collide, almost all the energy stays in the form
of kinetic energy of the particles and very little is “lost”
as heat, sound, and the deformation of the objects.
When no energy is lost this way, we say that the
collision is elastic.  If energy is lost, then the collision
is called inelastic.

On an atomic and subatomic scale we do not have the
usual  sound and friction, and small deformations may
not be allowed.  In these circumstances there is no way
for energy to become “lost” and the resulting collisions
are truly elastic.  Thus in the study of the collisions of
atomic and subatomic particles, we have examples
where both energy and linear momentum are con-
served.

Figure (22), shown previously in Chapter 6 as Figure
(6-3), shows the track of a proton as it moves through
a hydrogen bubble chamber.  The incoming track ends
when the proton strikes a hydrogen nucleus (another
proton) that is part of the liquid hydrogen.  Three
dimensional stereoscopic photographs show that the
two protons recoil from each other at an angle of 90°.
Here we are looking at the behavior of matter on a
subatomic scale where Newtonian mechanics does not
apply, and we would like to find out what we can learn
from this collision.

Does this photograph show us that momentum and
energy are still conserved on the subatomic scale?  To
find out we will analyze the collision of larger objects
like steel ball bearings, where momentum is conserved
and energy nearly so, and see if the results explain what
we see in Figure (22).

Pi
Pf1

Pf2

Figure 22
An incoming proton collides with a proton at
rest.  The two protons recoil at right angles.

m M

20 40 60 80 mph

Cord of length l

X

V

Figure 21
A safer ballistic pendulum experiment
for classroom demonstrations.
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Elastic Collisions
We will start with the simplest elastic collision we can
think of—a ball of mass is traveling at a velocity vi
strikes an identical ball at rest,  as shown in Figure (23).
We will assume that the collision is straight on so that
the two balls go off in the same direction at speeds v1
and v2 as shown.  The idea is to apply conservation of
momentum and energy in order to predict the final
speeds v1 and v2.

From conservation of momentum we get

  
mvi = mv1 + mv2

momentum
conservation

(27)

Canceling the m’s we have

vi  =  v1 + v2 (28)

From conservation of energy we have

  1
2

mvi
2 =

1
2

mv1
2 +

1
2

mv2
2 energy

conservation
(29)

The 1/2 m’s cancel and we have

vi2  =  v12 + v22 (30)

If we square Equation (28) we get

vi2  =  v12 + 2v1v2 + v22 (31)

Comparing this with Equation (30) we see that

v1v2  =  0

I.e., either v2 = 0, which means there was no collision
at all, or v1 = 0 which means that ball 1 stops dead in
its tracks and ball 2 goes on at the initial speed vi.

That ball 1 stops dead in its tracks explains the common
toy where two or more steel balls are suspended from
a string as shown in the end view—Figure (24a).  One
of the balls is pulled back as shown in Figure (24b) and
released.  At the collision, it comes to rest and the
second ball goes on.  Then the second ball comes back,
strikes the first one and stops, and the first ball goes
back up.  For good hard steel balls, this process goes on
for a long time before we see motion decrease.

If energy were not conserved, if some were lost in the
collision, then both balls would move forward after the
collision.  In the extreme case the balls would stick and
move off together.  This is a completely inelastic
collision where the maximum energy is lost (consistent
with conservation of momentum).  If you perform this
experiment and notice that the incoming ball really
comes to rest, that is experimental proof that both
energy and momentum were in fact conserved in the
collision.

end view side view
(a) (b)

m m m m

Vi V1 V2

Figure 24
When the balls collide, the moving ball stops and
the stationary ball moves on at the same speed.

Figure 23
Collision of two identical steel balls.
We want to calculate v1 and v2 .
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In the next simplest example, suppose the two balls of
Figure (23) collide but bounce off at an angle as shown
in Figure (25), ball 1 coming off at a velocity  v1 , and
ball 2 at a velocity  v2  as shown.  In this case we have
the same formula for conservation of energy, but
conservation of momentum must now be written as the
vector equation

  
mvi = mv1 + mv2

momentum
conservation (32)

Again the m’s cancel and we are left with the following
vector equation for the velocity vectors

vi  =  v1 + v2 (32a)

The equation if pictured in Figure (26).

Recall that energy conservation gave
  

vi
2 = v1

2 + v2
2 energy

conservation (30)

which is simply the Pythagorean theorem when ap-
plied to the triangle in Figure (26).  Thus the incoming
speed vi  must be the hypotenuse and  v1  and  v2  the sides
of a right triangle.  Energy conservation requires that
the two balls emerge from the collision at right angles.

To state this result another way, if two equal masses
collide and one is originally at rest, they always
emerge at right angles (or the incoming one stops).
This is experimental evidence that both energy and
momentum are conserved in the collision.

It is this way that we learn that energy and momentum
are both conserved during the collision of two protons
in a hydrogen bubble chamber.  This is a remarkable
result considering that we do not have to know any-
thing about what kind of forces were involved in the
collision.

If we have elastic collisions between objects of differ-
ent masses, moving at each other with different speeds,
as in Figure (27), we still have the conservation of
momentum

m1v1 i + m2v2 i  =  m1v1 f + m2v2 f (33)

and conservation of energy
1
2

m1v1 i
2  + 1

2
m2v2 i

2   =  1
2

m1v1 f
2  + 1

2
m2v2 f

2 (34)

The only problem is that the algebra quickly becomes
messy.

If you are in the business of working with collision
problems, you will find it much easier to go to a
coordinate system where the center of mass of the
colliding particles is at rest.  In this coordinate system
the particles go in and come out symmetrically and the
equations are easy to solve.  Then you transform back
to your original coordinate system to see what the
particle velocities should be in the laboratory.

2
V2f

V1f

m V2i

V1i

1m

2m

1m

V1 V2

Vi
Figure 26
Equation 30 requires that the
velocity vectors form a right triangle.

m m

m

m

V1

V2

Vi

Figure 25
If the collision is not straight on,
the balls come off at an angle.

Figure 27
Arbitrary collision of two balls.
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DISCOVERY OF THE ATOMIC NUCLEUS
In his early experiments with radioactivity, Ernest
Rutherford found that radioactive atoms emitted three
kinds of radiation which, as we have mentioned, he
called α rays,  β rays and γ rays.  The α rays turned out
to be heavy positively charged particles, later identified
as helium nuclei. The β rays were beams of negatively
charged particles later determined to be electrons, and
the neutral γ rays turned out to be high energy particles
of light (photons).

In the early 1900s, before 1912, it was not clear how
these particles were emitted or what the structure of the
atom was.  Since J. J. Thomson’s experiments with
electron beams in 1895, it was known that atoms
contained electrons, and it was also known that com-
plete atoms were electrically neutral and much more
massive than an electron.  Thus the atom had to have
mass and positive charge in some form or other, but no
one knew what form.  By 1912 the plum pudding model
was quite popular.  This was a picture in which mass
and positive charge was spread throughout the atom
like the pudding, and the electrons were located at
various points, like the plums.  A rather vague picture
at best.

In 1912 Rutherford and Hans Geiger began a series of
experiments using beams of radioactive particles to
probe the structure of matter.  These experiments could
begin after Geiger had developed a tube to detect
radioactive particles.  This device later became known
as a Geiger counter, and is still used through the world
to monitor radiation.

In the first set of experiments, a beam of α particles
were aimed at a gold foil.  It was expected that some of
the α particles would be slightly deflected as they
passed through the positive matter in the gold atoms,  or
came near electrons.  To the utter amazement of both
Rutherford and Geiger, some of the α particles bounced
straight back out of the gold foil, with essentially the
same kinetic energy they had going in.

We have seen from our analysis of the elastic collision
of two equal mass particles, that the incoming particle
stops and the struck particle continues on.  Only if the
mass of the struck particle is greater than the mass of the
incoming particle, will the incoming particle bounce
back.  And only if the mass  of the struck particle is
much greater than the mass of the incoming particle
will the incoming particle rebound with nearly the
same energy that it had coming in.  Thus Rutherford
and Geiger’s observation that some of the α particles
bounced right back out of the gold foil, indicated that
they struck a solid object much more massive than an
α particle.

Most α particles passed through the gold foil without
much deflection, indicating that most of the volume of
the gold foil was devoid of mass.  The few collisions
that did result in a recoil indicated that the mass in a gold
foil was concentrated in incredibly small regions of
space.  A more detailed analysis showed that the
scattering was caused by an electric force, thus they
knew that both the mass and positive charge were
located in a tiny region of the atom.  In this way the
atomic nucleus was discovered.
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NEUTRINOS
The discovery of the neutrino, or at least the prediction
of its existence, is another important event in the history
of physics that is related to the conservation of energy
and linear momentum.

After Rutherford’s discovery of the nucleus, it became
clear that the high energy radioactive emissions, α, β,
and γ rays, must be coming from the nucleus of the
atom.  Thus a study of these rays should give valuable
information about the nature of the nucleus itself.

After a number of years of experimentation it was
determined that whenever an α particle or γ ray was
emitted, the energy carried out by the α particle or γ ray
was precisely equal to the energy lost by the nucleus.
But decays involving β particles were different.  In
studying β decays, one always got a spread of energies
of the β particle.  Sometimes the β particle carried out
almost all the energy lost by the nucleus, and some-
times only the relatively small rest energy of the
electron.  By the late 1920s  it was clear that energy was
apparently not conserved in β decay reactions.  Neils
Bohr proposed that the law of conservation of energy
had to be modified for nuclear reactions involving β
decays.  The new rule was that the final energy was
always less than or equal to the initial energy.

In 1930 Wolfgang Pauli, one of the founders of quan-
tum theory, objected to the idea that energy was not
conserved in β decay events.  Pauli noted that the
conservation of energy, linear momentum, and angular
momentum are all apparently violated at the same time
in β decay.  Either the entire structure of physical law
was being violated, or there was another explanation.
Pauli’s other explanation was that the energy, the linear
momentum, and the angular momentum were all being
carried out at the same time by an unseen particle.

If Pauli’s particle existed, it would need the following
properties:  (1) it had to be electrically neutral because
no electric charge was lost in β decays; (2) it would
have to have a very small rest mass because the electron
or β particle sometimes carried out almost all the
available energy, leaving none for creating the new
particle’s rest mass; (3) the new particle had to have
almost no interaction with matter, otherwise someone
would have seen it.

Initially there was not much enthusiasm for Pauli’s idea
of an undetectable particle.  At that point no one had
seen an electrically neutral particle, and the fact that it
did not interact with matter made it seem too specula-
tive.

In 1932 the neutron was discovered which demon-
strated that neutral particles did exist.  Shortly after that
Enrico Fermi developed a detailed theory of the weak
interaction in which neutrinos played a significant role.
(Fermi called Paul’s particle the neutrino, or “little
neutral one” to distinguish it from the more massive
neutron.)  Detailed verification of Fermi’s weak inter-
action theory convinced the physics community that
neutrinos should exist.

The neutrino, actually detected in 1956 and now com-
monly seen in numerous experiments, is a remarkable
particle in that it is subject to only the weak and
gravitational interactions.  All other known particles
are subject to the electric and nuclear forces.  For
example π mesons are subject to the nuclear force, and
can travel only a short distance through matter before
colliding with a nucleus and being stopped.

The muon discussed in the relativity chapter, does not
feel the strong nuclear force and therefore can travel
much farther through matter (hundreds of meters)
before being stopped.  Muons are electrically charged
and therefore are stopped by the weaker electric inter-
action.  Photons also interact through the electric
interaction, and therefore have a limited range travel-
ing through matter.  (An X-ray is an example of a
photon passing through matter.)
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The weak interaction is so weak compared to the
nuclear or electric force, that a particle like the neutrino
which feels only the weak interaction force, can travel
incredible distances through matter before being
stopped.  To have a good chance of stopping a single
neutrino with a stack of lead, one would need a pile of
lead, light years thick.

This does not mean that neutrinos are impossible to
detect.  Instead of using a detector light years across to
detect one neutrino, one can use a source that produces
an incredible number of neutrinos and use a reasonable
sized detector so that one has some chance of stopping
a few neutrinos.  In 1956 Cowan and Rines placed a
tank car full of carbon tetrachloride cleaning fluid in
front of a nuclear reactor that was estimated to emit
about 1015 neutrinos per square centimeter per second.
They observed that about two chlorine atoms per
month in the tank car of carbon tetrachloride were
converted by neutrino interactions into argon atoms
which were counted individually.

In modern experiments carried out using high energy
particle accelerators, neutrino reactions are routinely
seen.  The reason that more neutrinos are detected in
these experiments is that the weak interaction becomes
less weak as the energy of the particles involved
increases.  The high energy accelerators produce neu-
trinos with great enough energy that they are not too
difficult to detect.  As a result, the neutrino interactions
has become an important research tool in the study of
the basic interactions of matter.  Neutrinos make a
particularly clean tool for these studies because they
have no nuclear or electric interactions.  Neutrino
experiments are not contaminated by effects of the
nuclear and electric forces.

Neutrino Astronomy
An exciting development involving neutrinos is the
birth of neutrino astronomy.  In the fusion reaction that
powers our sun, where four hydrogen nuclei (protons)
end up as a helium 4 nucleus, the weak interaction and
the β decay process comes into play in the conversion
of two of the protons into the neutrons of the helium
nucleus.  Thus the emission of neutrinos must accom-
pany the fusion reaction, and the neutrinos themselves
must carry off a significant amount of the energy
liberated by the fusion reaction.

In a star like the sun, the fusion reaction takes place
down in the core of the star where the temperatures are
highest.  Any light emitted by the fusion reaction
should take the order of about 10,000 years to work its
way out.  Thus if the fusion reaction in the sun were shut
off today, it would be roughly  10,000 years before the
sun dimmed.

Neutrinos, however, escape from the core of the sun
without delay.  If the fusion reaction stopped and we
were monitoring the neutrinos from the sun, we would
know about it within 8 minutes.  As a result there is
considerable incentive to observe the solar neutrinos,
for that gives us a picture of what is happening in the
sun’s core now.

To study solar neutrinos, and do other experiments like
look for decay of the proton, several large neutrino
detectors have been set up around the world.  Solar
neutrinos have been monitored fairly carefully for over
a decade, and there is an unexplained, perhaps disturb-
ing result.  Only about one third as many neutrinos are
being emitted by the sun as we expect from what we
think the fusion reaction should produce.  Perhaps we
are not detecting all we should, but the detectors are
getting better and the number remains at 1/3.  This is
one of the major puzzles of astronomy.
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That neutrino astronomy is really here was dramati-
cally illustrated with the supernova explosion of 1987.
On the average, supernovas occur about once per
century per galaxy.  Kepler saw the last supernova
explosion in our galaxy 400 years ago.  In 1987 a
graduate student spotted the sudden appearance of a
bright star in the large Magellanic cloud, a close small
neighboring galaxy.  This was the first supernova
explosion in the local region of our galaxy in 400 years.

In a supernova explosion, huge quantities of neutrinos
should be emitted.  In fact a fair fraction of the energy
of the explosion should be carried out by neutrinos.

Theoretical models of supernova explosions suggest
that light should take about three hours to work its way
out through the expanding envelope of gas before it
starts its trek through space at the speed c.  Neutrinos,
on the other hand, should escape without being slowed
down, and have a three hour head start on the light.  If
neutrinos have no rest mass, and therefore travel at the
speed of light,  they should have reached the earth about
three hours before the light.  Two of the major neutrino
detectors, one in the US and one in a tunnel in the Alps,
detected significant pulses of neutrinos about three
hours before the flare-up of the star was seen. (This was
determined by a later analysis of the neutrino data.)
That event marks the birth of neutrino astronomy on a
galactic scale.
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CHAPTER 12 ROTATIONAL MOTION

Our discussion of rotational motion begins with a
review of the measurement of angles using the concept
of radians.  We will refer to an angle measured in
radians as an angular distance.  If we are discussing
an object that is rotating, we will describe the rotation
in terms of the increase in angular distance, namely an
angular velocity.  And if the speed of rotation is
changing, we will describe the change in terms of an
angular acceleration.

In Chapter 7, linear momentum and angular momen-
tum were treated as distinctly separate topics.  The
main point of this chapter is to develop a close analogy
between the two concepts.  The linear momentum of an
object is its mass m times its linear velocity v .  We will
see that angular momentum can be expressed as an
angular mass times an angular velocity.  (Angular
mass is more commonly known as moment of inertia).
Then, using the formalism of the vector cross product
(mentioned in Chapter 2), we will see that angular
momentum can be treated as a vector quantity, which
explains the bicycle wheel experiments we discussed in
Chapter 7.

The fundamental concept of Newtonian mechanics is
that the total force F  acting on an object is equal to the
time rate of change of the object’s linear momentum;

 F = dp/dt .  Using the vector cross product formalism,
we will obtain a complete angular analogy to this
equation.  We will find that a quantity we call an

angular force is equal to the time rate of change of
angular momentum.  (The angular force is more com-
monly known as torque).

The angular analogy to Newton’s second law looks a
bit peculiar at first.  It involves lever arms and vectors
that point in funny directions.  After some demonstra-
tions to show that the equation appears to give reason-
able results, we apply the equation to predict the
motion of a gyroscope.  The prediction appears to be
absurd, but we find that that is the way a gyroscope
behaves.

Our focus in this chapter is on angular momentum
because that concept will play such an important role
in our later discussions of atomic physics and electrons
and nuclear magnetic resonance.  There are other
important and interesting topics such as rotational
kinetic energy and the calculation of moments of
inertia which we discuss in more detail in the appendix.
These topics are not difficult and lead to some good
lecture demonstrations and laboratory experiments.
We put them in an appendix because they do not play
the essential role that angular momentum does in our
later discussions.
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RADIAN MEASURE
From the point of view of doing calculations, it is more
convenient to measure an angle in radians than the
more familiar degrees.  In radian measure the angle θ
shown in Figure (1) is the ratio of the arc length  s  to the
radius r of the circle

  θ ≡ s
r radians (1)

Since s and r are both distances, the ratio  s/r  is a
dimensionless quantity.  However we will find it
convenient for the angular analogy to keep the name
radians as if it were the actual dimension of the angle.
For example we will measure angular velocities in
radians per second, which is analogous to linear
velocities measured in meters per second.

Since the circumference of a circle is   2πr , the number
of radians in a complete circle is

  θ complete
circle = 2πr

r = 2π

In discussing rotation, we will often refer to going
around one complete time as one complete cycle.  In
one cycle, the angle θ  increases by   2π.  Thus   2π is the
number of radians per cycle.  We will find it conve-
nient to assign these dimensions to the number   2π:

  
2π radians

cycle (2)

To relate radians to degrees, we use the fact that there
are 360 degrees/cycle and dimensional analysis to find
the number of degrees/radian

  360 degrees
cycle × 1

2π
cycles
radian

= 360
2π

degrees
radian = 57.3 degrees

radian

(3)

Fifty seven degrees is a fairly awkward unit angle for
purposes of drafting and
navigation; no one in his or
her  right mind would mark
a compass in radians.  How-
ever, in working with the
dynamics of rotational mo-
tion, radian measure is the only reasonable choice.

Angular Velocity
The typical measure of angular velocity you may be
familiar with is revolutions per minute (RPM).  The
tachometer in a sports car is calibrated in RPM; a
typical sports car engine gives its maximum power
around 5000 RPM.  Engine manufacturers in Europe
are beginning to change over to revolutions per second
(RPS), but somehow revving an engine up to 83 RPS
doesn't sound as impressive as 5000 RPM.  (Tachom-
eters will probably be calibrated in RPM for a while.)
In physics texts, angular velocity is measured in radians
per second.  Since there are   2π radians/cycle, 83
revolutions or cycles per second corresponds to

  2π × 83 = 524  radians/second.  Few people would
know what you were talking about if you said that you
should shift gears when the engine got up to 524 radians
per second.

Exercise 1

What is the angular velocity, in radians per second,
of the hour hand on a clock?

Figure 1
The angle θθ  in radians is defined as the ratio
of the arc length s to the radius r:     θθ = s/r .

r

s
θ

1 radian = 57.3o
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Angular Analogy
At this point we have a complete analogy between the
rotation of a motor shaft and one dimensional linear
motion.  This analogy becomes clear when we write out
the definitions of position, velocity, and acceleration:

(7)

As far as these equations go, the analogy is precise.
Therefore any formulas that we derived for linear
motion in one dimension must also apply to angular
motion.  In particular the constant acceleration formu-
las, derived in Chapter 3, must apply.  If the linear and
angular accelerations a and  α  are constant, then we get

Constant Acceleration Formulas
     Linear motion (a = const)       Angular motion ( αα  = const)

  
x = v0t +

1
2

at2 θ = ω0 t +
1
2

α t2 (8)

  v = v0 + at ω = ω 0 + αt (9)

Exercise 2
An electric motor, that turns at 3600 rpm (revolutions per
minute) gets up to speed in 1/2 second. Assume that the
angular acceleration α was constant while the motor
was getting up to speed.

a)  What was α  (in radians/  sec2 )?

b)   How many radians, and how many complete cycles,
did the shaft turn while getting up to speed?

θ (t)

ω

Figure 2
End of a shaft rotating at an angular velocity ω .

Our formal definition of angular velocity is the time
rate of change of an angle.  We almost always use the
Greek letter ω (omega) to designate angular velocity

   angular
velocity ω ≡ dθ

dt
radians
second

(4)

When thinking of angular velocity ω picture a line
marked on the end of a rotating shaft.  The angle θ  is
the angle that the line makes with the horizontal as
shown in Figure (2).  As the shaft rotates, the angle   θ t
increases with time, increasing by   2π every time the
shaft goes all the way around.

Angular Acceleration
When we start a motor, the angular velocity of the shaft
starts at ω = 0 and increases until the motor gets up to
its normal speed.  During this start-up,   ω t  changes
with time, and we have an angular acceleration α
defined by

   
angular

acceleration α ≡ dω
dt

radians
second2 (5)

The angular acceleration α has the dimensions of
 radians/sec2 since the derivative gives us another

factor of time in the denominator.  Combining Equa-
tion 4 and 5  relates α to θ by

  

α =
d2θ

dt2
(6)

Linear
motion

x   meters

 v = dx
dt

meters
second

 a =
dv
dt

meters

second2

   
 

=
d2x

d t2

Angular
motion

θ  radians

  ω = dθ
dt

radians
second

  α =
dω
dt

radians

second2

    
  

=
d2 θ
dt2

Distance

Velocity

Acceleration



12-4  Rotational Motion

Tangential Distance,
Velocity and Acceleration
So far we have used the model of a rotating shaft to
illustrate the concepts of angular distance, velocity and
acceleration.  We now wish to shift the focus of our
discussion to the dynamics of a particle traveling along
a circular path.  For this we will use the model of a small
mass m on the end of a massless stick of length r shown
in Figure (3).  The other end of the stick is attached to
and is free to rotate about a fixed axis at the origin of our
coordinate system.  The presence of the stick ensures
that the mass m travels only along a circular path of
radius r.  The quantity   θ(t) is the angular distance
travelled and   ω(t) the angular velocity of the particle.

When we are discussing the motion of a particle in a
circular orbit, we often want to know how far the
particle has travelled, or how fast it is moving.  The
distance s along the path (we could call the tangential
distance) travelled is given by Equation 1 as

   s = r θ tangential
distance (10)

The speed of the particle along the path, which we can
call the tangential speed  vt,  is the time derivative of the
tangential distance s(t)

  vt =
ds(t)

dt
= d

dt
r θ(t) = r

dθ(t)
dt

where r comes outside the derivative since it is con-
stant.  Since   dθ(t) /dt is the angular velocity ω, we get

   vt = rω tangential
velocity (11)

The tangential acceleration  at , the acceleration of the
particle along its path, is the time derivative of the
tangential velocity

  
a t =

dvt(t)
dt

=
d[rω(t)]

dt
= r

dω(t)
dt

= rα

   a t = rα tangential
acceleration (12)

where again we took the constant r outside the deriva-
tive, and used   α = dω /dt .

Figure 3
Mass rotating on the end of a massless stick.

m

θ

r

pivot

ω

massless stick

Figure 4
Particle moving at a constant speed in a circle of
radius r accelerates toward the center of the circle
with an acceleration of magnitude   ar = v2/r.

v

r
v2

a  =r

r
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Radial Acceleration
If the angular velocity ω is constant, if we have a
particle traveling at constant speed in a circle, then

  α = dω/dt = 0  and there is no tangential acceleration
 at .  However, we have known from almost the begin-

ning of the course that a particle traveling at constant
speed v in a circle of radius r has an acceleration
directed toward the center of the circle, of magnitude

 v2/r , as shown in Figure (4).  We will now call this
center directed acceleration the radial acceleration  a r

  
a r =

vt
2

r
radial
acceleration

(13)

Exercise 3

Express the radial acceleration  ar  in terms of the orbital
radius r and the particle’s angular velocity ω.

If a particle is traveling in a circular orbit, but its speed
 vt  is not constant, then it has both a radial acceleration
 ar = vt

2/ r , and a tangential acceleration    at = rα .  The
radial acceleration is always directed toward the center
of the circle and always has a magnitude  v2/r .  The
tangential acceleration, if it exists, is tangential to the
circle, pointing forward (counterclockwise) if α is
positive and backward if α is negative. These accelera-
tions are shown in Figure (5).

Bicycle Wheel
For much of the remainder of the chapter, we will use
a bicycle wheel, often weighted with wire wound
around the rim, to illustrate various phenomena of
rotational motion.  Conceptually we can think of the
bicycle wheel as a collection of masses on the ends of
massless rods as shown in Figure (6).  The massless
rods form the spokes of the wheel, and we can think of
the masses m as fusing together to form the wheel.
When forming a wheel, all the masses have the same
radius r, same angular velocity ω and same angular
acceleration  α .  If we choose one point on the wheel
from which to measure the angular distance θ, then as
far as angular motion is concerned, it does not make any
difference whether we are discussing the mass on the
end of a rod shown in Figure (3) or the bicycle wheel
shown in Figure (6).  Which model we use depends
upon which provides a clearer insight into the phenom-
ena being discussed.

Figure 6
Bicycle wheel as a collection of masses
on the end of massless rods.

Figure 5
Motion with radial and tangential acceleration.

r
va  = r

2

2

a  = t rα

= rω

ω

r
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ANGULAR MOMENTUM
In Chapter 7, we defined the angular momentum  of
a mass m traveling at a speed v in a circle of radius r as

 = mvr (7-11)

As we saw, in Figure
(7-9) reproduced here,
the quantity  = mvr
did not change when
we had a ball moving
in a circle on the end of
a string, and we pulled
in on the string.  The
radius of the circle de-
creased, but the speed
increased to keep the
product  vr  constant.
This was our introduction to the concept of the conser-
vation of angular momentum.

After that, we went on to consider some rather interest-
ing experiments where we held a rotating bicycle
wheel while standing on a freely turning platform.  We
found that these experiments could be explained quali-
tatively if we thought of the angular momentum of the
bicycle wheel as being a vector quantity  which
pointed along the axis of the wheel, as shown in Figure
(7-15) reproduced below.  What we will do now is
develop the formalism which treats angular momen-
tum as a vector.

Angular Momentum
of a Bicycle Wheel
We will begin our discussion of the angular momen-
tum of a bicycle wheel using the picture of a bicycle
wheel shown in Figure (6), i.e., a collection of balls on
the end of massless rods or spokes.  If the wheel is
rotating with an angular velocity  ω , then  each ball has
a tangential velocity  vt  given by Equation 11a

  vt = rω (11 repeated)

If the i-th ball in the wheel (identified in Figure 7) has
a mass  mi , then its angular momentum i  will be given
by

  i = mivtr = mi(rω)r

  i = (mir
2)ω (14)

Assuming that the total angular momentum L of the
bicycle wheel is the sum of the angular momenta of
each ball (we will discuss this assumption in more
detail shortly) we get

  L = iΣ
i

= mir
2ωΣ

i
(15)

Since each mass  mi  is at the same radius r and is
traveling with the same angular velocity  ω , we get

  L = miΣ
i

r2ω

Noting that   M = miΣ
i

is the total mass of the bicycle
wheel, we get

   
L = Mr2ω angular momentum

of a bicycle wheel (16)

2

Figure 7–9
Ball on the end of a string,
swinging in a circle.

Figure 7–15
When the bicycle wheel is turned over and its angular
momentum points down, the person starts rotating with
twice as much angular momentum, pointing up.

r

vt

mi

Figure 7

The angular momentum of the i’th ball is  mivtri .

Movie
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Angular Velocity as a Vector
To explain the bicycle wheel experiment discussed in
Chapter 7, we assumed that the angular momentum  L
was a vector pointing along the axis of the wheel as
shown in Figure (8a).  We can obtain this vector
concept of angular momentum by first defining a
vector angular velocity ω as shown in Figure (8b).
We will say that if a wheel is rotating with an angular
velocity   ωrad/sec , the vector ω has a magnitude of

  ωrad/sec , and points along the axis of rotation as shown
in Figure (8b).  Since the axis has two directions, we use
a right hand convention to select among them.  Curl the
fingers of your right hand in the direction of the
direction of the rotation, and the thumb of your right
hand will point in the direction of the vector ω.

Angular Momentum as a Vector
Since the vector ω points in the direction we want the
angular momentum vector  L  to point, we can obtain a
vector formula for  L  by simply replacing  ω  by ω
in Equation 16 for the angular momentum of the
bicycle wheel

   
L = Mr2 ω

vector formula for the
angular momentum
of a bicycle wheel

(17)

ANGULAR MASS OR
MOMENT OF INERTIA
Equation 17 expresses the angular momentum  L  of a
bicycle wheel as a numerical quantity  Mr2  times the
vector angular velocity ω.  This is not very different
from linear momentum p  which is the mass (M) times
the linear velocity vector v

 p = Mv (18)

We obtain an analogy between linear and angular
momentum if we call the quantity  Mr2  the angular
mass of the bicycle wheel.  Designating the angular
mass by the letter I, we get

  L = I ω (19)

  
I = Mr2

angular mass
(moment of inertia)
of a bicycle wheel

(20)

The quantity I is usually called moment of inertia
rather than angular mass, but angular mass provides a
better description of what we are dealing with.  We will
use either name, depending upon which seems more
appropriate.

L

ω

Figure 8a
The angular
momentum
vector.

Figure 8b
The angular
velocity
vector.
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Calculating Moments of Inertia
Equation 20 is not the most general formula for calcu-
lating moments of inertia.  The bicycle wheel is special
in that all the mass is essentially out at a single radius
r.  If, instead, we had a solid wheel where the mass was
spread out over different radii, we would have to
conceptually break the wheel  into a number of separate
rim-like wheels of radii ri  and mass  mi , calculate the
moment of inertia of each rim, and add the results
together to get the total moment of inertia.

In Appendix A we have relatively complete discussion
of how to calculate moments of inertia, and how
moment of inertia is related to rotational kinetic energy.
There you will see that rotational kinetic energy is

  1/2 Iω2 , which is analogous to the linear kinetic energy
 1/2 Mv2 .  This material is placed in an appendix, not

because it is difficult, but because we do not wish to
digress from our discussion of the analogy between
linear and angular momentum.  At this point, one
example and one exercise should be a sufficient intro-
duction to the concept of moment of inertia.

Example 1

Calculate the moment of inertia, about its axis, of a
cylinder of mass M and outside radius R.  Assume that
the cylinder has uniform density.

Solution:  We conceptually break the cylinder into a
series of concentric cylinders of radius r and thickness
dr as shown in Figure (9).  Each hollow cylinder has a
mass given by

  dm = M × end area of hollow cylinder
total end area

= M × 2πr dr
πR2 = M × 2r dr

R2
(21)

Since all the mass in the hollow cylinder is out at a
radius r, just as it is for a bicycle wheel, the hollow
cylinder has a moment of inertia dI given by

  dI = dm × r2

= M × 2r dr
R2 × r2 = 2Mr3dr

R2 (22)

The total moment of inertia of the cylinder is the sum
of the moments of inertia of all the hollow cylinders.
This addition is done by integrating the formula for dI
from r = 0 out to r = R.

 
I solid

cylinder = dI
r = 0

r = R

= 2Mr3dr
R2

r = 0

r = R

= 2M
R2 r3dr

r = 0

r = R

= 2M
R2

r4

4
0

R

= 2MR4

4R2

 
I solid

cylinder = 1
2 MR2 (23)

dr

R

r

Figure 9
Calculating the moment of inertia of
a cylinder about its axis of rotation.
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Two points are made in Example 1, The first is that
calculating the moment of inertia of an object usually
requires an integration, because different parts of the
object are out at different distances r from the axis of
rotation.  Secondly we see that the moment of inertia of
a solid cylinder is less than the moment of inertia of a
bicycle wheel of the same mass and outer radius
(  1/2MR2  for the cylinder versus  MR2  for the bicycle
wheel).  This is because all the mass of the bicycle
wheel is out at the maximum radius R, while most of the
mass of the solid cylinder is in at smaller radii.

A considerable amount of time can be spent discussing
the calculation of moments of inertia of various shaped
objects.  Rather than do that here, we will simply
present a table of the moments of inertia of common
objects of mass M and outer radius R, about an axis that
passes through the center.

     Object      Moment of Inertia

     cylindrical shell       1 MR2

     solid cylinder       1 21 2 MR2

     spherical shell       2 32 3 MR2

     solid sphere       2 52 5 MR2

Exercise 4

As shown in Figure (10) we have a thick-walled hollow
brass cylinder of mass M, with an inner radius  Ri  and
outer radius  Ro.   Calculate its moment of inertia about
its axis of symmetry. Check your answer for the case

 Ri = 0 (a solid cylinder) and for  Ri = R0 (which corre-
sponds to the bicycle wheel).

VECTOR CROSS PRODUCT
The idea of having the angular velocity ω being a
vector pointing along the axis of rotation gave us a nice
analogy between linear momentum  p = Mv  and angu-
lar momentum   L = Iω .  But to obtain the dynamical
equation for angular momentum, the one analogous to
Newton’s second law for linear momentum, we need
the mathematical formalism of the vector cross product
defined back in Chapter 2.  Since we have not used the
vector cross product before now, we will briefly review
the topic here.

If we have two vectors  A  and  B  like those shown in
Figure (11), the vector cross product   A × B  is defined
to have a magnitude

  A × B = A B sin θ (24)

where  A  and  B  are the
magnitudes of the vectors  A
and  B,  and θ  is the small
angle between them.  Note
that when the vectors are par-
allel,   sin θ = 0  and the cross
product is zero.  The cross product is a maximum when
the vectors are perpendicular.  This is just the opposite
from the scalar dot product which is a maximum when
the vectors are parallel and zero when perpendicular.
Conceptually you can think of the dot product as
measuring parallelism while the cross product mea-
sures perpendicularity.

The other major difference between the dot and cross
product is that with the dot product we end up with a
number (a scalar), while with the cross product, we end
up with a vector.  The direction of   A × B  is the most
peculiar feature of the cross product; it is perpendicu-
lar to the plane defined by the vectors  A  and B .  If we
draw  A  and B  on a sheet of paper as we did in Figure
(11), then the directions perpendicular to both  A  and

 B  are either up out of the paper or down into the paper.
To decide which of these two directions to choose, we
use the following right hand rule.  (This is an arbitrary
convention, but if you use it consistently in all of your
calculations, everything works out OK).

Ri

oR

Figure 10
Thick-walled hollow cylinder.

A

B

θ

Figure 11
The vectors   A and B.
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Right Hand Rule for Cross Products
To find the direction of the vector   A × B , point the
fingers of your right hand in the direction of the first
vector in the product (namely  A ).  Then, without
breaking your knuckles, curl the finger of your right
hand toward the second vector  B .  Curl them in the
direction of the small angle θ .  If you do this correctly,
the thumb of your right hand will point in the direction
of the cross product   A × B .  Applying this to the
vectors in Figure (11), we find that the vector   A × B
points up out of the paper as shown in Figure (12).

Exercise 5
(a) Follow the steps we just mentioned to show that

  A × B  from Figure (11) does point up out of the paper.

(b) Show that the vector   B × A  points down into the
paper.

If you did the exercise (5b) correctly, you found that
  B × A  points in the opposite direction from the vector
  A × B .  In all previous examples of multiplication you

have likely to have encountered, the order in which you
did the multiplication made no difference.  For ex-
ample, both 3 x 5 and 5 x 3 give the same answer 15.  But
now we find that   A × B = –B × A  and the order of the
multiplication does make a difference.  Mathemati-
cians say that cross product multiplication does not
commute.

There is one other special feature of the cross product
worth noting.  If  A  and  B  are parallel, or anti parallel,
then they do not define a unique plane and there is no
unique direction perpendicular to both of them.  Vari-
ous possibilities are indicated in Figure (13).  But when
the vectors are parallel or anti parallel,   sin θ = 0  and
the cross product is zero.  The special case where the
cross product does not have a unique direction is when
the cross product has zero magnitude with the result
that the lack of uniqueness does not cause a problem.

A   B

A   B

A A

B B

θ
A

B

Figure 12
Right hand rule for vector cross
product    A ×× B. Point the fingers of your
right hand in the direction of the first
vector A  and then curl them in the direction
of the second vector B  (without breaking
your knuckles). Your thumb will then point
in the direction of the cross product    A ×× B.

Figure 13
If the vectors A andB are either parallel or
antiparallel, then as shown above, there is a whole
plane of vectors perpendicular to both A and  B.
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CROSS PRODUCT DEFINITION
OF ANGULAR MOMENTUM
Let us now see how we can use the idea of a vector cross
product to obtain a definition of angular momentum
vectors.  To explain the bicycle wheel experiments, we
wanted the angular momentum to point along the axis
of the wheel as shown in Figure (14a).  Since there are
two directions along the axis, we have arbitrarily
chosen the direction defined by the right hand conven-
tion shown.  (Curl the fingers of your right hand in the
direction of the rotation and your thumb will point in
the direction of L ).

In Figure (14b) we went to the masses and spoke model
of the bicycle wheel, and selected one particular mass
which we called  mi .  This mass is located at a coordi-
nate vector  r i  from the center of the wheel, and is
traveling with a velocity  vi .  According to our defini-
tion of angular momentum in Chapter 7, using the
formula  = mvr , the ball’s angular momentum should
be

 = mirivi (7-11 again)

What we want to do now is to turn this definition of
angular momentum into a vector that points down the
axis of the wheel.  This we can do with the vector cross
product of  r i  and  vi .  We will try the definition of the
vector  

i  as

  
i = mi r i× vi (25)

Exercise 6
a)   Look at Figure (14c) show-
ing the vectors ri (which point
into the paper) and vi .  Point the
fingers of your right hand in the
direction of ri  and then curl
them toward the vector vi .  Does
your thumb point in the direc-
tion of the vector i shown?  (If it
does not, you have peculiar
knuckle joints or are not follow-
ing instructions).

b)   Choose any other mass that forms the bicycle wheel
shown in Figure (14b).  Call that the mass  mi.  Show that
the vector    i = mi r i × vi  also points down the axis,
parallel to i.  Try this for several different masses, say
one at the top, one at the front, and one at the bottom of
the wheel.

If you did Exercise 6 correctly, you found that all the
angular momentum vectors   

i = mi r i × vi  were par-
allel to each other, all pointing down the axis of the
wheel.  We will define the total angular momentum of
the wheel as the vector sum of the individual angular
momentum vectors  

i

   
L

total angular
momentum
of wheel

= iΣ
i

= mi r i × viΣ
i

(26)

It is easy to add the vectors  
i  because they all point in

the same direction, as shown in Figure (15). Thus we
can add their magnitudes numerically.  (It is just the
numerical sum we did back in Equation 15).

L

vi

mi
ri

i

vi

mi

ri
i

axis of
rotation

Figure 14a
Right hand
rule for
angular
momentum.

Figure 14b
Angular
momentum of one
of the balls in the
ball-spoke model of
a bicycle wheel.

Figure 14c
The three vectors

  ri , vi and i

4

5

3

6

7

2

1

Figure 15
Since all the
angular
momentum
vectors i point
in the same
direction, we
can add them up
numerically.
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To do the sum starting from Equation (26) we note that
for each mass  mi , the vectors  r i  and  vi  are perpen-
dicular, thus

   r i × vi = r v sin θ
= r v for θ = 90°

Then note that for a rotating wheel, the speed v of the
rim is related to the angular velocity ω  by

v = rω (11 repeated)

so that

  r i × vi = r v = r rω = r2ω (27)

Finally note that the vector ω points in the same
direction as   r i × vi , so that Equation 27 can be written
as the vector equation

   r i × vi = r2ω for all
mass mi

(28)

Using Equation 28 in Equation 26 gives

  L = iΣ
i

= mi r i× viΣ
i

= miΣ
i

r2ω

= Mr2ω
   

L = Mr2ω
angular momentum
of a rotating
bicycle wheel

(29)

where M is the sum of the individual masses  mi .
Equation 29 is the desired vector version of our original
Equation 16.

The important point to get from the above discussion is
that by using the vector cross product definition of
angular momentum   

i = mi r i × vi , all the  
i  for each

mass in the wheel pointed down the axis of the wheel,
and we could thus calculate the total angular momen-
tum by numerically adding up the individual  

i .

The   r × p Definition of
Angular Momentum
A slight rewriting of our definition of angular momen-
tum, Equation 25, gives us a more compact, easily
remembered result.  Noting that the linear momentum
p  of a particle is  p = mv , then a particle’s angular
momentum  can be written

  = mr × v

= r × mv

  
= r × p (30)

In Chapter 7, we saw that the magnitude of the angular
momentum  if a particle was given by the formula

  = r⊥p (7-15)

where  r⊥  was the lever arm or perpendicular distance
from the path of the particle to the point O about which
we were measuring the angular momentum.  This was
illustrated in Figure (7-10) (reproduced here), where a
ball of momentum p , passing by an axis O, is caught by
a hook and starts rotating in a circle.

r

v

i

i
θ

p = mv

path of ball

r  perpendicular distance from path of ball to point O

=

O

b)      

a)

p = mv

O

r

c)

p
 =

 m
v

O

r

ball catches 
on hook

ball heading
for hook

ball swinging in circle, 
with angular momentum

= mvr

Figure 7-10
As the ball is caught by the hook, its
angular momentum, about the point O,
remains unchanged. It is equal to   (r⊥⊥ p) .
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 After the ball is caught it is traveling in a circle with an
angular momentum   = r⊥mv = r⊥p .  By defining the
angular momentum as   r⊥p  even before the ball was
caught, we could say that the ball had the same angular
momentum   r⊥p  before it was caught by the hook as it
did afterward; that the angular momentum was un-
changed when the ball was grabbed by the hook.

The idea that the angular momentum is the linear
momentum times the perpendicular lever arm  r⊥  fol-
lows automatically from the cross product definition of
angular momentum   = r × p .  To see this, consider a
ball with momentum p  moving past an axis O as shown
in Figure (16a).  At the instant of time shown, the ball
is located at a coordinate vector r  from the axis.  The
angle between the vectors r  and p  is the angle θ
shown in Figure (16b).  The vector cross product   r × p
is given

  = r × p = rp sin θ (31)

However we note that the lever arm or perpendicular
distance  r⊥  is given from Figure (16a)

  r⊥ = r sin θ (32)

Combining Equations 31 and 32 gives

  = r × p = (r sinθ)p = r⊥p (33)

which is the result we used back in Chapter 7.

Exercise 7

Using the vectors r  and p  in Figure (16), does the
vector   = r × p   point up out of the paper or down into
the paper?

The intuitive point you should get from this discussion
is that the magnitude of the vector cross product   r × p
is equal to the magnitude of p times the perpendicular
lever arm  r⊥ .  We will shortly encounter the cross
product   r × F  where F  is a force vector.  We will
immediately know that the magnitude of   r × F  is   r⊥F
where again  r⊥  is a perpendicular lever arm.

r

r

path of ball

paxis
θθ

Ο

r

p

θ

Figure 16a
The coordinate
vector r and the
lever arm  r⊥⊥ are
related by

   r⊥⊥ = r sinθθ.

Figure 16b
The angle between
r and p  is  θθ.
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ANGULAR ANALOGY TO
NEWTON’S SECOND LAW
We now have the mathematical machinery we need to
formulate a complete angular analogy to Newton’s
second law.  We do this by noting that to go from
linear momentum p  to angular momentum , we took
the cross product with the coordinate vector r

  = r × p (30 repeated)

The origin of the coordinate vector r  is the point about
which we wish to calculate the angular momentum.

To obtain a dynamical equation for angular momen-
tum , we start with Newton’s second law which is a
dynamical equation for linear momentum p

 
F =

dp
dt

(11-16)

where F  is the vector sum of the forces acting on the
particle.

With one mathematical trick, we can reexpress
Newton’s second law in terms of angular momentum.
The mathematical trick involves evaluating the expres-
sion

  d
dt

r × p (34)

In the ordinary differentiation of the product of two
functions a(t) and b(t), we would have

 d
dt

ab = da
dt

b + a db
dt

(35)

The same rules apply if we differentiate a vector cross
product.  Thus

  d
dt

r × p = dr
dt

× p + r × dp
dt (36)

Equation 36 can be simplified by noting that

 v = dr
dt

so that

  dr
dt

× p = v × p = v × mv = 0 (37)

This product is zero because the vectors v  and  p = mv
are parallel to each other, and the cross product of
parallel vectors is zero.  Thus Equation 36 becomes

  d
dt

r × p = r ×
dp
dt (38)

With this result, let us return to Newton’s law for linear
momentum

 
F =

dp
dt

(39)

As long as we do the same thing to both sides of an
equation, it is still a correct equation.  Taking the vector
cross product   r ×  on both sides gives

  
r × F = r ×

dp
dt (40)

Using Equation 38 in Equation 40 gives

  
r × F =

d
dt

r × p (41)

Finally note that   r × p  is the particle’s angular mo-
mentum , thus

  
r × F =

d
dt

(42)

Equation (39) told us that the net linear force is equal to
the time rate of change of linear momentum.  Equation
42 tells us that something,   r × F , is equal to the time
rate of change of angular momentum.  What should we
call this quantity   r × F ?  The obvious name, from an
angular analogy would be an angular force.  Then we
could say that the angular force is the time rate of
change of angular momentum, just as the linear force
is the time rate of change of linear momentum.

The world does not use the name angular force for
  r × F .  Instead it uses the name torque, and usually

designates it by the Greek letter τ  (“tau”)

   
torque τ ≡ r × F

definition
of torque

(43)

With this naming, the angular analogy to Newton’s
second law is

   
τ =

d
dt

torque = rate
of change of
angular momentum

(44)
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ABOUT TORQUE
To gain an intuitive picture of the concept of torque

  τ = r × F, imagine that we have a bicycle wheel with a
fixed axis, and push on the rim of the wheel with a force
F  as shown in Figure (17).  In (17a) the force F  is
directed through the axis of the wheel, in this case the
force has no lever arm  r⊥ .  In (17b), the force is applied
above the axis, while in (17c) the force is applied below
the axis.

Intuitively, you can see that the wheel will not start
turning if you push right toward the axis.  When you
push above the axis as in (17b), the wheel will start to
rotate counter clockwise.  By our right hand convention
this corresponds to an angular momentum directed up
out of the paper.

In (17c), where we push below the axis, the wheel will
start to rotate clockwise, giving it an angular momen-
tum directed down into the paper.

Exercise 8

In Figure (17) we have separately drawn the vectors F
and r  for each diagram.  Using the right hand rule for
cross products, find the direction of   τ = r × F  for each of
these three diagrams.

If you did Exercise 8 correctly, you found that   r × F = 0
for Figure (17a), that   τ = r × F  pointed up out of the
paper in (17b), and down into the paper in (17c).  Thus
we find that when we apply a zero torque as in (17a), we
get zero change in angular momentum.  In (17b) we
applied an upward directed torque, and saw that the
wheel would start to turn to produce an upward directed
angular momentum.  In (17c), the downward directed
torque produces a downward directed angular momen-
tum.  These are all results we would expect from the
equation   τ = d /dt .

In our discussion of angular momentum, we saw that
  = r × p  had a magnitude   = r⊥p  where  r⊥  was the

perpendicular lever arm.  A similar result applies to
torque.  By the same mathematics we find that the
magnitude of the torque τ  produced by a force F  is

  τ = r⊥F (45)

where  r⊥  is the perpendicular lever arm seen in Figures
(17b,c).

Intuitively, the best way to remember torque is to think
of it as a force times a lever arm.  To turn an object, you
need both a force and a lever arm.  In Figure (17a), we
had a force but no lever arm.  The line of action of the
force went directly through the axis, with the result that
the wheel did not start turning.  In both cases (17b) and
(17c), there was both a force and a lever arm  r⊥ , and the
wheel started turning.

To get the direction of the torque, to determine whether
τ  points up or down (and thus gives rise to an up or down
angular momentum), use the right hand rule applied to
the vector cross product   τ = r × F .  A convention,
which we will use in the next chapter on Equilibrium, is
to say that a torque that points up out of the paper is a
positive torque, while a torque pointing down into the
paper is a negative one.  With this convention, we see that
the force in Figure (17b) is exerting a positive torque
(and creating positive angular momentum), while the
force in Figure (17c) is producing a negative torque (and
creating negative angular momentum).

Fr
r

⊥

F

r

F
a)

b)

c)

r

F r

F
r r
⊥

F
θ

θ

r

Figure 17
Both a force F and a lever arm  r⊥⊥ are needed to
turn the bicycle wheel. The product   r⊥⊥F is the
magnitude of the torque ττ acting on the wheel.
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CONSERVATION OF
ANGULAR MOMENTUM
In our discussion of a system of particles in Chapter 11,
we saw that if we had a system of many interacting
particles, with internal forces  Fi internal  between the
particles, as well as various external forces  Fi external ,
we obtained the equation

 Fexternal = dP
dt

(11-12)

where  Fexternal  is the vector sum of all the external
forces acting on the system, and P  is the vector sum of
all the momenta  pi  of the individual particles.  This
result was obtained using Newton’s third law and
noting that all the internal forces cancel in pairs.  In the
case where there is no net external force acting on the
system, then  dP/dt = 0  and the total linear momentum
of the system is conserved.

We can obtain a similar result for angular momentum
by starting with the definition of the total angular
momentum  L  of a system as being the vector sum of
the angular momentum of the individual particles  

i

   
L ≡ iΣ

i

definition of the
total angular momenta
of a system of particles

(46)

Differentiating Equation (46) with respect to time
gives

  dL
dt

=
d i
dtΣ

i
(47)

For an individual particle i, we have

   d i
dt

= τi = r i × Fi

Equation 44
applied to
particle i

(48)

where  Fi  is the vector sum of the forces acting on the
particle i.  As shown in Figure (18), we can take  r i  to
be the coordinate vector of the i-th particle.  For this
discussion, we can locate the origin of the coordinate
system anywhere we want.

Substituting Equation (48) into Equation (47) gives

  dL
dt

=
d i
dt

= r i × FiΣ
i

Σ
i

Now break the net force  Fi  into the sum of the external
forces  Fi external  and the sum of the internal forces

 Fi internal .  This gives

  dL
dt

= r i × Fi externalΣ
i

+ r i × Fi internalΣ
i

= τi externalΣ
i

+ τi internalΣ
(49)

Next assume that all the internal forces are equal and
opposite as required by Newton’s third law, and are
directed toward or away from each other.  In Figure
(19) we consider a pair of such internal forces and note
that both coordinate vectors  r 1  and  r 2  have the same
perpendicular lever arm   r ⊥ .  Thus the equal and
opposite forces  F1,2 external and  F2,1 internal  create equal
and opposite torques which cancel each other in Equa-
tion (49).  The result is that all torques produced by
internal forces cancel in pairs, and we are left with the
general result

  
τexternal =

dL
dt

(50)

where   τexternal  is the vector sum of all the external
torques acting on the system of particles, and  L  is the
vector sum of the angular momentum of all of the
particles.

i

i th particle

r

F12 internal

1

F21 internal

1

2

r
r

2r

Figure 18
Coordinate
vector for the
i th particle.

Figure 19
Both coordinate
vectors  r1 and

 r2 have the same
perpendicular
lever arm   r⊥⊥
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In order to define torque or angular momentum, we
have to choose an axis or origin for the coordinate
vectors  r i .  (Both torque and angular momentum
involve the lever arm   r ⊥  about that axis.)  Equation 50
is remarkably general in that it applies no matter what
origin or axis we choose.  In general, choosing a
different axis will give us different sums of torques and
a different total angular momentum, but the new torques
and angular momenta will still obey Equation 50.

In some cases, there is a special axis about which there
is no external torque.  In the bicycle wheel demonstra-
tions where we stood on a rotating platform, the freely
rotating platform did not contribute any external torques
about it own axis, which we called the z axis.  As long
as we did not touch another person or some furniture,
then the z component of the external torques were zero.
Since Equation 50 is a vector equation, that implies

  τz external =
dLz
dt

= 0 (51)

and we predict that the z component of the total angular
momentum (us and the bicycle wheel) should be
unchanged, remain constant, no matter how we turned
the bicycle wheel.  This is just what we saw.

Another consequence of Equation 50 is that if we have
an isolated system of particles with no net external
torque acting on it, then the total angular momentum
will be unchanging, will be conserved.  This is one
statement of the law of conservation of angular mo-
mentum.  Our derivation of this result relied on the
assumption of Newton’s third law that all internal
forces are equal and opposite and directed toward each
other.  Since angular momentum is conserved on an
atomic, nuclear and subnuclear scale of distance, where
Newtonian mechanics no longer applies, our deriva-
tion is in some sense backwards.  We should start with
the law of conservation of angular momentum as a
fundamental law, and show for large objects which
obey Newtonian mechanics, the sum of the internal
torques must cancel.  This is the kind of argument we
applied to the conservation of linear momentum in
Chapter 11 (see Equation 11-14).

2

Figure 7–15 repeated
Since the platform is completely free to rotate about the z axis, there are no z directed external
torques acting on the system consisting of the platform, person and bicycle wheel. As a result the
z component of angular momentum is conserved when the bicycle wheel is turned over.
(Note: when the wheel is being held up, we are looking at the under side.)

Movie
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GYROSCOPES
The gyroscope provides an excellent demonstration of
the predictive power of the equation   τ = dL dtdL dt.
Gyroscopes behave in peculiar, non intuitive ways.
The fact that a relatively straightforward application of
the equation   τ = dL dtdL dt  predicts this bizarre behavior,
provides a graphic demonstration of the applicability
of Newton’s laws from which the equation is derived.

Start -up
For this discussion, a bicycle wheel with a weighted
rim will serve as our example of a gyroscope.  To
weight the rim, remove the tire and wrap copper wire
around the rim to replace the tire.  The axle needs to be
extended as shown in Figure (20).

As an introduction to the gyroscope problem, start with
the bicycle wheel at rest, hold the axle fixed, and apply
a force F to the rim as shown in Figure (20).  The force
shown will cause the wheel to start spinning in a
direction so that the angular momentum  L   points to the
right as shown.  (Curl the fingers of your right hand in
the direction of rotation and your thumb points in the
direction of  L .)

The force F, in Figure (20), produces a torque
  τ = r × F  that also points to the right as shown.  (The

right hand convention used here is to point your fingers
in the direction of the first vector r , curl them in the
direction of the second vector F, and your thumb points
in the direction of the cross product   r × F = τ.)

When we start with the bicycle wheel at rest, and apply
the right directed torque shown in Figure (20), we get
a right directed angular momentum  L. Thus the torque
τ  and the resulting angular momentum  L  point in the
same direction.  In addition, the longer we apply the
torque, the faster the wheel spins, and the greater the
angular momentum  L. Thus both the direction and
magnitude of  L  are consistent with the equation

  τ = dL dtdL dt.

ω

r

L
axel

τ = r x F

F

Figure 20
Spinning up the bicycle wheel. Note that the
resulting angular momentun L points in the
same direction as the applied torque ττ .

Figure 25 Movie
The gyroscope really works!
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rope

rope

mg

r
LO

axel

τ = r x mgF

mg

r
axis for
torque

rope

r

LO
axel

τ = r x mg

mg points down

looking down on wheel

Figure 21
Suspend the spinning bicycle wheel by a rope
attached to the axle. The gravitational force  mg
has a lever arm r  about the axis O. This creates
a torque    ττ = r ×× mg  pointing into the paper.

Figure 22
Looking down from the ceiling, the vector  mg
points down into the paper and    ττ = r ×× mg
points to the top of the page.  In this view we
can see both the vectors L  and ττ .

P r e c e s s i o n
When we apply the equation   τ = dL dtdL dt  to a gyro-
scope that is already spinning, and apply the torque in
a direction that is not parallel to  L, the results are not so
obvious.

Suppose we get the bicycle wheel spinning rapidly so
that it has a big angular momentum vector  L,  and then
suspend the bicycle wheel by a rope attached to the end
of the axle as shown in Figure (21).

To predict the motion of the spinning wheel, the first
step is to analyze all the external forces acting on it.
There is the gravitational force  mg  which points
straight down, and can be considered to be acting at the
center of mass of the bicycle wheel, which is the center
of the wheel as shown.  Then there is the force of the
rope which acts along the rope as shown.  No other
detectable external forces are acting on our system of
the spinning wheel.

One thing we know about the force  Frope is that it acts
at the point labeled O where the rope is tied to the axle.
If we take the sum of the torques acting on the bicycle
wheel about the suspension point O, then  Frope has no
lever arm about this point and therefore contributes no
torque.  The only torque about the suspension point O
is produced by the gravitational force  mg  whose lever
arm is  r ,  the vector going from point O down the axle
to the center of the bicycle wheel as shown in Figure
(21).

The formula for this gravitational torque   τg  is

   
τg = r × mg

torque about point O
produced by the
gravitational force
on the bicycle wheel

(52)

The new feature of the gyroscope problem, which we
have not encountered before, is that the torque τ  does
not point in the same direction as the angular momen-
tum L   of the bicycle wheel.  If we look at Figure (21),
point the fingers of our right hand in the direction of the
vector  r ,  and curl our fingers in the direction of the
vector  mg,  then our thumb points down into the paper.
This is the definition of the direction of the vector cross
product   r × mg.  But the angular momentum L of the
bicycle wheel points along the axis of the wheel to the
right in the plane of the paper.  In order to view both the
angular momentum vector L  and the torque vector τ
in the same diagram, we can look down on the bicycle
wheel from the celing as shown in Figure (22).

When we started the wheel spinning, back in Figure
(20), the torque τ  and angular momentum  L pointed in
the same direction, and we had the simple result that the
longer we applied the torque, the more angular mo-
mentum we got.  Now, with the torque and angular
momentum pointing in different directions as shown in
Figure (22), we expect that the torque will cause a
change in the direction of the angular momentum.
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To predict the change in L , we start with the angular
form of Newton’s second law

  τ = dL
dt

and multiply through by the short (but finite) time
interval dt to get

  dL = τ dt (53)

Equation 53 gives us  dL,which is the change in the
bicycle wheel’s angular momentum as a result of
applying the torque τ  for a short time dt.

To see the effect of this change  dL,  we will use some
of the terminology we used in the computer prediction
of motion.  Let us call  Lold the old value of the angular
momentum that the bicycle wheel had before the time
interval dt, and  Lnew the new value at the end of the
time interval dt.  Then  Lnew will be related to  Lold by
the equation

 Lnew = Lold + dL (54)

Using Equation 53 for  dL  gives

  Lnew = Lold + τdt (55)

A graph of the vectors  Lold,  Lnew, and   τ dt is shown
in Figure (23).  In this figure the perspective is looking
down on the bicycle wheel, as in Figure (22).

Since the torque τ  is in the horizontal plane, the vector
  Lnew = Lold + τ dt  is also in the horizontal plane.

And since τ  and  Lold  are perpendicular to each other,
 Lnew has essentially the same length as  Lold.  What is

happening is that the vector L is starting to rotate
counter clockwise (as seen from above) in the horizon-
tal plane.

One final, important point.  For this experiment we
were careful to spin up the bicycle wheel so that before
we suspended the wheel from the rope, the wheel had
a big angular momentum pointing along its axis of
rotation.  When we apply a torque to change the
direction of L, the axis of the wheel and the angular
momentum vector L move together.  As a result the axis
of the bicycle wheel also starts to rotate counter clock-
wise in the horizontal plane.  The bicycle wheel, instead
of falling as expected, starts to rotate sideways.

Once the bicycle wheel has turned an angle  dθ side-
ways, the axis of rotation and the torque τ  also rotate
by an angle   dθ, so that the torque τ  is still perpendicular
to L as shown in Figure (24).  Since τ  always remains
perpendicular to L, the vector   τ dt cannot change the
length of L.  Thus the angular momentum vector L
remains constant in magnitude and rotates or “pre-
cesses” in the horizontal plane.  This is the famous
precession of a gyroscope which is nicely demon-
strated using the bicycle wheel apparatus of Figure
(21).

newL

Lold

dθ
τ dt

Figure 23
The vectors    Lold, Lnew and ττ dt  as seen
from the top view of Figure 22.

rope

r

LO
axel

τ = r x mg

mg points down

looking down on wheel

Figure 22 repeated
Looking down from
the ceiling.

L0

L1

L 2

L 3

0

1

2

τ dt
dθ

τ dt

dθ

τ dt

dθ

Figure 24
After each time step dt, the angular
momentum vector L (and the bicycle
wheel axis) rotates by another angle   dθθ.
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To calculate the rate of precession we note from
Figures (23) or (24) that the angle   dθ is given by

  dθ = τdt
L (56)

where we use the fact that   τdt is a very short length, and
thus   sin dθ  and  dθ are equivalent.  Dividing both
sides of Equation 56 through by dt, we get

  dθ
dt

= τ
L (57)

But   dθ/dt  is just the angular velocity of precession,
measured in radians per second.  Calling this preces-
sional velocity   Ωprecession(  Ω  is just a capital ω
“omega”), we get

   

Ωprecession =
τ
L

precessional
angular velocity
of a gyroscope

(58)

Exercise 9
A bicycle wheel of mass m, radius r, is spun up to an
angular velocity ω.  It is then suspended on an axle of
length h as shown in Figure (21).  Calculate

(a) the angular momentum L of the bicycle wheel.

(b) the angular velocity of precession.

(c) the time it takes the wheel to precess around once
(the period of precession).  [You should be able to
obtain the period of precession from the angular
velocity of precession by dimensional analysis.]

(d) A bicycle wheel of total mass 1kg and radius 40cm,
is spun up yo a frequency    f = 2πω = 10 cycles/sec. The
handle is 30cm long. What is the period of precession
in seconds? Does the result depend on rhe mass of the
bicycle wheel?

If you try the bicycle wheel demonstration that we
discussed, the results come out close to the prediction.
Instead of falling as one might expect, the wheel
precesses horizontally as predicted.  There is a slight
drop when you let go of the wheel, which can be
compensated for by releasing the wheel at a slight
upward angle.

If you look at the motion of the wheel carefully, or study
the motion of other gyroscopes (particularly the air
bearing gyroscope often used in physics lectures) you
will observe that the axis of the wheel bobs up and
down slightly as it goes around.  This bobbing, or
epicycle like motion, is called nutation.  We did not
predict this nutation because we made the approxima-
tion that the axis of the wheel exactly follows the
angular momentum vector.  This approximation is very
good if the gyroscope is spinning rapidly but not very
good if L  is small.  Suppose, for example we release the
wheel without spinning it.  Then it simply falls.  It starts
to rotate, but along a different axis.  As it starts to fall
it gains angular momentum in the direction of τ .  A
more accurate analysis of the motion of the gyroscope
can become fairly complex.  But as long as the gyro-
scope is spinning fast enough so that the axis moves
with L , we get the simple and important results dis-
cussed above.
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APPENDIX
Moment of Inertia and
Rotational Kinetic Energy

In the main part of the text, we briefly discussed
moment of inertia as the angular analogy to mass in the
formula for angular momentum.  As linear momentum
p  of an object is its mass m times its linear velocity v

  p = mv linear momentum (A1)

the angular momentum  is the angular mass or
moment of inertia I time the angular velocity ω

   = Iω angular momentum (A2)

In the simple case of a bicycle wheel, where all the mass
is essentially out at a distance (r) from the axis of the
wheel, the moment of inertia about the axis is

  
I = Mr2 moment of inertia

of a bicycle wheel (A3)

where M is the mass of the wheel.

When the mass of an object is not all concentrated out
at a single distance (r) from the axis, then we have to
calculate the moment of inertia of individual parts of
the object that are at different radii r, and tie together the
various pieces to get the total moment of inertia.  This
usually involves an integration, like the one we did in
Equations 21 through 23 to calculate the moment of
inertia of a solid cylinder.

For topics to be discussed later in the text, the earlier
discussion of moment of inertia is all we need.  But
there are topics, such as rotational kinetic energy and its
connection to moment of inertia, which are both inter-
esting, and can be easily tested in both lecture demon-
strations and laboratory exercises.  We will discuss
these topics here.

ROTATIONAL KINETIC ENERGY
Let us go back to our example, shown in Figure (3)
repeated here, of a ball of mass m, on the end of a
massless stick of length r, rotating with an angular
velocity  ω .  The speed v of the ball is given by Equation
11 as

  v = rω (11 repeated)

and the ball’s kinetic energy will be

  kinetic
energy = 1

2mv2 = 1
2m rω 2

= 1
2 mr2 ω2 (A4)

Since the ball’s moment of inertia I about the axis of
rotation is  mr2 , we get as the formula for the ball’s
kinetic energy

   kinetic
energy = 1

2 Iω2 analogous
to 1/2mv2 (A5)

We see the angular analogy working again.  The ball
has a kinetic energy, due to its rotation, which is
analogous to   1/2mv2 , with the linear mass m replaced
by the angular mass I and the linear velocity v replaced
by the angular velocity ω .

m

θ

r

pivot

ω

massless stick

Figure 3 repeated
Mass rotating on the end of a massless stick.
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If we have a bicycle wheel of mass M and radius r
rotating at an angular velocity ω, we can think of the
wheel as being made up of a collection of masses on the
ends of rods as shown in Figure (6) repeated here.  For
each individual mass  m i , the kinetic energy is  1/2 m iv

2

where   v = r ω  is the same for all the masses.  Thus the
total kinetic energy is

  kinetic energy
of bicycle wheel

= 1
2 m ir

2ω2Σ
i

= 1
2 r2ω2 m iΣ

i

= 1
2 r2ω2M

where the sum of the masses   m iΣ  is just the mass M
of the wheel. The result can now be written

  kinetic energy
of bicycle wheel

= 1
2 Mr2 ω2

= 1
2 Iω2 (A6)

If we call  Mr 2  the angular mass, or moment of inertia
I of the bicycle wheel, we again get the formula

  1 21 2 Iω2 for kinetic energy of the wheel.  Thus we see
that, in calculating this angular mass or moment of
inertia, it does not make any difference whether the
mass is concentrated at one point as in Figure (3), or
spread out as in Figure (6).  The only criterion is that the
mass or masses all be out at the same distance r from the
axis of rotation.

In most of our examples we will consider objects like
bicycle wheels or hollow cylinders where the mass is
essentially all at a distance r from the axis of rotation,
and we can use the formula  Mr 2  for the moment of
inertia.  But often the mass is spread out over different
radii and we have to calculate the angular mass.  An
example is a rotating shaft shown back in Figure (9),
where the mass extends from the center where r = 0 out
to the outside radius r = R.

Suppose we have an arbitrarily shaped object rotating
an angular velocity ω about some axis, as shown in
Figure (A1). To find the moment of inertia, we will
calculate the kinetic energy of rotation and equate that
to   1/2Iω2  to obtain the formula for I.  To do this we
conceptually break the object into many small masses

 dm i  located a distance  ri  from the axis of rotation as
shown. Each  dmi will have a speed   vi = ri ω , and thus
a kinetic energy

  kinetic energy
of object

= 1
2m ivi

2Σ
i

= 1
2m iri

2ω2Σ
i

= 1
2

ω2 m ir i
2Σ

i

= 1
2

ω2 I (A7)

From Equation A7, we see that the general formula for
moment of inertia is

  
I = m ir i

2Σ
i

(A8)

Figure 6 repeated
Bicycle wheel as a collection of masses
on the end of massless rods.

ω

r

axis of
rotation

mi

ir

ω

Figure A1
Calculating the moment of inertia of
an object about the axis of rotation.
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In example 1, Equations 21 through 23, we showed you
how to calculate the moment of inertia of a solid
cylinder about its axis of symmetry.  In that example we
broke the cylinder up into a series of concentric shells
of radius ri  and mass  dmi , calculated the moment of
inertia of each shell  dmi ri

2 , and summed the results
as required by Equation A7.  As in most cases where we
calculate a moment of inertia, the sum is turned into an
integral.

In Exercise 3 which followed Example 1, we had you
calculate the moment of inertia, about its axis of
symmetry, of a hollow thick-walled cylinder.  The
calculation was essentially the same as the one we did
in Example 1, except that you had to change the limits
of integration.  The following exercise gives you more
practice calculating moments of inertia, and shows you
what happens when you change the axis about which
the moment of inertia is calculated.

Exercise  A1

Consider a uniform rod of mass M and length L as
shown in Figure (A2).

a)    Calculate the moment of inertia of the rod about the
center axis, labeled axis 1 in Figure (A2).

b)    Calculate the moment of inertia of the rod about an
axis that goes through the end of the rod, axis 2 in Figure
(A2).  About which axis is the moment of inertia greater?
Explain why.

COMBINED
TRANSLATION AND ROTATION
In our discussion of the motion of a system of particles,
we saw that the motion was much easier to understand
if we focused our attention on the motion of the center
of mass of the system.  The simple feature of the motion
of the center of mass, was that the effects of all internal
forces cancelled. The center of mass moved as if it were
a point particle of mass M,  equal to the total mass of
the system, subject to a force F equal to the vector sum
of all the external forces acting on the object.

When the system is a rigid object, we have a further
simplification. The motion can then be described as the
motion of the center of mass, plus rotation about the
center of mass.  To see that you can do this, imagine that
you go to a coordinate system that moves with the
object’s center of mass.  In that coordinate system, the
object’s center of mass point is at rest, and the only
thing a rigid solid object can do is rotate about that
point.

A key advantage of viewing the motion of a rigid object
this way is that the kinetic energy of a moving, rotating,
solid object is simply the kinetic energy of the center of
mass motion plus the kinetic energy of rotation.  Ex-
plicitly, if an object has a total mass M, and a moment
of inertia  Icom  about the center of mass (parallel to the
axis of rotation of the object) then the formula for the
kinetic energy of the object is

  kinetic energy
of moving and
rotating object

= 1
2 MVcom

2 + 1
2 I com ω2 (A9)

where  Vcom  is the velocity of the center of mass and ω
the angular velocity of rotation about the center of
mass.

More important is the idea that motion can be separated
into the motion of the center of mass plus rotation about
the center of mass.  To emphasize the usefulness of this
concept, we will first consider an example that can
easily be studied in the laboratory or at home, and then
go through the proof of the equation.

axis 1axis 2

L

m

Figure A2
Calculating the moment of inertia of a long thin rod.
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Example—Objects Rolling
Down an Inclined Plane
Suppose we start with a cylindrical object at the top of
an inclined plane as shown in Figure (A3), and measure
the time the cylinder takes to roll down the plane.  Since
we do not have to worry about friction for a rolling
object, we can use conservation of energy to analyze
the motion.

If the cylinder rolls down so that its height decreases by
h as shown, then the loss of gravitational potential
energy is mgh.  Equating this to the kinetic energy
gained gives

  
mgh =

1
2

m vcom
2 +

1
2

I ω2
(A10)

where m is the mass of the cylinder,  vcom the speed of
the axis of the cylinder, I the moment of inertia about
the axis and ω the angular velocity.

If the cylinder rolls without slipping, there is a simple
relationship between   vcom  and ω.  We are picturing the
rolling cylinder as having two kinds of motion—
translation and rotation.  The velocity of any part of the
cylinder is the vector sum of  vcom   plus the velocity due
to rotation.

At the point where the cylinder touches the inclined
plane, the rotational velocity has a magnitude   vrot = ω r,
and is directed back up the plane as shown in Figure
(15).  If the cylinder is rolling without slipping, the
velocity of the cylinder at the point of contact must be
zero, thus we have

   
vcom + ω r = 0 rolling without

slipping (A11)

Thus we get for magnitudes

  ωr = vcom ; ω = vcom /r (A12)

Using Equation A12 in A10 gives

 
mgh =

1
2

mvcom
2 +

1
2

I
vcom

2

r2

=
1
2

m +
I

r2
vcom

2 (A13)

Let us take a look at what is happening physically as the
cylinder rolls down the plane.   In our earlier analysis
of a block sliding without friction down the plane, all
the gravitational potential energy mgh went into ki-
netic energy  1/2 mvcom

2 .  Now for a rolling object, the
gravitational potential has to be shared between the
kinetic energy of translation  1/2 mvcom

2  and the kinetic
energy of rotation   1/2 Iω2.   The greater the moment of
inertia I, the more energy that goes into rotation, the less
available for translation, and the slower the object rolls
down the plane.

In our discussion of moments of inertia, we saw that for
two cylinders of equal mass, the hollow thin-walled
cylinder had twice the moment of inertia as the solid
one.  Thus if you roll a hollow and a solid cylinder down
the plane, the solid cylinder will travel faster because
less gravitational potential energy goes into the kinetic
energy of rotation.  You get to figure out how much
faster in Exercise A2.

h

θ

vcom ωr
r

ω

Figure A3
Calculating the speed of an object rolling down a plane.

Figure A4
The velocity at the point of contact is the sum of the
center of mass velocity and the rotational velocity.
This sum must be zero if there is no slipping.
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Before you work Exercise A2, think about this ques-
tion.  The technician who sets up our lecture demon-
strations has a metal sphere, and does not know for sure
whether the sphere is solid or hollow.  (It could be a
solid sphere made of a light metal, or a hollow sphere
made from a more dense metal.)  How could you find
out if the sphere is solid or hollow?

Exercise A2
You roll various objects down the inclined plane shown
in Figure (A3).

(a) a thin walled hollow cylinder

(b) a solid cylinder

(c) a thin walled sphere

(d) a solid sphere

and for comparison, you also slide a frictionless block
down the plane:

(e) a frictionless block

For each of these, calculate the speed  vcom  after the
object has descended a distance h.  (It is easy to do all
cases of this problem by writing the object’s moment of
inertia in the form   I = αMR2,, where   α = 1 for the hollow
cylinder, 1/2 for the solid cylinder, etc.)  What value of α
should you use for the sliding block?

Writing your results in the form   vcom = β 2gh  summa-
rize your results in a table giving the value of β in each
case. (β = 1 for the sliding block, and is less than 1
for all other examples.)

Exercise A3   A Potential Lab Experiment

In Exercise A2 you calculated the speed  vcom  of various
objects after they had descended a distance h.  A block
sliding without friction has a speed v given by

 mgh =1/2 mv2 , or  v = 2gh .  The rolling objects were
moving slower when they got to the bottom.  For all
heights, however, the speed of a rolling object is slower
than the speed of the sliding block by the same constant
factor.  Thus the rolling objects moved down the plane
with constant acceleration, but less acceleration than
the sliding block.  It is as if the acceleration due to gravity
were reduced from the usual value g.  Using this idea,
and the results of Exercise A2, predict how long each of
the rolling objects take to travel down the plane.  This
prediction can be tested with a stop watch.

PROOF OF THE
KINETIC ENERGY THEOREM
We are now ready to prove the kinetic energy theorem
for rotational motion.  If we have an object that is
rotating while it moves through space, its total kinetic
energy is the sum of the kinetic energy of the center of
mass motion plus the kinetic energy of rotational
motion about the center of mass.  The proof is a bit
formal, but shows what you can do by working with
vector equations.

Consider a solid object, shown in Figure (A5), that is
moving and rotating.  Let  Rcombe the coordinate
vector of the center of mass of the object.  We will think
of the object as being composed of many small masses

 m i   which are located at  Ri  in our coordinate system,
and a displacement  r i  from the center of mass as
shown.  As we can see from Figure (A5), the vectors

 Rcom,  Ri  and  r i  are related by the vector equation

 Ri = Rcom + ri (A14)

We can obtain an equation for the velocity of the small
mass  mi  by differentiating Equation A14 with respect
to time

 dRi
dt

=
dRcom

dt
+

d ri
dt

(A15)

mi

comRi

Rcom

ir

Figure A5
Analyzing the motion of a small piece of an object.
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which can be written in the form

 Vi = Vcom + vi (A16)

where  Vi = dRi /dt  is the velocity of  mi in our coordi-
nate system,  Vcom = dRcom/dt  is the velocity of the
center of mass of the object, and  vi = dr i /dt  is the
velocity of  m i   in a coordinate system that is moving
with the center of mass of the object.

The kinetic energy of the small mass  m i  is

 1
2

m iVi
2 = 1

2
m i Vi • Vi

= 1
2

m i Vcom + vi • Vcom + vi

= 1
2

m i Vcom
2 + 2Vcom • vi + vi

2

= 1
2

m iVcom
2 + 1

2
mivi

2 + miVcom • vi

(A17)
The total kinetic energy of the object is the sum of the
kinetic energy of all the small pieces  mi

  total
kinetic
energy

= 1
2

miVi
2Σ

i

= 1
2

Vcom
2 miΣ

i
+ 1

2
mivi

2Σ
i

+ Vcom • miviΣ
i

(A18)
In two of the terms, we could take the common factor

 Vcom outside the sum.

Now the quantity  mivi  that appears in the last term of
Equation A18 is the linear momentum of  mi as seen in
a coordinate system where the center of mass is at rest.
To evaluate the sum of these terms, let us choose a new
coordinate system whose origin is at the center of mass
of the object as shown in Figure (A6).  In this coordinate
system the formula for the center of mass of the small
masses  mi is

  r com = m i r iΣ
i

= 0 (A19)

Differentiating Equation 19 with respect to time gives

 
  
mi

dr i
dtΣ

i
= m iv iΣ

i
= 0 (A20)

Equation A20 tells us that when we are moving along
with the center of mass of a system of particles, the total
linear momentum of the system, the sum of all the  mivi,
is zero.

Using Equation A20 in A18 gets rid of the last term.  If
we let   M = miΣ

i
 be the total mass of the object, we get

  
total
kinetic
energy

= 1
2 MVcom

2 + 1
2 m ivi

2Σ
i

(A21)

Equation A21 applies to any system of particles, whether
the particles make up a rigid object or not.  The first
term,  1 21 2MVcom

2  is the kinetic energy of center of mass
motion, and   1 21 2 mivi

2Σ  is the kinetic energy as seen
by someone moving along with the center of mass.  If
the object is solid, then in a coordinate system where the
center of mass is at rest, the only thing the object can do
is rotate about the center of mass.  As a result the kinetic
energy in that coordinate system is the kinetic energy
of rotation.  If the moment of inertia about the axis of
rotation is  Icom , then the total kinetic energy is

  1 21 2MVcom
2 + 1 21 2 Icomω2  where ω is the angular ve-

locity of rotation.  This is the result we stated in
Equation A9.

mi

com

ir

Figure A6
Here we moved the origin of the coordinate
system to the center of mass.



Chapter 13
Equilibrium

When does a structure fall over, when does a bridge
collapse, how do you lift a weight in a way that
prevents serious injury to your back?  We begin to
answer such questions by applying Newton’s laws to
an object that has neither linear nor angular accel-
eration.  The most interesting special case is when an
object is at rest and will stay that way, when it is not
about to tip over or collapse.

CHAPTER 13 EQUILIBRIUM
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EQUATIONS FOR EQUILIBRIUM
If the center of mass of an object is not accelerating,
then we know that the vector sum of the external forces
acting on it is zero.  If the object has no angular
acceleration, then the sum of the torques about any axis
must be zero.  These two conditions

  sum of
external

forces
Fi externalΣ

i
= 0 (1)

  sum of
torques

about
any axis

τi externalΣ
i

= 0 (2)

are what we will consider to be the required conditions
for an object to be in equilibrium.

Equations 1 and 2 are a complete statement of the basic
physics to be discussed in this chapter.  Everything else
will be examples to show you how to effectively apply
these equations in order to understand and predict when
an object will be in equilibrium.  In particular we wish
to show you some techniques that make it quite easy to
apply these equations.

Example 1  Balancing Weights
As our first example, suppose we have a massless rod
of length L and suspend two masses  m1 and  m2 from the
ends of the rod as shown in Figure (1).  The rod is then
suspended from a string located a distance x from he
left end of the rod.  What is the distance x and how
strong a force F must be exerted by the string?

Solution:  The first step is to sketch the situation and
draw the forces involved, as we did in Figure (1).  Our
system  will be the rod and the two masses.  The external
forces acting on this system are the two gravitational
forces  m1g  and   m2g , and the force of the string F .
Since all the forces are y directed, when we set the
vector sum of these external forces to zero we have

  ΣFy = F – m1g – m2g = 0 (3)

Thus we get for F

 F = m1+ m2 g (4)

and we see that F must support the weight of the two
masses.

To figure out where to suspend the rod, we use the
condition that the net torque produced by the three
external forces must be zero.  Since a torque is a force
times a lever arm about some axis, you have to choose
an axis before you can calculate any torques.  The
important point in equilibrium problems is that you can
choose the axis you want.  We will see that by
intelligently selecting an axis, we can simplify the
problem to a great extent.

Our definition of a torque τ  caused by a force F is

  τ = r × F (5)

where r  is a vector from the axis O to the point of
application of the force F as shown in Figure (2).

In this chapter we do not need the full vector formalism
for torque that we used in the discussion of the gyro-
scope.  Here we will use the simpler picture that the
magnitude of a torque caused by a force F is equal to
the magnitude of F times the lever arm r⊥ , which is the
distance of closest approach between the axis and the
line of action of the force F as shown in Figure (2).  If
the torque tends to cause a counter clockwise rotation,
as it is in Figure (2), we will call this a positive torque.
If it tends to cause a clockwise rotation, we will call that
a negative torque.

L – xx

F

m1
m2

m1g

m2 g

O

Figure 1
Masses  m1 and  m2 suspended from a massless
rod.  At what position x do we suspend the rod
in order for the rod to balance?
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(In Figure (2), the vector   r × F points up out of the
page.  If the vector F were directed to cause a clockwise
rotation, then   r × F would point down into the paper.
[It is good practice to check this for yourself.]  Thus we
are using the convention that torques pointing up are
positive, and those pointing down are negative.)

Returning to our problem of the rod and weights shown
in Figure (1), let us take as our axis for calculating
torques, the point of suspension of the rod, labeled
point O in Figure (1).  With this choice, the force F
which passes though the point of suspension, has no
lever arm about point O and therefore produces no
torque about that point.

The gravitational force  m1g  has a lever arm x about
point O and is tending to rotate the rod counter clock-
wise.  Thus  m1g  produces a positive torque of magni-
tude  m1gx.  The other gravitational force  m2g  has a
lever arm (L – x) and is tending to rotate the rod
clockwise.  Thus  m2g  is producing a negative torque
magnitude  – m2g L – x .  Setting the sum of the
torques about point O equal to zero gives

 m1gx – m2g L – x = 0 (6)

 

x =
m2

m1 + m2
L (7)

Let us check to see that Equation 7 is a reasonable
result.  If  m1 = m2 , then we get  x = L/2 which says
that with equal weights, the rod balances in the center.
If, in the extreme,  m1 = 0 , then we get x = L, which
tells us that we must suspend the rod directly over  m 2 ,
also a reasonable result.  And if  m2 = 0 we get x = 0 as
expected.

We obtained Equation 7 by setting the torques about
the balance point equal to zero.  This choice had the
advantage that the suspending force F had no lever arm
and therefore did not appear in our equations.  We
mentioned earlier that the condition for equilibrium
was that the sum of the torques be zero about any axis.
In Exercises 1 and 2 we have you select different axes
about which to set the torques equal to zero.  With these
other choices, you will still get the same answer for x,
namely Equation 7, but you will have two unknowns,
F and x, and have to solve two simultaneous equations.
You will see that we simplified the work by choosing
the suspension point as the axis and thereby eliminating
F from our equation.

Exercise 1
If we choose the left end of the rod as our axis, as shown
in Figure (3), then only the forces F  and  m2g  produce
a torque

(a) Is the torque produced by F  positive or negative?

(b) Is the torque produced by  m2g  positive or negative?

(c) Write the equation setting the sum of the torques
about the left end equal to zero.  Then combine that
equation with Equation 4 for F and solve for x.  You
should get Equation 7 as a result.

Exercise 2

Obtain two equations for x and F in Figure (1) by first
setting the torques about the left end to zero, then by
setting the torques about the right end equal to zero.
Then solve these two equations for x and see that you
get the same result as Equation 7

Figure 2
The torque    ττ = r ×× F has a magnitude    τ = r⊥ ×× F.

F

axis
o τ  = r x Fo

r

r axis

L

x

F

m2

m2 g

m1 g m2 g= +

Figure 3
Torques about the left end of the rod.
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GRAVITATIONAL FORCE ACTING
AT THE CENTER OF MASS
When we are analyzing the torques acting on an
extended object, we can picture the gravitational force
on the whole object as acting on the center of mass
point.  To prove this very convenient result, let us
conceptually break up a large object of mass M into
many small masses  mi  as shown in Figure (4), and
calculate the total gravitational torque about some
arbitrary axis O.  An individual particle  mi  located a
distance xi down the x axis from our origin O produces
a gravitational torque τi given by

  τi = mig xi (8)

where  mig is the gravitational force and xi  the lever
arm.  Adding up the individual torques τi to obtain the
total gravitational torque   τO gives

  τO = τiΣ
i

= migxiΣ
i

= g mixiΣ
i

(9)

But the sum   Σmixi  is by definition equal to M times
the x coordinate of the center of mass of the object

  MXcom ≡ mixiΣ
i

(10)

Using Equation 10 in 9 gives

  τO = MgXcom (11)

Equation 11 says that the gravitational torque about any
axis O is equal to the total gravitational force  Mg times
the horizontal coordinate of the center of mass of the
object.  Thus the gravitational torque is just the same as
if all of the mass of the object were concentrated at the
center of mass point.

Exercise 3

A wheel and a plank each have a mass M.  The center
of the wheel is attached to one end of a uniform beam
of length L.  A nail is driven through the center of mass
of the plank and nailed into the other end of the beam as
shown in Figure (5).  Where do you attach a rope around
the beam so that the beam will balance?  Explain how
you got your answer.

mi g

mi

O
axis

x i

rope

beam
length L

plank mass m

wheel
mass m

Figure 5
A wheel and a plank are attached
to the ends of a uniform beam.

Figure 4
Conceptually break the large object of mass M into
many small pieces of mass   m i , located a distance  x i
down the x axis from our arbitrary origin O.
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TECHNIQUE OF SOLVING
EQUILIBRIUM PROBLEMS
In our discussion of the balance problem shown in
Figure (1), we saw that there were several ways to solve
the problem.  We always have the condition that for
equilibrium the vector sum of the forces is zero

  ΣiFi = 0  and sum of the torques τi about any axis is
zero   Σiτi = 0 .  By choosing various axes we can
easily get enough, or more than enough equations to
solve the problem.  If we are not careful about the way
we do this however, we can end up with a lot of
simultaneous equations that are messy to solve.

Our first solution of the equilibrium condition for
Figure (1) suggests a technique for simplifying the
solution of equilibrium problems.  In Equation 6 we set
to zero the sum of the torques about the balance point
O shown in Figure (1) reproduced here.  We wanted to
calculate the position x of the balance point, and were
not particularly interested in the magnitude of the force
F.  By taking the torques about the point O where F has
no lever arm, F does not appear in our equation.  As a
result the only variable in Equation 6 is x, which can be
immediately solved to give the result in Equation 7.  As
we saw in Exercises 1 and 2, if we chose the torques
about any other point, both variables x and F appear in
our equations, and we have to solve two simultaneous
equations.

We will now consider some examples and exercises
that look hard to solve, but turn out to be easy if you take
the torques about the correct point.  The trick is to find
a point that eliminates the unknown forces you do not
want to know about.

Example 3  Wheel and Curb
A boy is trying to push a wheel up over a curb by
applying a horizontal force  Fboy  as shown in Figure
(6a).  The wheel has a mass m, radius r, and the curb a
height h as shown.  How strong a force does the boy
have to apply?

Solution:  We will consider the wheel to be the object
in equilibrium, and as a first step sketch all the forces
acting on the wheel as shown in Figure (6b).  We can
treat this as an equilibrium problem by noting that as the
wheel is just about to go up over the curb, there is no
force between the bottom of the wheel and the road.

There is, however, the force of the curb on the wheel,
labeled  Fcurb in Figure (6b).  We know the point at
which  Fcurb acts but we do not know off hand either the
magnitude or direction of  Fcurb, nor are we asked to find

 Fcurb.

Fcurb

O

no forcemg

Fboy

Figure 6a
A boy, exerting a horizontal force on the axle of a
wheel, is trying to push the wheel up over a curb.
How strong a force must the boy exert?

mg

Fboy

h

r

L – xx

F

m1
m2

m1g

m2 g

O

Figure 1 (Repeated)
We can eliminate any force by a proper choice of axis.

Figure 6b
Forces on the wheel as the wheel is
just about to go up over the curb.
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The final slip in solving this problem is to relate the
distance  to the wheel radius r and curb height h.  As
shown in Figure (6d), the right triangle from the axle to
the curb has sides  , (r – h) and hypotenuse r. By the
Pythagorean theorem we get

 r2 = 2 + r – h
2

or
 
= 2 rh– h2 (13)

which finishes the problem.

Exercise 4

The direction of  Fcurb  is slightly off in Figure (6b). Explain
what would happen to the wheel if  Fcurb  pointed as
shown.

We can eliminate the unknown force  Fcurb by setting to
zero the torques about the point O where the curb
touches the wheel.  Since  Fcurb has no lever arm about
this point, it will not appear in the resulting equation.

In Figure (6c) we have sketched the geometry of the
problem.  About the point O the force  Fboy  has a lever
arm (r – h) and is tending to cause a clockwise rotation
about point O.  Thus  Fboy  is producing (by our conven-
tion) a negative torque, of magnitude  Fboy  (r – h).  The
gravitational force  mg  has a lever arm  shown in
Figure (6c), and is tending to produce a counter clock-
wise rotation.  Thus it is producing a positive torque of
magnitude  + mg  about point O.  Since there are no
other torques about point O, setting the sum of the
torques equal to zero gives

 – Fboy(r – h) + mg = 0

Fboy = mg
r – h

(12)

We immediately see that if the curb is as high as the
axle, if r = h, there is no finite force that will get the
wheel over the curb.

Figure 6c
Geometry of the problem.

(r – h)

O

mg

Fboy

r

r 2 r

Figure 7a
A frictionless rod is placed in a
hemispherical frictionless bowl.  What is
the equilibrium position of the rod?

axel

curb
(r – h)

r

Figure 6d
Figure 7a
We simulated a  frictionless rod in a hemispherical
frictionless bowl by placing ball bearing rollers at
one end of the rod and the edge of the “bowl”. The
rod always comes to rest at this angle.
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Example 4  Rod in a Frictionless Bowl
We include the problem here, first because it gives
some practice with what we mean by a frictionless
surface, but more importantly it is an example where
we can gain considerable insight without solving any
equations.

You place a frictionless rod of length 2r in a frictionless
hemispherical bowl of radius r.  Where does the rod
come to rest?  (Put in just enough friction to have it
come to rest.)  The situation is diagramed in Figure (7a).
In Figure (7b), we have made a reasonably accurate
simulation of the problem by using a semi circular
piece of plastic for the bowl and placing small rollers on
one end of the rod and one rim of the bowl to mimic the
frictionless surfaces.  In Figure (7c) we have sketched
the forces acting on the rod.  There is the downward
force of gravity  mg  that acts at the center of mass of the
rod, the force  Fb  exerted by the bowl on the end of the
rod, and the force  Fr  exerted by the rim.

The idealization that we have a frictionless surface is
equivalent to the statement that the surface can only
exert normal forces, forces perpendicular to the sur-
face.  Thus the force  Fb  exerted by the frictionless

surface of the bowl is normal to the bowl and points
toward the center of the circle defining the bowl.  The
force  Fr  between the rim of the bowl and the friction-
less rod must be perpendicular to the rod as shown.

Off hand we know nothing about the magnitude of the
forces  Fb  and  Fr , only their directions.  If we extend the
lines of action of  Fb and  Fr  they will intersect at some
point above the rod as shown in Figure (7c).  If we set
to zero the sum of the torques about this intersection
point, where neither  Fb  or  Fr  has a lever arm, then
neither  Fb  or  Fr  will contribute.  The only remaining
torque is that produced by the gravitational force  mg .
If the rod is in equilibrium, then the torque produced by

 mg about the intersection point must also be zero, with
the result that the line of action of  mg  must also pass
through the intersection point as shown in Figure (7d).
Thus the rod will come to rest when the center of mass
of the rod lies directly below the intersection point of

 Fb  and  Fr  .  This result is nicely demonstrated by
comparing the prediction, Figure (7d), with the experi-
ment, Figure (7b).

mg

Fb

Fr

Figure 7c
Forces acting on the rod.  Because the bowl is
frictionless, Fb is perpendicular to the surface of
the bowl.  Because the rod is frictionless Fr is
perpendicular to the rod.

mg

Fb

Fr

Figure 7d
For equilibrium, the center of mass must lie directly
below the intersection point of Fb and Fr.
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Exercise 6  Ladder Problem
A ladder is leaning against a frictionless wall at an angle
θ as shown in Figure (9).  Assume that the ladder is
massless, and that a person of mass m is on the ladder.

The force between the ground and the bottom of the
ladder can be decomposed into a normal component

  Fn , and a horizontal component  Ff  that can exist only
if there is friction between the ladder and the ground.

It is traditional in introductory texts to say that the ladder
will start to slip if the friction force  Ff  exceeds a value of

  µFn  where µ is called the “coefficient of static friction”.
This idea is reasonable in that as the normal force   Fn
increases, so does the gripping or friction force  Ff .
However the coefficient µ depends so much upon the
circumstances of the particular situation, that the theory
is not particularly useful.  What, for example, should you
use for the value of µ if the ends of the ladder sink down
into the ground?

However for the sake of this problem, assume that the
ladder will just start to slip when    Ff = µFn .  Assume that
µ has the value   µ = 1/ 3 = .557 .

(a) at what angle θ would you place the ladder so that it
will not start to slip until the person climbing it just
reaches the top?

(b) at what angle θ would you place the ladder so that
it will not start to slip until the person has gone half way
up?

Figure 9
Ladder leaning against a frictionless wall.

Ff

θ

Fn

Fn

mg

person of
mass m

massless ladder

frictionless surface

= µF

Exercise 5
A spherical ball of mass m, radius r, is suspended by a
string of length attached to a frictionless wall as shown
in Figure (8).

(a) show that the line of action of the tension force T (the
line of the string) passes through the center of the ball.

(b) find the tension T.

r

T

Figure 8
Ball suspended from a frictionless wall.
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In  Equation 13 we have two unknowns,  F2  and  Td   Thus
we need another equation.  If we take the bridge as a whole,
and calculate the torques on about the point a (to eliminate
the force  F1 ), we get

  
ΣTabouta = F2 3 – mg

5
2

= 0 (14)

Solving Equation 14 for  F2  gives

 
F2 =

5
6

mg (15)

Using this value in Equation 13 gives

 
Td =

– mg

3 3
(18)

The minus (–) sign indicates that the beam is under com-
pression.

Exercise 7

Find the tension (or compression in the beam that goes
from point (d) to point (e) in the bridge problem of Figure
(10a).

Example 5  A Bridge Problem
A bridge is constructed from massless rigid beams of length
.  The ends of the beams are connected by a single large bolt

that acts more or less like a big hinge.  As a result the only
forces you can have in each beam is either tension or
compression (i.e. each beam either pulls or pushes along the
length of the beam.)  The idea is to be able to calculate the
tension or compression force in any of the beams when a
load is placed on the bridge.

In this example, we will place a mass m in the center of the
right most span as shown in Figure (10a).  To illustrate the
process of calculating tension or compression in the beams,
we will calculate the force in the upper left hand beam.  For
now we will assume that the beam  is under tension and
exerts a force  Td on joint d as shown.  If it turns out that the
beam is under compression, then the magnitude of  Td will
turn out to be negative.  Thus we do not have to know ahead
of time whether the beam is under tension or compression.

Solution:  When you have a statics problem involving an
object with a lot of pieces, and you want to calculate the
force in one of the pieces, the first step is to isolate part of the
object and consider that as a separate system with external
forces acting on it.  In Figure (10b) we have chosen as our
isolated system the part of the bridge made from the girders
that have been drawn in heavy lines.  The external forces
acting on this isolated system are the gravitational force  mg
acting on the mass m, the supporting force  F2 that holds up
the right end of the bridge, (we will assume that the ends of
the bridge are free to slide back and forth, so that the
supporting forces  F1 and  F2 point straight up).  In addition
the tension (or compression) forces we have labeled  Td ,

 Tc1  and  Tc2  are also acting on our isolated section of the
bridge.

Looking at Figure (10b), it is immediately clear that the
forces we do not want to know anything about are the
tension forces  Tc1  and  Tc2 .  We can eliminate these forces
by setting to zero the torques about the joint labeled c.  Using
our convention that counter clockwise torques are positive
and clockwise ones are negative, we get

  
ΣTaboutc = F2 2 – mg

3
2

+ Td
3

2
= 0

(13)
where we used the fact that  Td's  lever arm h is the altitude
of an equilateral triangle.

3 
2

F1 F2

h = 3 
2

mg

b

a

d f

c e
gm

Td

Tc1

Tc2

2 2

Figure 10b
Finding the tension in the span from b to d.

Figure 10a
Bridge with a truck on the last span.

mg

b

a

d f

c e
gm

Td
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Exercise 8  Working with Rope
As most sailors know, if you use rope correctly, you can
create very large tension forces without exerting that
strong a force yourself.  Suppose, for example, you wish
to make a raft out of two long logs with two short spacer
planks between them as shown in Figure (11a).  You
wish to hold the raft together with a rope around the
center as shown.

The first step is to tie, as tightly as you can, the logs
together as shown in the end view of Figure (11b).  Then
take another piece of rope and tie it as tightly as you can
as shown in Figure (11c).  If you do a reasonably good
job, you can create a large tension in the rope holding
the logs together.

To analyze the problem, let T1  be the tension in the rope
holding the logs together, and T2 the tension in the line
between the ropes as shown in Figure (11d).  For this
problem, assume that angle θ in Figure (11d) is 5
degrees, and the tension T2  that you could supply in
winding the line around the ropes was 200 newtons
(enough force to lift a 20 kilogram mass).  What is the
tension T1  in the ropes holding the logs together?

Figure 11a
Constructing a raft by tying two logs together, with
wood spacers.

Figure 11b
End view of raft.

Figure 11c
Tightening the rope.

T2

T1

T2

T1 T1T1

θ

Figure 11d
Tensions in the ropes.
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LIFTING WEIGHTS
AND MUSCLE INJURIES
The previous exercise on tying a raft together illustrates
the fact that with some leverage, you can create large
tensions in a rope. Similar large forces can exist in your
muscles when you lift weights, particularly if you do
not lift the weights properly.

To illustrate the importance of lifting heavy objects
correctly, consider the sketch of Figure (12) showing a
shopper holding a funny looking 10 kg shopping bag
out at arms length.  We wish to determine the forces that
must be exerted on the backbone and by the back
muscles in order to support this extra weight.

To analyze the forces, think of the upper body and arm
as essentially a rigid object supported by the backbone
and back muscles as shown.  Since we are interested in
the extra forces required to lift the weight, we will
ignore the weight of the upper body itself.

The external forces acting on the upper body are the
upward compressional force  Fb  acting on the
backbone, and the downward force  Fm  acting at the
point where the back muscle is attached to the thigh-
bone.  (This is in reaction to the upward force exerted
on the thigh bone by the contacting back muscle.)
There is also the weight  mg  of the shopping bag.  We
are letting L be the horizontal distance from the back-
bone to the shopping bag, and  the separation between
the point where the thigh bone pushes up on the
backbone and pulls down on the back muscle.

If we want to solve for the force  Fm  exerted by the back
muscle we can eliminate  Fb from our equation by
setting to zero the sum of the torques about point b, the
point where the thigh bone contacts the backbone.  We
get

  Σ τabout b = Fm – MgL = 0

Fm = mg L (9)

We see that the back muscle has to pull down with a
force that is a factor of  L /  times greater than the
weight mg of the shopping bag.  With  = 2 cm , you
see that if you hold the shopping bag out at arms length,
say L = 80 cm, then  Fm  is  L / = 40  times as great as
the weight of the shopping bag.  For you to lift a 10 kg
bag at arms length, your back is essentially lifting a 10
kg  ×  40 = 400 kg mass, which has a weight of almost
half a ton!  If instead you pulled your arm in so that L
was only 20 cm, then  Fm  drops 1/4 of its original value.
Do your back a favor and do not lift heavy objects out
at arms length.

Exercise 9

Write a single equation that allows you to solve for the
compressional force Fb exerted on the backbone, as
shown in Figure (12).

Figure 12
Forces on the backbone .

back
muscle

Fm

mg Fb

L = 80 cm
   = 2 cm

b

funny 
looking
shopping 
bag
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Exercise 10
Figure (13) shows the structure of the lower leg and foot.
Assume that this person is raising her heel a bit off  the
ground, so that her foot is touching the floor at only one
place, namely the point labeled P in the diagram. Also
assume that the calf muscle is attached to the foot
bones at the point labeled (a), and that the leg bone acts
at the pivot point (b). If her mass is 60 kilograms, what
must be the forces exerted by the calf muscle and the
leg bone? Compare the strength of these forces with her
weight. (This and the next problem adapted from Halliday
& Resnick.)

Exercise 11

The arm in Figure  (14) is holding a 20 kilogram mass.
The arm pivots around the points marked  with a small
black circle.  What is the compressional force on the
bones in this joint? (Neglect the mass of the arm.)

5 15 cm
P

calf muscle

leg bone

cm

a b

30 cm

muscle

pivot
point

m

3.5 cm

Figure 14
Arm

Figure 13
Foot



CHAPTER 14 OSCILLATIONS AND
RESONANCE

Oscillations and vibrations play a more significant
role in our lives than we realize.  When you strike a bell,
the metal vibrates, creating a sound wave.  All musical
instruments are based on some method to force the air
around the instrument to oscillate.  Oscillations from
the swing of a pendulum in a grandfather’s clock to the
vibrations of a quartz crystal are used as timing
devices.  When you heat a substance, some of the
energy you supply goes into oscillations of the atoms.
Most forms of wave motion involve the oscillatory
motion of the substance through which the wave is
moving.

Despite the enormous variety of systems that oscillate,
they have many features in common, features exhibited
by the simple system of a mass on a spring.  As a result
we will focus our attention on the analysis of the motion
of a mass on a spring, describing ways in which other
forms of oscillation are similar.

Chapter 14
Oscillations
and Resonance
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OSCILLATORY MOTION
Suspend a mass on the end of a spring as shown in
Figure (1), gently pull the mass down and let go.  The
mass will oscillate up and down about the equilibrium
position.  How do we describe the kind of motion we
are looking at?

One of the best ways to see what kind of motion we are
dealing with is to perform the demonstration illustrated
in Figure (2a).  In that demonstration, we place a
rotating wheel beside an oscillating mass, and view the
two objects via a TV camera set off to the side as shown.
A white tape is placed around the mass, and a short stick
is mounted on the rotating wheel as seen in the edge
view, Figure (2b).  This edge view is the one displayed
by the TV camera.

The wheel is mounted on a variable speed motor, which
allows us to adjust the angular velocity of the ω of the
wheel so that the wheel goes around once in precisely
the same length of time it takes the mass to bob up and
down once.  The height of the wheel is adjusted so that
when the mass is at rest at its equilibrium position, the
white stripe on the mass lines up with the axis of the
wheel.  As a result if the stick is in a horizontal position
(3 o’clock or 9 o’clock) and the mass is at rest, the stick
and the white stripe line up on the television image.

Now pull the mass down so that the white stripe lines
up with the lowest position of the stick the same height
as the stick when the stick is at the bottom position (6
o’clock).  Start the motor rotating at the correct fre-
quency and release the mass when the stick is at the
bottom.  If you do this just right, some practice may be
required, you will see in the television picture that the
white stripe and the stick move up and down together
as if they were a single object.

From this demonstration we conclude that the up and
down oscillatory motion of the mass is the same as
circular motion viewed sideways.  As a result we can
use what we know about circular motion to understand
oscillatory motion.  As a start, we will say that the
oscillatory motion has an angular frequency ω that is
the same as the angular velocity ω of the rotating wheel
when the mass and the stick go up and down together.

Figure 2b
Side view of the oscillating mass and rotating wheel,
as seen by the TV camera.  When the motor is
adjusted to the correct frequency, the mass and the
stick are observed to move up and down together.

Figure 1
Mass suspended from a spring.  If you gently pull
the mass down and release it, it will oscillate up
and down about the equilibrium position.

m

Figure 2a
Lecture setup for comparing the oscillation of a
mass on a spring with a rotating wheel.  A stick
is mounted on the rotating wheel, and a TV
camera off to the side provides a side view of
the oscillating mass and rotating wheel.

rotating
wheel

white
tape

stick

motor

mass on
a spring

rotating
wheel

ω

TV Camera
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THE SINE WAVE
There is another way to picture the sideways view of
circular motion.  As more or less a thought experiment,
suppose that we take our rotating wheel with a stick
shown in Figure (2a) and shine a parallel beam of light
at it, sideways, as shown in Figure (3).  Now picture a
truck with a big billboard mounted on the back, driving
away from the light source as shown on the right side
of Figure (3).  The image of the stick will move up and
down on the billboard as the truck moves forward.

Finally picture the line traced out in space by the image
of the stick on the moving billboard.  The image is
going up and down with a frequency ω and moves
forward at a speed v, the speed of the truck.  The result
is an undulating curve we call a sine wave.

To make this definition of the sine wave more specific,
assume the truck crosses the point x = 0 just when the
angle θ of the stick is zero as shown in Figure (3).  Let
us imagine that the truck drives at a speed   v = ω , so that

the distance   x = vt = ω t  that the truck has travelled is
the same as the angular distance   θ = ωt  that the stick
has travelled.  Finally let the radius of the circle around
which the stick is travelling be r = 1, so that the
undulating curve goes up to a maximum value y = + 1
and down to a minimum value y = – 1.  With these
conditions, the curve traced out is the mathematical
function

  y = sin θ = sin (ωt) (1)

Let us remove the truck and billboard and look at the
sine curve itself more carefully as shown in Figure (4).
The horizontal axis of the sine curve is the angular
distance   θ = ωt  that the rotating stick has travelled.
Starting at 0 when   θ = 0 , the sine curve completes one
full cycle or undulation just when the wheel has gone
around once and   θ = 2π .  Thus one cycle of a sine wave
goes from 0 to   2π  as shown in Figure (4).  The sine
wave reaches a maximum height at   θ = π/2 , goes back
to zero again at   θ = π , has a minimum value at   3π/2
and completes the cycle at   θ = ωt = 2π .

θy
0

π/2

π

3π/2

rotating
wheel

lig
h

t 
so

u
rc

e

π
2

3π
2

2ππ
0 θ = ωt5π

2

3π

1

−1

billboard
on truck

image of stick
on billboard

v = ω

ω

stick

Figure 3
Project the image of the stick onto the back of a truck moving
at a speed v = ωt, and the image traces out a sine wave.

θ
0

π/2

π

3π/2

π
2

3π
2

2π
π

0 θ = ωt

1

−1ω

Figure 4
The sine curve    y = sin θθ = sin ωω t .
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Exercise 1

Somewhere back in the dim past, you learned that   sin θ
was the ratio of the opposite side to the hypotenuse in
a right triangle.  Applied to Figure (5), this is

  sin θ ≡ y/r (2)

Show that this older definition of   sin θ , at least for angles
θ between 0 and   π/2 , is the same as the definition of

  sin θ  we are using in Figure (3) and (4).

As you can see from Exercise 1, our rotating stick
picture of the sine wave is mathematically equivalent
to the definition of   sin θ you learned in your first
trigonometry class.  What may be new conceptually is
the dynamic aspect of the definition.  Figures (3) and (4)
connect rotational motion to oscillatory motion and to
the shape of a sine wave.  The relationship between the
static picture and the dynamic one is that the angular
distance θ is equal to the angular velocity ω times the
elapsed time t.

The basic question for the dynamic picture is how long
does one oscillation take.  The time for one oscillation
is called the period T of the oscillation.  We can
therefore ask what is the period T of an oscillation
whose angular velocity, or angular frequency is ω.

The solution to this problem is to note that the sine wave
completes one cycle when   θ = 2π .  But θ is just the
angular distance   ω t .  Thus, if t = one period T, we have

  θ = ωT = 2π

   
T =

2π
ω

period of
a sinusoidal
oscillation

(3)

To remember formulas like Equation 3, we can use the
same set of dimensions we used in our discussion of
angular motion.  If we remember the dimensions

   ω radians
second

angular frequency

2π radians
cycle

T seconds
cycle

period

f
cycles
second

frequency

then we can go back and forth between the quantities ω,
T and f simply by making the dimensions come out
right.

θ

r

x

y

sin θ    y/r

θ y
0

π/2

π

3π/2

rotating
wheel

ω

stick

r

Figure 5
Our old definition of    sinθθ.
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For example

  
T sec

cycle
=

2π radians
cycle

ω radians
sec

= 2π
ω

sec
cycle

  
f

cycles
sec =

ω radians
sec

2π radians
cycle

= ω
2π

cycles
sec

 T sec
cycle

= 1

f
cycles

sec

= 1
f

sec
cycle

We repeated these dimensional exercises, because it is
essential that you be able to easily go back and forth
between quantities like frequency, angular frequency,
and period.

Exercise 2
(a)  A spring is vibrating at a rate of 2 seconds per cycle.
What is the angular velocity ω of this oscillation?

(b) What is the period of oscillation, in seconds, of an
oscillation where   ω =1 ?

Exercise 3
As shown in Figure (6), an air cart sitting on an air track
has springs attached to the ends of the track as shown.
We are taking x = 0 to be the equilibrium position of the
cart.  It turns out that the car oscillates back and forth
with the same kind of sinusoidal motion as the mass on
the end of a spring shown in Figures (1) and (2).

Assume that the mathematical formula for the coordi-
nate x of the cart is

  x = x0 sin ωt

where

 x0 = 4 cm ;      ω = 3
radians

sec

(a)  Figure (7) is an x–t graph of the position of the air cart
in Figure (6).  We have drawn in the sine curve, and
drawn tick marks at important points along the x and t
axis.  On the x axis, the tick marks are at the maximum
and minimum values of x.  On the t axis, the tick marks
are at 1/4, 1/2, 3/4 and 1 complete cycle.  Insert on the
graph, the numerical values that should be associated
with these tick marks.

(b) Where will the cart be located at the time
  t =300 π seconds ?

ω

x = 0 equilibrium

x

Figure 6
Mass with springs on an air cart.  We take
the equilibrium position to be x = 0.

x

t

Figure 7
The x-t graph for the motion
of the air cart in Figure 6.



14-6  Oscillations and Resonance

Phase of an Oscillation
Our sine waves, by definition, begin at 0 when   θ = 0.
This is equivalent to saying that in Figure (2), the truck
crossed x = 0 at the same instant that the rotating wheel
crossed    θ = 0 .  We did not have to make this choice, the
rotating wheel could have been at any angle φ when the
truck crossed t = 0 as shown in Figure (8).  If the stick
were up at an angle φ when the truck crossed the zero
of the horizontal axis, we say that the resulting sine
wave has a phase φ.  The formula for the resulting sine
curve is

   
y = sin ωt + φ φ is the

phaseangle (4)

You can see from this equation that at t = 0, the angle
of the sine wave is   θ = ωt + φ = φ

In Figure (9) we have sketched the sine wave for
several different phases.  At a phase   φ = π/2 , the wave
starts at 1 for   θ = 0  and goes down to 0 at

  θ = π /2 = 90°.   This is just what   cos θ does, and we
have what is called a cosine wave.  We have

  cos ωt = sin ωt + π/2 (6)

When the phase angle gets up to π or 180°, the sine
wave is reversed into a   – sin ωt  wave.  At   φ = 2π  we
are back to the sine wave we started with.

t = 0

t
φ

phase
angle

φ

ω

2ππ}

Figure 8
The phase angle  φ.

φ = 0

φ = 

2ππ0

2ππ

π
2

φ = 3π
2

sine wave

cosine wave

2π

πφ = π

–sine wave

2ππ
–cosine wave

2ππ

φ = 2π

sine wave

Figure 9
Various phases of the sine wave.  When   φφ = ππ / 2, the
wave is called a cosine wave.  (It matches the
definition of a cosine, which starts out at 1 for    θθ = 0.
At a phase angle   φφ = ππ or 180°, the sine wave has
reversed and become    –sin (ωω t).  At   φφ = 2π, we are back
to a sine wave again.
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Exercise 4
In trigonometry class, or somewhere perhaps, you were
given the trigonometric identity

 sin a +b = sin a cos b +sin b cos a

Use this result to show that

  sin ω t +π/2 = cos ω t (7a)

  sin ω t +π = – sin ω t (7b)

   sin ω t +3 π/2 = – cos ω t (7c)

  sin ω t +2π = sin ω t (7d)

These are the results graphed in Figure (9).

MASS ON A SPRING;
ANALYTIC SOLUTION
Let us now apply Newton’s laws to the motion of a
mass on a spring and see how well the results compare
with the sinusoidal motion we observed in the demon-
stration of Figure (2).  In our analysis of the spring
pendulum in Chapter 9 (see Figure 9-4) we saw that the
spring exerted a force whose strength was linearly
proportional to the amount the spring was stretched, a
result known as Hooke’s law.

When we have the one dimensional motion of a mass
oscillating about its equilibrium position, as illustrated
in Figure (10), then we get a very simple formula for the
net force on the object.  If we displace the cart of Figure
(10) by a distance x from equilibrium, there is a
restoring force whose magnitude is proportional to x
pushing the cart back toward the equilibrium position.

We can completely describe this restoring force by the
formula

   
F = – kx

Hooke's law
restoring force

(8)

If x = 0, the cart is at its equilibrium position and there
is no force. If x is positive, as in Figure (10), the
restoring force is negative, pointing back to the equilib-
rium position. And if x is negative, the restoring force
points in the positive direction. All these cases are
handled by the formula F = –kx.

For a mass bobbing up and down on a spring, shown in
Figure (11), there is both a gravitational and a spring
force acting on the mass.  But if you measure the net
force starting from the equilibrium position, you still
get a linear restoring force.  The net force is always
directed back toward the equilibrium position and has
a strength proportional to the distance x the mass is
away from equilibrium.  Thus Equation 8 still describes
the net force on the mass.

x

x
x

–kx

F

F

F = –kxs

(restoring force)

(distance 
 stretched)

Figure 10
If the cart is displaced a distance x from
equilibrium, there is a restoring force F = - kx.

Figure 11
Restoring force for a mass on a spring.

equilibrium
position

xF
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Exercise 5
Describe experiments you could carry out in the labo-
ratory to measure the force constant k for the air cart
setup of Figure (10).  To do this you are given the air cart
setup, a string, a pulley, and some small weights.

Sketch the setup you would use to make the measure-
ments, and include some simulated data to show how
you would obtain a numerical value of k from your data.
(This is the kind of exercise you would do ahead of time
if you planned to do a project studying the oscillatory
motion of the air cart and spring system.

To apply Newton’s laws to the problem of the oscillat-
ing mass, let x(t) be the displacement from equilibrium
of either the air cart of Figure (10) or the mass of Figure
(11).  The velocity  vx and the acceleration  a x  of either
the cart or mass is

  
vx ≡

dx t
dt

(9)

  
ax ≡

dvx
dt

=
d2x t

dt2 (10)

The x component of Newton’s second law becomes

 Fx = ma x

 
– kx = m

d2 x

dt2
(11a)

where we used Hooke’s law, Equation 8 for  Fx .

The result, Equation 11a, involves both the variable
x(t) and its second derivative  d2x/dt2.  An equation
involving derivatives is called a differential equation,
and one like Equation 11a, where the highest derivative
is the second derivative, is called a second order
differential equation.  Differential equations are harder
to solve than algebraic equations like  x2 = 4, because
the answer is a function or a curve, rather than simple
numbers like  ± 2.

When working with differential equations, there is a
traditional form in which to write the equation.  The
highest derivative is written to the far left, all terms with
the unknown variable are put on the left side of the
equation, and the coefficient of the highest derivative is
set to one.  (A reason for this tradition is that only a few
differential equations have been solved.  If you write
them all in a standard form, you may recognize the one
you are working with.) Putting Equation 11a in the
standard form by dividing through by m and rearrang-
ing terms gives

  
d2x

dt2 +
k
m

x = 0 (11)

A standard way to solve a differential equation is to
guess the answer, and then plug your guess into the
equation to see if the guess works. A course in differ-
ential equations basically teaches you how to make
good guesses. In the absence of such a course,  we have
to use whatever knowledge we have about the system
in order to make as good a guess as we can.  That is why
we did the demonstration of Figure (2).  In that demon-
stration we saw the oscillating mass moved the same
way as a stick on a rotating wheel, when the wheel is
viewed sideways.  We then saw that this sideways view
of rotating motion is described by the mathematical
function   sin ωt .  From this we suspect that a good
guess for the function x(t) may be

   x t = sin ωt initial guess (12)

In order to see if this guess is any good, we need to
substitute values of x and  d2x/dt2  into Equation 11.
To do this, we need derivatives of   x = sin ωt .

From your calculus course you learned that

  d
dt

sin ωt = ω cos ωt (13)

  d
dt

cos ωt = – ω sin ωt (14)
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Thus if we start with

  x = sin ω t (12)

we have

  dx
dt

= ω cos ωt (15)

  d2x
dt2 = d

dt
dx
dt

= d
dt

ω cos ωt

= ω – ω sin ωt

d2x
dt2 = – ω2sin ωt (16)

To check our guess   x = sin ω t ,  we substitute the
values of x from Equation 12 and  d2x/dt2 from Equa-
tion 16 into the differential Equation 11.  We get

  d2x
dt2 + k

m x = 0

– ω2sin ωt + k
m sin ω t = 0 (17)

We put the question mark over the equal sign, because
the question we want to answer is whether   x = sin ωt
can be a solution to our differential equation.  Can the
sum of these two terms be made equal to zero as
required by Equation 11?

The first thing we note in Equation 17 is that the
function (   sin ωt ) cancels.  This is encouraging, be-
cause if we ended up with two different functions of
time, say a   sin ωt  in one term and a   cos ωt  in the other,
there would be no way to make the sum of the two terms
to be zero for all time, and we would not have solved the
equation.  However because the (   sin ωt ) cancels, we
are left with

  
– ω2 +

k
m

=? 0 (18)

Equation 18 is easily solved with the choice

   
ω =

k
m

angular frequency
of oscillating cart (19)

Thus we have shown not only that (   x = sin ωt ) is a
solution of Newton’s second law, but we have also
solved for the frequency of oscillation ω.  Newton’s
second law predicts that the air cart will oscillate at a
frequency   ω = k/m .  This result is easily tested by
experiment.

Exercise 6
(a) In the formula (   x =sin ω t ),  ω  is the angular fre-
quency of oscillation, measured in radians per second.
Using the formula    ω = k/m  and dimensional analysis,
find the predicted formula for the period T of the
oscillation, the number of seconds per cycle.

(b) A mass m = 245 gms is suspended from a spring as
shown in Figure (12).  The mass is observed to oscillate
up and down with a period of 1.37 seconds.  From this
determine the spring constant k.  How could this result
have been used in the spring pendulum experiment
discussed in Chapter 9 (page 9-3)?

(You can check your answer, since the ball and spring
of Figure (12) are the same ones we used in the spring
pendulum experiment.)

?

Figure 12
The spring constant can be determined by
measuring the period of oscillation.

m
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The guess we made in Equation 12, (   x = sin ωt ) is not
the only possible solution to our differential Equation
11.  In the following exercises, you show that

  x = A sin (ωt) (12a)

is also a solution, where A is an arbitrary constant.
Since the function   sin (ωt)  oscillates back and forth
between the values + 1 and – 1, the function   A sin (ωt)
oscillates back and forth between + A and – A.  Thus
A represents the amplitude of the oscillation.  The fact
that Equation 12a, with arbitrary A, is also a solution to
Newton’s second law, means that a sine wave with any
amplitude is a solution.  (This is true as long as you do
not stretch the spring too much.  If you pull a spring out
too far, if you exceed what is called the elastic limit, the
spring does not return to its original shape and its spring
constant changes.)

Exercise 7

As a guess, try Equation 12a as a solution to the
differential Equation 11.  Follow the same kind of steps
we used in checking the guess   x =sin (ω t ) , and see
why Equation 12a is a solution for any value of A.

Exercise 8
(a)  Show that the guess

  x =A cos (ω t) (12b)

is also a solution to our differential Equation 11.  This
should be an expected result, because the only differ-
ence between a sine wave and a cosines wave is the
choice of the time t = 0 when we start measuring the
oscillation.

(b)  The sine and cosine waves are only special cases
of the more general solution

  x =A sin (ω t +φ) (12c)

where φ is the phase of the oscillation discussed in
Figure (9).  Show that Equation 12c is also a solution of
our differential Equation 11.  [Hint: the derivative of

  sin (ωt +φ)  is   – ω cos (ω t +φ) .  You can, if you want,
prove this result using Equations 13 and 14 and the
trigonometric identities

 sin (a +b) =sin a cos b +cos a sin b

 cos (a +b) =cos a cos b – sin a sin b

Remember that φ is a constant.]

Exercise 9
We do not want you to think every function is a solution
to Equation 11.  Try as a guess

   x =e– αt (20)

which represents an exponentially decaying curve
shown in Figure (13).  To do this you need to know that

   d
dt

e– αt = – αe– αt (21)

When you try Equation 20 as a guess, what goes wrong?
Why can’t this be a solution to our differential equation?
[Or, by what crazy way could you make it a solution?]

e– α t

1

Figure 13
The exponential decay curve    e– αα t .
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Conservation of Energy
Back in Chapter 10 we calculated the formula for the
potential energy stored in the springs when we pulled
the cart of Figure (10) a distance x from equilibrium.
The result was

 spring
potential
energy

Uspring = 1
2 k x2 (10-28)

We then used the law of conservation of energy to
predict how fast the cart would be moving when it
crossed the x = 0 equilibrium line if it were released
from rest at a position  x = x0 .  The idea was that the
potential energy  1

2 kx0
2  the springs have when the cart

is released, is converted to kinetic energy  1
2 mv0

2  the
cart has when it is at x = 0 and its speed is  v = v0 .

Exercise 10

See if you can derive Equation 10-28 without looking
back at Chapter 10.  If you cannot, review the derivation
now.

Using conservation of energy to predict the speed of the
air cart was particularly useful back in Chapter 10
because at that time we did not have the analytic
solution for the motion of the cart.  Now that we have
solved Newton’s second law to predict the motion of
the cart, we can turn the problem around, and see if
energy is conserved by the analytic solution.

An analytic solution for the position x(t) and velocity
v(t) of the cart is

  x(t) = sin ωt

v(t) =
dx
dt

= ω cos ωt
(22)

For this solution, the kinetic and potential energies are

  kinetic
energy

1
2

mv2 = 1
2

mω2cos2 ωt (23)

  potential
energy

1
2

kx2 = 1
2

k sin2 ωt (24)

The total energy  Etot  of the cart at any time t is

  total
energy = kinetic

energy + potential
energy

Etot = 1
2

mω2cos2 ωt + 1
2

k sin2 ωt
(25)

At first sight, Equation 25 does not look too promising.
It seems that  Etot  is some rather complex function of
time, hardly what we expect if energy is conserved.
However remember that the frequency ω is related to
the spring constant k by   ω = k/m , thus we have

  1
2

mω2 = 1
2

m k
m

2

= 1
2

m k
m = 1

2
k (26)

Thus the two terms in our formula for  Etot  have the
same coefficient  1

2 k , and  Etot  becomes (using Equa-
tion 26 in 25)

  E tot = 1
2

k cos2 ωt + sin2 ωt (27)

Equation 27 can be simplified further using the trigo-
nometric identity

 cos2 a + sin2 a = 1 (28)

for any value of a.  Thus the term in square brackets in
Equation 27 has the value 1, and we are left with

  
Etot =

k
2

(29)

The total energy of the mass and spring system is
constant as the oscillator moves back and forth.  Energy
is conserved after all !

Exercise 11
What is the total energy of an oscillating mass whose
amplitude of oscillation is A?  [Start with the solution

   x(t) = A sin ω t ,  calculate v(t), and then  calculate

 Etot = 1
2 kx2 + 1

2 mv2 .
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THE HARMONIC OSCILLATOR
The sinusoidal motion we have been discussing, which
results when an object is subject to a linear restoring
force  F = – kx, is called simple harmonic motion and
the oscillating system is often called a harmonic
oscillator.  These general names are used because there
are many examples in physics of simple harmonic
motion.  In some cases the sine wave solution   sin ωt
is an exact solution of a Hooke’s law problem.  In many
other cases, the solution is approximate, valid only for
small amplitude oscillations where the displacements
x do not become too big.  In the following sections we
will consider examples of both kinds of problems.

The Torsion Pendulum
One example of simple harmonic motion is provided
by part of the apparatus used by Cavendish to detect the
gravitational force between two lead balls.  The appa-
ratus, illustrated back in Figure (8-8), contains two
small lead balls mounted on a light rod, which in turn
is suspended from a glass fiber as shown in Figure
(14a).  (Such glass fibers are easy to make.  Heat the
center of a glass rod in a Bunsen burner until the glass
is about to melt, and then pull the ends of the rod apart.
The soft glass stretches out into a long thin fiber.)

If you let the rod with two balls come to rest at its
equilibrium position, then rotate then rod by an angle θ
in the horizontal plane as shown in the top view of
Figure (14b), the glass fiber exerts a torque tending to
rotate the rod back to its equilibrium position.  Careful
experiments have shown that the restoring torque
exerted by the glass fiber is proportional to the angular
distance θ that the rod has been rotated from equilib-
rium.  The rod is acting like an angular spring, produc-
ing a restoring torque  τr  given by an angular version of
Hooke’s law

   τr = – kθ angular version
of Hooke's law (30)

In the Cavendish experiment two large balls of mass M
are placed near the small balls as shown in Figure (15).

θ

r

m

m

M

Fg

Fg

M

Figure 15
In the Cavendish experiment, a torque is exerted
on the torsion pendulum by the gravitational force
of the large lead spheres. In the new equilibrium
position, the gravitational torque just balances the
restoring torque of the torsion pendulum.

Figure 14b
Top view of the torsion pendulum.  The light drawing
shows the equilibrium position of the pendulum, the
dark drawing shows the pendulum displaced by an
angle θ.  In this displaced position, the glass fiber
exerts a restoring torque    ττrestoring = – kθθ .

θ

equilibrium
position

m m

gl
as

s 
fib

er

Figure 14a
Side view of the torsion pendulum
used in the Cavendish experiment.
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The gravitational forces  Fg  between the large and
small balls produce a net torque   τg  on the suspended
rod of magnitude

  τg = 2 rFg (31)

where r is the distance from the center of the rod to the
small mass (the lever arm), and the factor of 2 is from
the fact that we have a gravitational force acting on each
pair of the balls.

The suspended rod will finally come to rest at an angle
  θ0 where the gravitational torque  τg  just balances the

glass fiber restoring torque τr , so that there is no net
torque  the rod.  Equating the magnitudes of τr  and  τg ,
Equations 30 and 31 gives us

  τg = τr

  2r Fg = kθ0 (32)

Equation 32 can then be solved for the gravitational
force  τg  in terms of the rod length 2r, the restoring
constant k, and the rest angle   θ0 .

The problem the Cavendish experiment has to over-
come is the fact that the gravitational force between the
two lead balls is extremely weak.  You need an appa-
ratus where the tiny gravitational torque  τg  produces
an observable deflection   θ0 .  That means that the
restoring torque  τr  must also be very small.  That was
why the long glass fiber was used to suspend the rod,
for it produces an almost immeasurably small restoring
torque.

In order to carry out the experiment and measure the
gravitational force  Fg , you need to know the restoring
torque constant k that appears in Equation 32.  But the
feature of the glass fiber that makes it good for the
experiment, the small value of k, makes it hard to

directly measure the value of k.  To determine k by
direct measurement would mean applying known forces
of magnitude  Fg , but the only forces around that are
sufficiently weak are the gravitational forces you are
trying to measure.

Fortunately there is an easy way to obtain an accurate
value of the restoring constant k.  Remove the large lead
balls, displace the rod from equilibrium by some
reasonable angle θ as shown in Figure (14b), and let go.
You will observe the rod to swing back and forth in an
oscillatory motion.  The rod, two balls, and glass fiber
of Figure (14a) form what is called a torsion pendu-
lum, and the oscillation is caused by the restoring
torque of the glass fiber.  The glass fiber is acting like
an angular spring, creating an angular harmonic mo-
tion in strict analogy to the linear harmonic motion of
a mass suspended from a spring.

The analogy applies directly to the equations of motion
of the two systems.  For a linear one dimensional
system like a mass on a spring, Newton’s second law
is

 
Fx = max = m

d2x

dt2

The angular version of Newton’s second law, applied
to the simple case of an object rotating about a fixed
axis, is from Equation 30 of Chapter 12

  
τ = I α = I

d2θ

dt2
(12-20)

where τ  is the net torque, I the angular mass or moment
of inertia, and α the angular acceleration of the object
about its axis of rotation.
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For the linear harmonic oscillator (mass on a spring),
the force  Fx  is a linear restoring force  Fx = – kx,
which gives rise to the equation of motion and differ-
ential equation

 
Fx = – kx = m d2x

dt2 (11a)

 d2x

dt2
+

k
m

x = 0 (11)

For our torsion pendulum, the restoring torque is
  τr = – kθ which gives rise to the equation of motion

and differential equation

  τr = – kθ = I d2θ
dt2 (33a)

  d2θ

dt2
+

k
I

θ = 0 (33)

Equations 11 and 33 are the same if we substitute the
angular distance θ for the linear distance x, and the
angular mass I for the linear mass m.  For the linear
motion, we saw that the spring oscillated back and forth
at an oscillation frequency   ω0  and period T given by

  ω0 = k
m

T = 2π
ω0

= 2π m
k

(19)

By strict analogy, we expect the torsion pendulum to
oscillate with a frequency   ω0  and period T given by

  ω0 = k
I

T = 2π
ω0

= 2π I
k

(34)

where I is  the moment of inertia of the rod and two balls
about the axis defined by the glass fiber (as shown in
Figure 14).

As a result, by observing the period of oscillation of the
rod and two balls (with the big masses M removed),
you can determine the restoring constant k of the glass
fiber, and use that result in Equation 32 to solve for the
gravitational force  Fg .  Because you can measure
periods accurately by timing many swings, k can be
measured accurately, and the Cavendish experiment
allows you to do a reasonably good job of measuring
the gravitational force  Fg .

Exercise 12
Solve the differential Equation 33 by starting with the
guess

  θ(t) = A sin (ω0t) (35)

Check that Equation 35 is in fact a solution of Equation
33, and find the formula for the frequency   ω0  of the
oscillation.  Also use dimensional analysis find the
period of oscillation.

Exercise 13
In the commercial Cavendish experiment apparatus
shown in  Figure 8-8, the small balls each have a mass
of 170 gms, the distance between the small balls is 12
cm, and the observed period of oscillation is 24 minutes.

(a)  Calculate the value of the restoring constant k of the
glass fiber.

(b)  How big a torque, measured in dyne centimeters, is
required to rotate the glass fiber by an angle of one
degree.  (Remember to convert degrees to radians.)
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times the tangential acceleration.  The tangential com-
ponent of the gravitational force is always directed
toward the bottom equilibrium position, thus it is a
restoring force of the form

  Ftangential = – mg sin θ (36)

As the mass moves along the arc, the speed of the ball
is related to the angle θ by

  vtangential = dθ
dt (37)

a result from the beginning of our discussion of circular
motion in Chapter 12.  (See the discussion before
Equation 12-11.)  Differentiating Equation 37, we get
for the tangential acceleration

  
atangential =

dvtangential

dt
= d2θ

dt2 (38)

Thus Newton’s second law gives

 Ftangential = ma tangential

  
– mg sinθ = m d2θ

dt2 (39)

Dividing through by  m  and rearranging terms gives
us the differential equation

   
d2θ
dt2

+
g

sin θ = 0
equation for a
simple pendulum (40)

Equation 40, the differential equation for the simple
pendulum, is more complex than the equations we have
been discussing that lead to simple harmonic motion.
If you try as a guess that the motion is sinusoidal and try
the solution   θ = sin ωt , it does not work.  You are
asked to see why in the following exercise.

Exercise 14
Try substituting the guess

   θ = sin ωt

into Equation 40 and see what goes wrong.  Why can’t
you make the left side zero with this guess?

The Simple Pendulum
Perhaps the most well-known example of oscillatory
motion is the simple pendulum which consists of a
mass swinging back and forth on the end of a string or
rod.  The regular swings of this pendulum serve as the
basic timing device of the grandfather’s clock.

When we begin to analyze the simple pendulum, we
will find that it is not quite so simple after all.  The
restoring force is not strictly a linear restoring force and
we end up with a differential equation whose solution
is more complex than the sinusoidal oscillations we
have been discussing.  What allows us to include this
example in our discussion of simple harmonic motion
is the fact that, for small amplitude oscillations, the
restoring force is approximately linear, and the result-
ing motion is approximately sinusoidal.

Figure (16) is a sketch of a simple pendulum consisting
of a small mass m swinging on the end of a string of
length .  The downward gravitational force  mg  has a
component of magnitude   mg sinθ  directed along the
circular path of the ball.

Since the ball is constrained to move along the circular
arc, we can analyze the motion of the ball by equating
the tangential forces acting along the arc to the mass

m

θ

θ

mg sin θ

mg

Figure 16
Simple pendulum consisting of a mass
swinging on the end of a string.  The
gravitational force has a component    mg sinθθ
in the direction of motion of the mass.
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There is a solution to Equation 40, it is just not the sine
curve we have been discussing.  The solution is a curve
called an elliptic integral, a curve generated much as
we generated the sine curve in Figure (3), except that
the stick whose shadow generates the curve has to
move around an elliptical path rather than around the
circular path used in Figure (3).  Elliptic integrals carry
us farther into the theory of functions than we want to
go in this text, thus we will not  discuss the exact
solution of the differential Equation 40.

Small Oscillations
The problem with Equation 40 is the appearance of the
function   sin θ in the second term on the left hand side.
It is this term that seems to keep us from using the
oscillatory solution.

In Figure (17) we look again at the geometry of the
simple pendulum.  In that figure we have a right triangle
whose small angle is θ, hypotenuse the string length ,
and opposite side x.  The definition of the sine of the
angle θ is

  
sin θ ≡

opposite side
hypotenuse

=
x

(41)

The definition of the angle θ, in radian measure, is the
arc length divided by the radius  of the circular arc

  θ ≡
arc length

radius
=

arc length
(42)

From Figure (17) we see that for small angles θ the
opposite side x and the arc length  are about the same.
The smaller the angle θ, the more nearly equal they are.
If we restrict our analysis to small amplitude swings,
we can replace   sin θ by θ in Equation 40, giving us the
differential equation

   
d2θ
dt2

+
g θ = 0

equation for small
oscillations of a
simple pendulum

(43)

Equation 43 is an equation for simple harmonic mo-
tion.  If we try the guess   θ = sin ω0t , and plug the
guess into Equation 43, we can solve the equation
provided the frequency   ω0  and the period of oscilla-
tion T have the values

  
ω0 =

g

   
T = 2π

ω0
= 2π g

period of a
simple pendulum (44)

Exercise 15
Substitute the guess     θ = A sin ω0t  into Equation 43
and show that you get a solution provided    ω02 = g/ .
Then use dimensional analysis to derive a formula for
the period of the oscillation.

From Equation 44, we see that the period of the oscilla-
tion of a simple pendulum depends only on the gravita-
tional acceleration g and the length  of the pendulum.
It does not depend on!tXe mass m of the swinging
object, nor on the amplitude of the oscillation, provided
that the amplitude is kept small.  For these reasons the
simple pendulum makes a good timing device.

Exercise 16

How long should a simple pendulum be so that it’s
period of oscillation is one second?

x

θ

arc length

Figure 17

   sin θθ =
x         θθ =

arc length
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Simple and Conical Pendulums
In Chapter 9 we analyzed the motion of a conical
pendulum.  The conical pendulum also consists of a
mass on a string, but the mass is swung around in a
circle as shown in Figure (18), rather than back and
forth along an arc as for a simple pendulum.

From our analysis of the conical pendulum, we found
that the period of rotation was given by the formula

   
Tcp = 2π h

g
period of a
conical pendulum (9-34)

 where h is the height shown in Figure (18).  Consider-
ing the trouble we went through to get an approximate
solution to the simple pendulum, it seems surprising
that Equation 9-34 is an exact solution to Newton’s
second law for any achievable radius x of the circle.

For small circles, where  x << , the height h and the
string length  are approximately the same and we have

  
Tcp = 2π

g
h

≈ 2π
g

(45)

But this is just the period of a simple pendulum if the
oscillations are kept small.  Since the two pendulums
have the same period for small oscillations, it makes no
difference, as far as the period is concerned, whether
we swing the balls back and forth or around in a circle.
This prediction is easily checked by experiment.

Exercise 17
You can do your own experiments to show that as you
increase the amplitude of a simple pendulum, the
period of oscillation starts to get longer.  In contrast,
when you increase the radius of the circle for a conical
pendulum, the height h and the period  Tcp  become
shorter.

(a) From your own experiments estimate how much
longer the period of a simple pendulum is when the
maximum angle   θmax  is 90° than when   θmax  is small.
(Is it 20% longer, 30% longer?  Do the experiment and
find out.  Does this percentage depend on the length 
of the string?

(b)  For a conical pendulum, at what angle  θ0  (shown
in Figure 18) is the period half as long as it is for small
angles  θ0 ?  Give your answer for  θ0  in degrees.

x

θ0

h

m

Figure 18
The conical pendulum.
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Exercise 18
Another way to analyze the simple pendulum is to treat
the mass and the string as a rigid object that can rotate
about an axis through the top end of the string as shown
in Figure (19).  Then use the angular version of Newton’s
second law in the form

  τ = I d2θ
dt2 (12-20)

where τ is the net torque, and (I) the moment of inertia,
of the mass and string about the axis 0.

(a)   When the string is at an θ  angle as shown in Figure
(19), what is the torque τ about the axis 0, exerted by the
gravitational force  mg ?

(b)   What is the moment  of  inertia I of the mass and
string about the axis 0?

(c)   Show that when you use the above values for τ and
(I) in Equation 12-20 you get the same differential
Equation 40 that we got earlier for the simple pendulum.

Exercise 19  A Physical Pendulum

A uniform rod of length is pivoted at one end as shown
in Figure (20).  It is free to swing back and forth about this
axis, forming what is called a physical pendulum. A
simple pendulum is one where the mass is all concen-
trated at the end as in Figure (19).  In a physical
pendulum the mass is distributed in some other way, in
this case uniformly along the rod.

(a)  What is the torque τ  about the axis 0 exerted by the
gravitational force on the rod?  (In Chapter 13 near
Equation 13-11, we showed that when calculating the
torque exerted by a gravitational force, you may as-
sume that all the mass is concentrated at the center of
gravity of the object.)

(b)  What is the moment  of inertia (I) of the rod about the
axis at the end of the rod?  (See exercise 5 in Chapter
12.)

(c)  Write the differential equation for the motion of the
rod.  (Use the procedure outlined in Exercise 18.)

(d)  Find the period of small oscillations of the rod.

mg

axis O

θ

axis O

m

θ

mg

Figure 19
The simple pendulum
treated as a rigid object.

Figure 20
A physical pendulum.
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NON LINEAR RESTORING FORCES
The simple pendulum is an example of an oscillator
with a non linear restoring force.  In Figure (21), we
show the actual restoring force (   mg sin θ) and the
linear approximation (   mg θ) that we used in order to
solve the differential equation for the pendulum’s
motion.  You can see that if the angle θ always remains
small, much less than   π/2  in magnitude, then the linear
force (   mg θ) is a good approximation to the non linear
force (   mg sin θ).  Since the linear force gives rise to
sinusoidal simple harmonic motion, we expect sinusoi-
dal motion for small oscillations of the simple pendu-
lum. What we are seeing is that a linear restoring force
is described by a straight line, and that the non linear
restoring force can be approximated by a straight line
in the region of small oscillations.

In physics, there are many examples of complex, non
linear restoring forces which for small amplitudes can
be approximated by a linear restoring force, and which
therefore lead to small amplitude sinusoidal oscilla-
tions.  A rather wild example which we will discuss
shortly, is the collapse of the Tacoma Narrows bridge.
The bridge undoubtedly started oscillating with small
amplitude sinusoidal oscillations.  What happened was
that these oscillations were continually driven by the
shedding wind vortices until the amplitude of oscilla-
tion became large and the restoring force was no longer
linear.  (There was still a more or less sinusoidal motion
almost up to the point when the bridge collapsed.)

θmg

F          restoring

θ
   π

–mg sin θ
2

−

   π
2

region where 
sin θ   θ 

Figure 21
The non linear restoring force    mg sinθθ  can be approximated by
the straight line (linear term)    mg θθ  if we keep the angle θθ  small.

F          = 

mg sin θ
restoring

m

θ

θ
mg
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MOLECULAR FORCES
One of the most important examples of a non linear
restoring force is the molecular force between atoms.
Consider, for example, the hydrogen molecule which
consists of two hydrogen atoms held together by a
molecular force.  (We will discuss the origin of the
molecular force in Chapter 17.)

In the hydrogen molecule, the hydrogen atoms have an
equilibrium separation, and the molecular force pro-
vides a restoring force to this equilibrium separation.
The restoring force, however, is quite non linear.  If you
try to squeeze the atoms together, you quickly build up
a large repulsive force that keeps the atoms from
penetrating far into each other.

If you try to pull the atoms apart, there is an attractive
force that pulls the atoms back together.  The attractive
force never gets too big, and then dies out when the
separation gets much larger than an atomic diameter.

In Figure (22) we have sketched the molecular force as
a function of the separation of the atoms, the origin
being at the equilibrium position.  This graph is not too
unlike Figure (21) where we have the force curve for
the simple pendulum.  For the pendulum, the equilib-
rium position is at   θ = 0 , thus the origin of both curves
represents the equilibrium position.

While the overall shape of the force curves for the
simple pendulum and the molecular force are quite
different, right in close to the origin both curves can be
approximated by a straight line, a linear restoring force.
As long as the amplitudes of the oscillation remain
small, we effectively have a linear restoring force and
any oscillations should be simple harmonic motion.

In Chemistry texts one often sees molecular forces as
being represented by springs as shown in Figure (23).
The spring force, given by Hooke’s law, is our ideal
example of a linear restoring force.  We can now see
that, while the molecular force in Figure (22) does not
look like a linear spring force, if the amplitude of
oscillation remains small, the spring force provides a
reasonably good approximation to the actual molecu-
lar force.  The chemist’s diagrams are not so bad after
all.

In a crystal, like quartz, where you have many atoms
held together by molecular forces, it is possible to get
all the atoms oscillating together.  Each atom only
oscillates a very small distance about its equilibrium
position, but all the oscillations can add up to produce
a fairly large, quite detectable oscillation of the crystal
as a whole.  An advantage of a quartz crystal is that these
oscillations can be both driven and detected by electric
fields.  This vibration or simple harmonic motion of a
small quartz crystal is used as the basic timing device
for digital watches, computers, and almost all forms of
modern electronics.

In Galileo’s time we used small oscillations of a non
linear harmonic oscillator, the simple pendulum, as a
basic time device.  Now we use the small oscillations
of a non linear harmonic oscillator, the atoms in a quartz
crystal, as our most convenient timing device.  The
main thing we have changed in the last 300 years is not
the basic physics, but the size and frequency of the
device.

Figure 22
Sketch of the molecular force between two hydrogen
atoms.  As long as the atoms stay close to the
equilibrium position, the force can be represented by
a straight line—a linear restoring force.

molecular
force

H H

equilibrium
separation

repulsive

region where we have
an approximately linear
restoring force

separation
of atoms

attractive

Figure 23
Representation of the molecular
force by a spring force.

H H
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DAMPED HARMONIC MOTION
If you start a pendulum swinging or a quartz crystal
oscillating, and do not keep the oscillation going with
some kind of external force, the oscillation will even-
tually die out due to friction forces.  Such a dying
oscillation is called damped harmonic motion.

The analysis of damped harmonic motion starts out
quite easily.  In Newton’s second law add a damping
force like the air resistance term we added to our
analysis of projectile motion.  (See Chapter 3, Figure
31.)  We could write, for example

 Ftot = Frestoring + Fdamping

 Ftot = – kx – bvx (46)

where  x t  is the coordinate of the oscillator,
 vx t = dx/dt  its velocity, and we are assuming a

simple linear damping proportional to  –v  with a
strength b.

Using Equation 46 in Newton’s second law gives

 Ftot = – kx – bvx = max (47)

With  ax = d2x/dt2, this becomes, after dividing through
by m and rearranging terms

  
d2x

dt2
+

b
m

dx
dt

+
k
m

x = 0 (48)

Equation 48 is our new differential equation for damped
harmonic motion.  It is like our old differential Equa-
tion 11a for undamped oscillation, except that it has the
additional term  b

m
dx
dt  representing the damping.

If we were doing a computer solution of harmonic
motion, adding the damping term represents hardly any
extra effort at all.  In the appendix to this chapter we
discuss a short computer program to handle harmonic

motion.  Starting with the first version of the program
that has no damping, you can include damping by
changing the line

 LET F = – k * x

to the new line

 LET F = – k * x – b * v (49)

and placing your choice for the damping constant b in
the initial conditions.

In contrast, when working with differential equations
analytically you find that a very small change in the
equation can make a great deal of difference in the
effort required to obtain a solution.  Adding a bit of
damping to a harmonic oscillator changes the curve
from a pure sinusoidal motion to a dying sine wave.  If
you try using a pure sine wave as a guess for the solution
to the differential Equation 48 for damped harmonic
motion, the guess does not work because the pure sine
wave has the wrong shape.  The decay of the sine wave
has to be built into your guess before the guess stands
a chance of working.

The difficult part about solving differential equations is
that you essentially have to know the answer before
you can solve the equation.  You only have to know
general features like the fact that in working with
Equation 11a you are dealing with a sinusoidal oscilla-
tion.  You can then use the differential equation to
determine explicit features like the frequency of the
oscillation.  It is helpful to have a physical example to
tell you what the general features of the motion are, so
that you can begin the process of solving the equation.
That is why we begin this chapter with the demonstra-
tion in Figure (2) that the motion of a mass on a spring
is similar to circular motion seen sideways, namely
sinusoidal motion.
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To set up a physical model for damped harmonic
motion is not too difficult.  One way to add damping to
the air cart and springs oscillator is to run a string from
the air cart over a pulley to a small weight as shown in
Figure (24).  The idea was to have the weight move up
and down in a glass of water to give us fluid damping.
But it turned out that there was enough friction in the
pulley itself to give us considerable damping.

To record the motion of the cart, we used the air cart
velocity detector that we used in Chapter 8 to study the
momentum of air carts during collisions.  Figure (25a)
shows the velocity of the air cart damped only by the
friction in the pulley.  In Figure (25b) water was added
to the glass so that the weight on the string was moving
up and down in water.  The result was considerably
more damping with the curve almost dying out before
any oscillations take place.

It turns out that mechanical oscillators like a pendulum
or a mass on a spring are not particularly convenient
devices for studying damped harmonic motion, or
forced harmonic motion which is the subject of the next

section.  It is hard to control the damping, just adding
the pulley in Figure (24) gave us almost too much
damping.  Worse yet, the damping that we get from
friction in a pulley, or a mass moving up and down in
water, is not a simple linear damping force of the form
– bv.  What is remarkable about these systems is that
much more complex forms of damping give us results
similar to what we would get with linear damping.

In Chapter 27 we will study the behavior of basic
electric circuits made from electrical components called
capacitors, inductors, and resistors.  It turns out that the
amplitude of the currents in these circuits obey differ-
ential equations that are exactly like our oscillator
Equations (11) and (45).  The damping is caused by the
resistor in the circuit, the damping is accurately given
by a linear damping term proportional to the amount of
resistance in the circuit.  (The resistance can be changed
simply by turning a knob on a resistance pot.)

Figure (26), taken from Chapter 27, is an example of
damped harmonic motion in an electric circuit.  Here
we have a curve with enough oscillations so that we can
see how the wave is damped.  In Chapter 27 we will see
that the amplitude of the oscillation dies exponentially,
following a mathematical curve of the form   e– αt .  As
a result, the wave in Figure (26) has the form

   
x = Ae– αt sin ωt

decaying
amplitude

sine wave
oscillation

(50)

glass

Figure 24
Adding damping to the air cart oscillator.

Figure 25a
Damping caused by the
pulley and weight alone.

Figure 25b
Resulting motion when water
was added to the glass.
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It turns out that if we use Equation 50 as our guess for
a solution to our differential Equation 48 for damped
harmonic motion, the guess works, and we can deter-
mine both the frequency ω  and decay rate α  in terms
of the constants that appear in Equation 48.

When we study electric circuits, you will get much
more experience with the exponential function   e– αt ,
and you will have a better laboratory setup for studying
damped and forced harmonic motion.  In other words,
now, with our somewhat crude mechanical experi-
ments and lack of familiarity with exponential damp-
ing, is not the best part of the course to go deeply into
the mathematical analysis of these motions.  What we
will do instead is discuss the motions more or less
qualitatively and leave the more detailed analysis for
later.

Exercise 20  Damped Harmonic Motion
We won’t let you completely off the hook for doing
mathematical analysis of damped harmonic motion.
Start with Equation 5a as a guess for the form for the
displacement x(t) for a damped harmonic oscillator

  x(t) = Ae– αt sin (ω t)

use the following rules of differentiation to calculate
 dx/dt  and  d2x/dt2

   d
dt

e– αt = – αe– αt

 d
dt

a(t)b(t) =
da
dt

b +a
db
dt

and show that when you try this guess in the differential
Equation 48, you do in fact get a solution, and that

 ω and α are given by

  
ω =

k
m

–
b2

4m2
α =

b
2m

(51)

You can see that in the absence of damping, when
b = 0, we get back to our old result    ω = k/m .

Critical Damping
In Figure (25b) the damping was so great that the
motion damped out almost before the curve had a
chance to oscillate.  It turns out that there is a critical
amount of damping that just kills all oscillations.  Any
further increase in damping and the mass just coasts to
rest.

The idea of critical damping can be seen in our analytic
solution for damped harmonic motion obtained Exer-
cise 20.  Equation 51 gives us a formula for the
frequency of oscillation ω in terms of the constants k
and b.  We can see as the frequency of oscillation goes
to zero, i.e., the period of oscillation becomes infinite
when

 k
m

=
b2

4m2
; b = 2 mk

  
b = 4mk

critical
damping

(52)

Equation 52 is the condition for critical damping
because if the period of oscillation is infinite there are
no oscillations.Figure 26

Damped harmonic motion seen in an electric
circuit. Note the difference in time scales. The
electrical oscillations we will study are usually of
much higher frequency than the mechanical ones.
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RESONANCE
When you are pushing a child on a swing, you time your
pushes to coincide with the motion of the child.  Usu-
ally you give a shove just after the child has swung back
and is starting forward again.

If you push forward just as the child is swinging
forward, your force F and the child’s velocity v  are in
the same direction, the dot product  F • v  is positive,
and you are adding energy to the child’s motion.
Initially the energy you add goes into increasing the
amplitude of the swing.  After a while friction effects
become large enough that the energy you add in each
push is dissipated by friction in each swing.  (If there is
not enough friction, or you push too hard, the child will
end up going over the top.)

The key to getting the child swinging was to time your
shoves so that  F • v  was always positive.  If you pushed
the child at random intervals, so that  F • v  was some-
times positive, sometimes negative, you would be
sometimes adding energy and sometimes removing it.
The net result would be that your shoves would not be
particularly effective in helping the child to swing.

To make sure that you are always adding energy to the
child's swing, you want to time your shoves with the
natural frequency of oscillation of the child.  When you
do this, we say that your shoves are in resonance with
the oscillation of the child.

The striking feature of resonance is that a small re-
peated force can produce a large oscillation.  If the
damping is small then by adding just a little energy with
each shove, the energy accumulates until you end up
with a very energetic oscillation.  A rather dramatic
consequence of this effect is shown in Figure (27)
where we see the Tacoma Narrows bridge oscillating
wildly and then collapsing.

The new bridge was dedicated in April of 1940.  Three
months later a reasonably stiff breeze started the bridge
oscillating, an oscillation that finally destroyed the
bridge’s integrity.

The brute force of the wind itself did not destroy the
bridge.  The bridge  was designed to handle far stronger
winds.  What happened was that as the wind was
blowing over the bridge, vortices began to peel off the
bridge. Whenever fluid flows past a cylindrical object
at the right speed, vortices began to peel off, first on one
side of the cylinder, then the other, and are carried
downstream, forming a wake of vortices seen in the
wind tunnel photograph of Figure (28).  This vortex
structure is called a Karmen vortex street after the
hydrodynamicist Theodore Von Karmen.

In the case of the Tacoma Narrows bridge, vortices
alternately peeled off the top and bottom of the down
wind side of the bridge, rocking the bridge at its natural
frequency of oscillation.  While no separate jolt by any
one vortex would have much effect on the bridge, the

Figure 27a
Tacoma Narrows bridge oscillating in the
winds of a mild gale on July 1, 1940.

Figure 27b
After a couple of hours
the bridge collapsed.
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resonance between the peeling of vortices and the
oscillation of the bridge caused the oscillations to grow
to destructive proportions.

The example of the Tacoma Narrows bridge illustrates
how widely the ideas of simple harmonic motion and
resonance apply to physical systems.  The bridge is far
more complex than a mass on a spring, and the vortex
street (line of vortices) exerts a rather complex driving
force.  However the bridge had a natural frequency, the
vortices provided a small driving force at that fre-
quency, and we got a resonant amplification of the
oscillation.

To apply Newton’s second law to resonant motion, we
have to add an oscillating driving force to the system
under study.  As we have seen from the Tacoma
Narrows bridge discussion, we do not need to know the
exact form of the driving force, all we need is a
repetitive force that can be timed with the natural
oscillation.  For the theoretical analysis we can use the
simplest mathematical form we can find for the driving
force, which turns out to be a sine wave.

To write a formula for the driving force, let    ω0 be the
natural frequency of oscillation (   ω0 = k/m  if the
damping is small), and let ω be the frequency of the
driving force.  Then the total force, acting on the
oscillating system like a mass on a spring, can be
written

  Fx tot = – kx – bv + Fd sin (ωt) (52)

where in the driving term,  Fd ,  represents the ampli-
tude or strength of the sinusoidal driving force.  Using
Equation 52 in Newton’s second law  Fx tot = max
gives

  
– kx – b

dx
dt

+ Fd sin ωt = m
d2x

dt2
(53)

Dividing through by m and rearranging terms gives

   
d2x

dt2
+

b
m

dx
dt

+
kx
m

= Fdsin ωt

(54)

Equation 54 is the standard form for the differential
equation representing forced or resonant harmonic
motion.  It is the simplest equation we can write whose
solution has the features we associate with the phenom-
ena of resonance.

In our study of electric circuits, we can easily create a
circuit whose behavior is accurately described by
Equation 54.  We saw that we could use resistors to add
linear damping of the form – bv.  It is not hard to add a
purely sinusoidal driving force of the form   Fd sin (ωt) ,
where we can adjust the driving frequency by turning
a knob.  In other words, with electric circuits we can
accurately study the predictions of Equation 54.

With mechanical systems like a mass on a spring, it is
hard to get linear damping, and the sinusoidal driving
force is usually simulated by some trick such as wig-
gling the supported end of the spring at a frequency ω.
Despite the crudeness of the experiment, the equation
gives a surprisingly good prediction of what we see.

Since we will later have a laboratory setup that accu-
rately matches Equation 54, we will postpone (until
Appendix 1) the mathematical solution of Equation 54.
Instead we will investigate the resonance phenomena
qualitatively, using the simple setup of a mass on a
spring, where we hold the other end of the spring in our
hand and move our hand up and down at a frequency
ω as shown in Figure (29).Figure 28

Karman vortex street in the flow of water past a
circular cylinder.  The vortices peel off of alternate
sides of the cylinder and flow downstream forming a
double line of vortices. (Reynolds number = 140.)
Photograph by Sadatoshi Taneda.
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Resonance Phenomena
We have already seen that if we hold our hand still, pull
the mass down, and let go, the mass oscillates up and
down at the natural frequency   ω0 = k/m .  You can
observe some damping, because the mass finally stops
oscillating.  But the damping is small and has no
noticeable effect on the resonant frequency.  (We can
neglect the term  b2/4m2  in Equation 51.)

Now try a very different experiment.  Stop the mass
from oscillating, and slowly move your hand up and
down a small distance.  If you do this slowly enough
and carefully enough, the mass will move up and down
with your hand (just as if the spring were not there).  In
this case the formula for the motion of the mass is

  x = x0 sin ωt ω << ω0 (55)

where the frequency ω of the oscillation of the mass is
the frequency of ω the oscillation of your hand.  This
only happens if you oscillate your hand at a frequency
much much lower than the natural oscillation fre-
quency  ω0 .

In the next experiment, keep the oscillations of your
hand small in amplitude, but start moving your hand up
and down rapidly, at a frequency ω considerably
greater than the natural frequency   ω0

.  Now, what
happens is that the mass oscillates at the same fre-
quency as your hand, but out of phase.  When your hand
is going down, the mass is coming up, and vice versa.
Now the formula for the displacement x of the mass is

  x = –x0 sin ωt ω > > ω0 (56)

where the minus  sign tells us that the mass is oscillating
out of phase with our hand.

A way we can write both Equations 55 and 56 is in the
form

  x = x0 sin (ωt + φ) (57)

where φ  is the phase angle of the oscillation (see
Figures 8 and 9 and Equation 4 at the beginning of this
chapter for a discussion of phase angle.)  In Equation
56, where   ω << ω0  and there was no phase difference,
the phase angle φ  is zero.  In Equation 56 where

  ω > > ω0 , and the motion is completely out of phase,
the phase angle φ  is π or 180°.

Equations 55 and 56 represent the two extremes of
driven harmonic motion.  The mass moves with a small
amplitude at the same frequency ω as the driving force.
When the driving frequency is much less than the
natural frequency   ω0 , the difference in phase between
the driving force and the response of the mass is zero
degrees.  When   ω >> ω0 the phase difference in-
creases to π or 180°.

As the third experiment, start at the low frequency
where the mass is following your hand, and slowly
increase the frequency ω of oscillation of your hand,
keeping the amplitude of oscillation constant. As ω
approaches   ω0 , the amplitude of oscillation of the
mass increases.  When you get close to the natural
frequency   ω0 , the oscillation becomes so large that the
mass will most likely jump off the spring.  This is the
phenomena of resonance, the phenomenon that de-
stroyed the Tacoma Narrows bridge.

How big the oscillation of the mass becomes depends
mainly how close you are to resonance, how close ω is
to   ω0 , and how big the damping force is relative to the
driving force.  The formula for the amplitude  x0  of the
motion of the mass obtained by solving Equation 54 is

  
x0 =

Fd/m

ω2 – ω0
2 + b/m 2ω2 (58)

where  Fd  is the strength of the driving force, ω the
driving frequency,   ω0 = k/m  the natural frequency
and b the damping constant.  In the absence of damping
(b = 0), Equation 58 predicts an infinite amplitude at the
resonant frequency   ω = ω0

.  Such an infinite ampli-
tude is prevented either by damping or by the destruc-
tion of the system.  (A damping mechanism could have
saved the Tacoma Narrows bridge.)

Figure 29
Experimental setup for
a qualitative study of
resonance phenomena.

M

ω

x

m
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Exercise 21
To derive Equation 21, you start with Equation 57 as a
guess

  x = x0 sin ω t +φ (57)

and substitute that into the differential Equation 54.  It
turns out that you can get a solution provided that the
amplitude  x0 has the value given by Equation 58, and
the phase angle φ is given by

     
tan φ =

b mb m ω

ω2 – ω0
2 (59)

Doing the work, actually substituting Equation 57 into 54
and getting Equations 58 and 59 for  x0 and φ is a
somewhat messy job which we leave to Appendix 1 on
the next page. Here we would rather have you develop
an intuitive feeling for the solutions in Equations 58 and
59 by working the following exercises.

(a)  Write the formula for  x0 in the case b = 0.  Sketch the
resulting curve using the axes shown in Figure (30).
Explain what happens as   ω → ω0

.

(b)  When the damping is not zero, find the formula for
the amplitude of oscillation  x0 at the resonant fre-
quency   ω → ω0

.  Check the dimensions of your an-
swer.

(c)  What  is the phase angle φ at resonance?  How does
the phase angle change as we go from   ω << ω0

 to
  ω >> ω0

?

In Figure (31) we have graphed the amplitude  x0  for
a fixed driving force  Fd , as a function of ω for several
values of the damping constant b.  The main point to get
from this diagram is that the smaller the damping, the
sharper the resonance.

Transients
There is one more qualitative experiment we want to do
with our simple apparatus of the hand held spring and
mass of Figure (29).  Instead of gently starting the mass
moving as we had you do in the earlier experiments, let
the mass fall from some small height and move your
hand up and down at the same time.

If you just let the mass drop from some small height, it
will oscillate up and down at the resonant frequency

  ω0
.  If you just start moving your hand slowly at a

frequency ω , the mass will move at the same frequency
as your hand, building up to an amplitude given more
or less by Equation 58 and shown in Figure (31), the
driven oscillation we have been discussing.

If you drop the weight and move your hand at the same
time, you get both kinds of motion at once.  You get the
natural oscillation at a frequency   ω0

 that eventually
dies out due to damping, and the driven oscillation at
the frequency ω that eventually builds up to an ampli-
tude  x0 .  For a while, before the natural oscillation has
died out, the resulting motion is a mixture of two
frequencies of oscillation and can look quite complex.
The natural oscillation is called a transient because it
eventually dies out.  But until the transients do die out,
forced harmonic motion can be fairly complicated to
analyze.  In the next chapter we will study a powerful
technique called Fourier analysis that allows us to
study complex motions that involve such a mixture of
oscillations.

Figure 30
Use these axes to
sketch the amplitude
vs. frequency for no
damping.

amplitude

0 1.0 1.2 1.40.80.6
frequency

ω/ω
Figure 31
Amplitude of the oscillation for various values
of the damping constant.  The amplitude of the
driving force  Fd  is the same for all curves.

amplitude

0 1.0 frequencyω/ω
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APPENDIX 14–1
SOLUTION OF THE
DIFFERENTIAL EQUATION
FOR FORCED HARMONIC MOTION
The equation we wish to solve is Equation 54

  d2x
dt2 + b

m
dx
dt

+ k
m x =

Fd
m sin ωt (54)

where our guess for a solution is Equation 57

  x = x0 sin ωt + φ (57)

The quantities   x0 and φ are the unknown amplitude and
phase of the oscillation that we wish to determine.

To simply plug our guess into Equation 54 and grind
away leads to a sufficiently big mess that we could
easily make a mistake.  We will instead simplify things
as much as possible to make the calculation easier.  The
first step is to define the constants

  ω0
2 = k/m ; b′ = b/m ; F′ = Fd /m (60)

Next we wish to get the phase angle into the forcing
term so that it appears only once in our equation.  We
can do this by using a time scale t′ where

  ωt′ = ωt + φ ⇒ ωt = ωt′ – φ (61)

In terms of the new constants and t′ our differential
equation becomes

  d2x
dt2 + b′ dx

dt
+ ω0

2 x = F′ sin ωt′ – φ (62)

Our guess, and its first and second derivative are
  x = x0 sin ωt′ (63a)

  dx
dt

= ω x0 cos ωt′ (63b)

  d2x

dt2
= – ω2 x0 sin ωt′ (63c)

In deriving dx/dt we used the fact that

  dx
dt

=
dx
dt′

dt′
dt

=
dx
dt′

where   t′ = t – φ/ω  so that   dt′/dt = 1 .  We will also
use the trigonometric identity

  sin a + b = sin a cos b + cos a sin b

to write

  F′ sin ωt′ – φ
= F′ sin ωt′ cos – φ + F′ sin – φ cos ωt′
= F′ sin ωt′ cos φ – F′ sin φ cos ωt′

(64)

where we used

   cos – φ = cos φ , sin – φ = – sin φ

Substituting Equation 63 and 64 into  62, and separately
collecting terms with   sin ωt′  and   cos (ωt′) , we get

  
sin ωt′ – ω2x0 + ω0

2x0 – F′cos φ +

cos ωt′ ωb′x0 + F′sin φ

= 0 (65)

Because there are both   cos (ωt′)  terms and   sin ωt′
terms in Equation 65, there is no way to make every-
thing add up to zero for all times unless the coefficients
of both   cos (ωt′)  and of   sin ωt′  are separately equal
to zero.  This gives us the two equations

  F′sin φ = – ωb′x0 (66)

  F′cos φ = ω0
2 – ω2 x0 (67)
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If we divide Equation 66 by Equation 67, the  F′  and  x0
cancel and we get

  sin φ
cos φ

=
– ωb′

ω0
2 – ω2

tan φ =
b/m ω

ω2 – ω0
2

(59)

This is the result we stated earlier, namely Equation 59.

To solve for the amplitude  x0  of the oscillation, we can
use Equation 66 to get

  x0 = F′
ωb′sin φ (68)

To find the   sin φ  from the   tan φ  which we already
know, construct the right triangle shown in Figure (32).
We have made the opposite and adjacent sides so that
the ratio comes out as   tan φ , and the hypotenuse is
given by the Pythagorean theorem. Thus   sin φ  is

  sin φ = ωb′
ω2 – ω0

2 + ω2b′2
(69)

Substituting 69 into 68, and setting   b′ = b/m,   F′ = Fd/m ,
we get

   
x0 =

Fd/m

ω2 – ω0
2 + ω2b2/m2

(58)

which is our earlier Equation 58 for  x0 .

Transients
In our qualitative discussion of forced harmonic mo-
tion, we saw that in addition to the driven oscillation

  xdriven = x0 sin ωt + φ  we have just studied , we
could also have transient motion at the natural fre-
quency   ω0

.  In controlled experiments, you observe
that any transient motion present initially finally dies
out and you are eventually left with just the driven
motion.

The transient motion  x tr(t)  is just damped harmonic
motion that satisfies the equation of motion

 d2x

dt2
+

b
m

dx
dt

+
k
m

x = 0 (48)

The question we wish to answer now is whether the
forced harmonic motion equation

  d2x

dt2
+

b
m

dx
dt

+
k
m

x = Fd sin ωt (54)

allows us to have both driven and transient motion at
the same time.  In other words, is a guess of the form

  x = x0 sin ωt + φ + xtr (70)

where x is the sum of the driven motion and an arbitrary
amount of transient motion, is this sum also a solution
of Equation 54?

If you substitute our new guess 70 into 54, the driven
term satisfies the whole equation and the transient
terms add up to zero because of Equation 48, thus we
do get a solution.  Transient motions are allowed by
Newton’s second  law.

Figure 32
Triangle to go from tanθ to sinθ.
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APPENDIX 14-2
COMPUTER ANALYSIS
OF OSCILLATORY MOTION
In this appendix, we will use the computer to analyze
the motion of the oscillating air cart shown in Figure
(33).  For this problem, the computer solution does not
have the elegance of the calculus solution we have been
discussing.  The calculus approach gives us a single
solution valid for all values of the experimental param-
eters.  With the computer we have to alter the program
and rerun it any time we want to change a parameter
such as the mass of the cart, the spring constant, or the
initial position or velocity.  The calculus approach
gives us a single formula valid for all values of the
experimental parameters.

However, the advantage of using the computer is that
we can easily modify the program to include new
physical phenomena.  For example, to add damping, all
we have to do is change the command

LET  F   =   –K*X

to the command

LET  F   =   –K*X –b*V

and rerun the program.  To  add damping to the calculus
solution, we had to work with a differential equation
(48) that was much more difficult to solve than the
equation for undamped motion (11).

The computer opens up a number of possibilities for
student project work.  For example, in our discussion of
the simple pendulum shown in Figure (21), we had to
limit our analysis to small amplitude swings of the

pendulum.  For large amplitude swings, the restoring
force became non linear which led to a differential
equation that is difficult to solve.  As the amplitude
increases, there is a lengthening of the period that is
easy to measure but difficult to predict using calculus.
However with the computer, it is as easy to use the exact
force   Mg sin θ  as it is to use the approximate linear
force   Mgθ .  Thus with the computer you can predict
the lengthening of the period and compare your results
with experiment.

In Appendix I, we made a considerable effort to predict
the effects of adding a time dependent driving force to
a harmonic oscillator.   The work paid off in that we got
Equations 58 and  59 which provide a general descrip-
tion of resonance phenomena.  With the computer you
do not get these elegant formulas, but it is much easier
to add a time dependent force and see what happens.  In
effect the computer solutions can be used as a labora-
tory to test the predictions of Equations 58 and 59.  This
provides an opportunity for a lot of project work.

Figure 33
Reproduction of Figure (10), showing an oscillating
air cart. If the cart is displaced a distance x from
equilibrium, there is a restoring force F = - kx. The
force is measured by adding weights as shown.

x

x
x

–kx

F

F

F = –kxs

(restoring force)

(distance 
 stretched)
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English Program
In Chapters 5 and 8 our usual approach for solving a
new mechanics problem on the computer was to modify
an old working program.  But because the harmonic
oscillator is an easy one dimensional problem, we will
start over with a new program.  Our general procedure
has been to first write an English program that de-
scribed the steps using familiar notation.  Once we
checked the steps to see that the program did what we
wanted, we then translated the program into an actual
computer language such as BASIC.

The English program for the oscillating air cart is
shown in Figure 34.  In the first section, we state the
experimental constants, namely the mass M of the air
cart and the spring restoring constant K.  For this
particular experiment, the cart has a mass M of 191
grams, and the spring constant K was 3947 dynes/cm.
As indicated in Figure (33), the spring constant K was
determined by tying a string to the mass, running the
string over a pulley, and hanging weights on the other
end.  We got a linear force verses the distance curve like
the one in Figure (9-4), and used the same method to
find K.

In the next section of the program, we choose an
explicit set of initial conditions.  For this problem we
start the cart from rest  V0 = 0  at a distance 10 cm to
the right of the equilibrium position  X0 = 0 .  The cart
is released at time  T0 = 0 .

In the lab we observed that the period of oscillation was
about 1.5 seconds.  Thus a calculational time step

 dt = .01seconds gives us about 150 points for one
oscillation, enough points for a smooth plot.

The calculational loop is similar to the one in the
projectile motion program of Figure (5-18), page
5-16, except that for one dimensional motion we do not
need vectors, and the old command

 LET A = g

is replaced by

LET  F   =   –K*X

LET  A  =  F/M

On the next page we repeat this English program and
show its translation into the computer language
BASIC.

              English Program

! --------- Experimental constants
LET M  =  191 grams        (cart mass)

LET K  =  3947 dynes/cm  (spring constant)

! --------- Initial conditions

LET  X0  =  10 cm

LET  V0  =  0     (release from rest)

LET  T0   =  0      (start clock)

! --------- Computer Time Step
LET  dt = .01

! --------- Calculational loop
DO

 LET Xnew = Xold + Vold*dt

 LET F = –K*X    (spring force)

LET  A  =  F/M

 LET Vnew = Vold + Aold*dt

 LET Tnew = Told + dt

PLOT   X vs T

LOOP UNTIL T  > 15

END

Figure 34
English program for the motion of
an oscillating cart on an air track.



14-32  Oscillations and Resonance

              English Program

! --------- Experimental constants
LET M  =  191 grams        (cart mass)

LET K  =  3947 dynes/cm  (spring constant)

! --------- Initial conditions

LET  X0  =  10 cm

LET  V0  =  0     (release from rest)

LET  T0   =  0      (start clock)

! --------- Computer Time Step
LET  dt = .01

! --------- Calculational loop
DO

 LET Xnew = Xold + Vold*dt

 LET F = –K*X    (spring force)

LET  A  =  F/M

 LET Vnew = Vold + Aold*dt

 LET Tnew = Told + dt

PLOT   X vs T

LOOP UNTIL T  > 15

END

Figure 34 repeated
English program for the motion of an oscillating cart
on an air track.

BASIC Program

Figure 35a
BASIC program for the motion of an oscillating cart
on an air track.

Figure 35b
Output of the BASIC program, showing the
oscillation of the cart.

The BASIC Program
Because no vectors are involved in the harmonic
oscillator program, the translation into BASIC is al-
most automatic.  Drop the subscripts “new” and “old”,
fix up the PLOT statement, add the plotting window
commands, and you have the result shown in Figure
(35a).  Select RUN and you get the plot of oscillating
motion shown in Figure (35b).
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The plot of Figure (35b) nicely shows the sinusoidal
oscillation, but does not tell us the numerical value of
the period of oscillation.  To determine the period, we
modified the program as shown in Figure (36a). The
main change is to replace the PLOT statement by a
PRINT statement.  To  reduce the output, we included
MOD statement (as described in Exercise 5-5, page
5-9) so that only every tenth calculated point would be
printed.  From the output shown in Figure (36b), we see
that the period is close to 1.4 seconds.  A more accurate
value of the period can be obtained by not using the
MOD statement and printing every value as shown in
Figure (36c). From this section of data we see that the
period is closer to 1.39 seconds.

Exercise 22
Show that the frequency of oscillation seen in the
computer output of Figure (36) is consistent with the
calculus derived equation

            ω = k/M

Figure 36a
Program for numerical output.

Figure 36c
Detailed numerical output. By printing every
calculated numerical value, we can more accurately
determine the period of oscillation.

Figure 36b
Numerical output.
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Damped Harmonic Motion
In Figure (37a) we modified the projectile motion
program of Figure (35a) to include damping The only
change, shown in boxes in Figure (37a) is to replace

LET  F   =   –K*X

by

LET  F   =   –K*X –b*V

where we gave b the numerical value of 100 to get the
result shown in Figure (35b).

Exercise 23
(This is more of an introduction to project work)

In our analysis of damped harmonic motion in Exercise
20, we predicted that the frequency for damped har-
monic motion would be

       ω = k
M – b2

4m2                             (51)

In the special case that

      k
M = b2

4m2 ; b = 4mk                (51a)

we get   ω = 0 which is the case of critical damping,
where oscillations cease.

Run the damped harmonic oscillator program of Figure
(35a) for values of b near  4mk  and show that oscilla-
tions cease when you get to this critical value.

Figure 37b
Plot of damped harmonic motion.

Figure 37a
BASIC program for the damped harmonic motion.
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CHAPTER 15 ONE DIMENSIONAL WAVE
MOTION

In the last few chapters we have followed the straight-
forward procedure of identifying the forces on an
object, setting the vector sum of the forces equal to the
mass times acceleration, and solving the resulting
equation.  We began with problems like those involving
circular motion where we knew the acceleration and
could solve the equation immediately, the conical
pendulum being an example.  With oscillatory motion
we ended up with a differential equation whose solu-
tion had to be guessed.  The observation that oscilla-
tory motion looks like circular motion viewed sideways
helped greatly in this guess.

For damped and forced harmonic motion, it was not
hard to write the differential equations, but the solu-
tions involved mathematical functions and techniques
that may not have been not familiar to the reader.  In
this chapter we are dealing with the subject of wave
motion, where it turns out that the differential equation
describing the motion has derivatives in both time and
space.  Setting up and solving such an equation re-
quires mathematical discussions that are best left to a
more advanced level course.  Fortunately we can study
the physics of wave motion without working with
differential equations.

If we went through the effort to derive the differential
equation for wave motion, we would end up with what
is called a wave equation.  Once you have a wave
equation, you can guess a solution and plug in your

guess just as we did for the simpler equations for
oscillatory motion.  For oscillatory motion, when we
plugged in our guess    sin (ω t) , we ended up with a
simple equation    ω = k/m  for the frequency of the
oscillation.  For wave equations, if you plug in a guess
representing a wave traveling through the medium,
you end up with a simple equation for the speed of the
wave.

There are some famous wave equations in physics.  In
1860 James Clerk Maxwell combined the equations for
electricity with those for magnetism and, to his sur-
prise, ended up with a wave equation.  He initially had
no idea what the wave was, but he could calculate the
speed of the wave.  Whatever wave he was dealing with
travelled at a speed of   3×108 meters per second or 1
foot per nanosecond.  As he knew of only one thing that
travelled at that speed—light—he concluded that he
had an equation for light waves and that the theory
leading to this equation was the theory of light.  He had
discovered that light was an electric and magnetic
phenomena.

In 1925, Louis De Broglie explained some baffling
phenomena in atomic physics by proposing that elec-
trons have a wave nature.  Erwin Schrödinger then
went further and derived a wave equation for the
electron, an equation known as Schrödinger’s equa-
tion  that serves as the theoretical foundation for
almost all of chemistry.
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In 1929 Paul Dirac constructed a relativistic generali-
zation of Schrödinger’s equation.  The problem with
Dirac’s equation was that it had solutions for two
different kinds of wave, one representing the electron
and the other an unknown particle of the opposite
charge.  A particle similar to the electron but opposite
in charge, the positron, was observed in a cloud
chamber experiment carried out by Carl Anderson in
1933.

It turns out that the relativistic wave equation for all
elementary particles has two solutions, one solution
like the electron representing matter, the other, like the
positron, representing antimatter.  And the wave equa-
tions predict that if a matter particle encounters its
corresponding antimatter particle, the two particles
can annihilate each other.  There is an entire world of
antimatter, the existence of which was predicted by
Dirac’s wave equation.

With wave equations playing such an important role in
physics, one might think it is unfortunate that we are not
prepared to derive and solve wave equations.  Actually
that is a blessing.  There are certain general, simple
principles that apply to all forms of wave motion,
principles that allow you to understand and predict
many features of the behavior of waves.  These prin-
ciples apply not only to waves like water and sound
waves whose behavior can be deduced from Newtonian

mechanics, but to light and electron waves where
Newtonian mechanics does not apply.  Thus by learn-
ing these general principles of wave motion, you are
developing a foundation in physics that goes beyond
Newtonian mechanics.

The two basic principles of wave motion we will discuss
in this text are the principle of superposition and the
Huygens principle.  The principle of superposition is
a fancy way of saying that waves add.  If two waves are
moving through each other, they produce a total wave
that is the sum of the two waves.  Since waves can have
negative amplitudes (troughs) this addition of waves
can produce cancellation.  Two waves running into
each other can, under the right circumstances, cancel
each other out.  This cancellation is clearly a wave
phenomena, particles are not expected to do that.

The other general principle of wave motion is Huygens
principle, which tells us how waves spread out in space.
In this and the next chapter we will focus our attention
on one dimensional waves which do not spread out.
Thus we do not need Huygens principle at this point.
Later in Chapter 33, we discuss two and three dimen-
sional waves and phenomena such as interference and
diffraction.  In that chapter we do everything using the
principle of superposition and the Huygens principle.
In that chapter no calculus is used and we obtain results
that apply to a broad spectrum of phenomena, even to
sub atomic particles where concepts like velocity and
acceleration no longer have meaning.
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WAVE PULSES
We begin our discussion of wave motion with the wave
pulses we described in Chapter 1 on Special Relativity.
To create a wave pulse on a stretched rope, you flick the
end of the rope and a pulse travels down the rope as
shown in Figure (1-4) reproduced here.  This is called
a transverse wave because the particles in the rope
move perpendicular or transverse to the direction of
motion of the wave pulse.

With a stretched Slinky we were able to observe two
different kinds of wave motion, the transverse wave
seen in Figure (1-5) and a compressional wave seen in
Figure (1-6).  The compressional wave is also called a
longitudinal wave because the particles in the spring

are moving longitudinally or parallel to the direction of
motion of the wave pulse.

Sound waves are usually compressional waves travel-
ing through matter.  A sound wave pulse in air can be
viewed as a region of compressed gas where the
molecules are closer together as shown in Figure (1).  It
is the region of compression that moves through the gas
in much the same way as the region of compressed coils
moves along the Slinky as seen in Figure (1-6).

To create the compressional wave on the Slinky we
pulled back on the end of the Slinky and let go.  This
gives a small impulse directed down the Slinky.  In
much the same way we can use a loudspeaker cone to
create the pressure pulse in the air column of Figure (1).
Here the impulse can be provided by applying a voltage
pulse to the speaker causing the speaker cone to sud-
denly jump forward.  (If the speaker cone suddenly
jumps back, you get a pulse consisting of a region of
low pressure traveling down the tube.)

A transverse or sideways force in the medium tends to
restore the medium to its original shape.  For a trans-
verse wave on a stretched rope, the tension on the rope
provides the restoring force.  For waves on the surface
of a liquid, gravity or surface tension supplies the
restoring force.  But for waves passing through the bulk
of a liquid or a gas, there are no transverse restoring
forces and the only kind of waves we get are the
compressional sound waves.

a)

b)

c)

d)

Figure 1-4
Wave traveling down a rope.

Figure 1-5
Transverse wave on a Slinky

Figure 1-6
Compressional wave on a Slinky.

Figure 1
A sound wave pulse traveling down through a tube
of air.  The pulse consists of a region of compressed
air where the air molecules are closer together.
This region of compression moves through the gas
much as the region of compressed coils moves along
the Slinky in Figure 1-6.

Vwave

speaker
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The main difference between a liquid and a solid is that
in a liquid the molecules can slide past each other, while
in a solid the molecules are held in place by molecular
forces.  These forces which prevent molecules from
sliding past each other can also supply a transverse
restoring force allowing a solid to transmit both trans-
verse and compressional waves.  An earthquake, for
example, is a sudden disruption of the earth that pro-
duces both transverse waves called S waves and longi-
tudinal or compressional waves called P waves.  These
waves can easily be detected using a device called a
seismograph which monitors the vibration of the earth.
It turns out that the S and P waves from an earthquake
travel at different speeds, and will thus arrive at a
seismometer at different times.  By measuring the
difference in arrival time and knowing the speed of the
waves, you can determine how far away the earthquake
was.

Exercise 1
The typical speed of a transverse S wave through the
earth is about 4.5 kilometers per second, while the
compressional P wave travels nearly twice as fast,
about 8.0 kilometers per second.  On your seismo-
graph, you detect two sharp pulses indicating the
occurrence of an earthquake.  The first pulse is from the
P wave, the second from the S wave.  The pulses arrive
three minutes apart.  How far away did the earthquake
occur?

(Building a seismograph is a favorite high school sci-
ence fair project.  Basically you suspend a large mass
from springs and have a pen which is attached to the
mass draw a line on moving stripchart paper as shown
in Figure (2).  When the earth shakes, the stripchart
shakes with the earth, but the mass remains more or less
stationary.  The result is a squiggly line on the stripchart
whose amplitude is the amplitude of vibration of the
earth.

SPEED OF A WAVE PULSE
One way to predict the speed of a wave is to set up the
differential equation for the wave, plug in a traveling
wave solution and let the equation tell you the speed.
Without the wave equation we can in some cases
deduce the speed of the wave using clever tricks.  One
example is the transverse wave on a rope, whose speed
we will calculate now.  Another is the speed of Maxwell’s
wave of electric and magnetic forces which we will
discuss in Chapter 32.

To calculate the speed of a transverse wave on a rope,
consider a wave pulse moving down a rope at velocity
v as shown in Figure (3a).  To analyze the pulse,
imagine that you are running along with the pulse at the
same velocity v.  From your point of view, shown in
Figure (3b), the pulse is at rest and the rope is moving
back through the pulse at a speed v.

Now look at the top of the wave pulse.  For any
reasonably shaped pulse, the top of the pulse will be
circular, fitting around a circle of radius r as shown in
Figure (3c).  This radius r is also called the radius of
curvature of the rope at the top of the pulse.

Finally consider a short piece of rope of length  at the
top of the pulse as shown in Figure (3d).  If this piece
of rope subtends an angle   2θ  on the circle, as shown,
then   = 2 rθ  and the mass m of this section of rope is

   
m = µ = µ2rθ massof short

sectionof rope
(1)

where µ is the mass per unit length of the rope.

The net force on this piece of rope is caused by the
tension T in the rope.  As seen in Figure (3d), the ends

Figure 2
Sketch of a simple seismograph for detecting
earthquake waves.  When the earth shakes, the mass
tends to remain at rest, thus the pen records the relative
motion of the stationary mass and shaking earth.

heavy mass
with pen
attached

earth jiggling

rotating drum with
stripchart paper
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of the piece of rope point down at an angle θ.  Thus the
tension at each end has a downward component

  T sin (θ) for a total downward force  Fy of magnitude

   
Fy = 2T sin (θ) ≈ 2Tθ

downward
componentof
tension force

(2)

If we keep the angle θ small, just look at a very small
section of the rope, then we can approximate   sin (θ) by
θ as we did in Equation 2.

The final step is to note that this section of rope is
moving at a speed v around a circle of radius r.  Thus we
know its acceleration; it is accelerating downward,
toward the center of the circle, with a magnitude  v2/r.

  
ay =

v2

r

downward
accelerationof
sectionof rope

(3)

Applying Newton’s second law to the downward com-
ponent of the motion of the section of rope, we get using
Equations 1, 2 and 3

  Fy = may

2Tθ = µ2rθ v2

r

(4)

Both the variables r and θ cancel, and we are left with
  T = µv2

   
v = T

µ
speed of a wave pulse
on a rope with tension T,
mass per unit length µ

(5)

A result we stated back in Chapter 1.

Figure 3d
The ends of the rope point down at an angle θθ ,
giving a net restoring force    Fy = 2 T sin θθ .

r θ θ

θθ
Tsin θTsin θ

Τ

= 2 r θ

Τ

Figure 3a
Wave pulse, and an observer, moving
to the right at a speed v.

v (pulse)

v

v (rope)

r
Figure 3c
Assume that the top of the pulse fits
over a circle of radius r.

Figure 3b
From the moving observer’s point of view, the
pulse is stationary and the rope is moving
through the pulse at a speed v.

v (rope)
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DIMENSIONAL ANALYSIS
In the above derivation of the speed of a transverse
pulse on a rope, we avoided solving a differential
equation by observing that the rope at the top of the
pulse, from the moving observer’s point of view, was
moving with circular motion whose acceleration we
know.  For other kinds of wave pulses, particularly the
compressional pulse seen in Figure (1-6), we do not
have a simple circular motion, and a non calculus
derivation of the wave speed becomes even more
convoluted than the derivation we just went through.
We could do it, but it is not worth the effort, especially
since there are more straightforward ways of predicting
wave speeds when one has the differential equation for
the wave motion.

What we will do instead is use a technique called
dimensional analysis to predict the speed of the wave.
With dimensional analysis, you do not work out equa-
tions.  Instead you determine what the relevant vari-
ables are, and then combine those variables in such a
way that the dimensions are correct.  If you have
selected the correct variables, you get an answer that is
correct to within a constant factor, and sometimes the
correct answer.

To see how dimensional analysis works, let us first
apply it to the example we just worked out—to find the
speed of a transverse wave pulse on a rope. (For clarity,
we will italicize the variable names.  We will also use
MKS units.)  The first step is to do some experiments to
find out what variables the speed depends upon.  You
choose a rope, stretch it, and soon discover that the
speed of the pulse depends upon the tension T. Thus T
is one of the variables.  Then you try two ropes of the
same length but different mass m, and discover that you
get different wave speeds for the same tension.  Thus
the mass m is one of the relevant variables.  Another
experiment with 2 ropes of the same mass but different
lengths, gives different wave speeds.  Thus the rope
length L is also important.  Further experiments indi-
cate that the speed of the pulse does not depend upon
such variables as the color of the rope, the material from
which it is constructed, or the time of day.  Thus you
conclude that the relevant variables and their dimen-
sions are

  
T

kg m(meter)

sec2
, m kg, L m (6)

From these variables we have to construct the velocity.

  v m
sec (7)

The only variable with the dimensions of seconds in it
is the tension T, thus T must be included in our formula
for  v.  To get rid of kilograms, we must divide T by m
to give

  T
kg m
sec2 *

1
m kg

= T
m

m
sec2

We are getting there, but we must have the same power
of meters and sec in order to get a velocity.  If we
multiply T/m  by L  meters, we get

  T
m

m
sec2 * L m = T L

m
m2

sec2

Finally we get the correct dimensions by taking the
square root, giving

   v = T L
m

m
sec = T

µ
m
sec (8)

where we noted that    µ = m /L  is the mass per unit
length.

Equation 8 tells us that no matter what the theory is, if
the only relevant variables are T, m and L, the speed of
the wave must be proportional to   T µT µ  for the dimen-
sions to work out.  We may have missed a factor of
1/2 or   2π , but the functional dependence must be right.

Let us now use dimensional analysis to predict the
speed of the compressional Slinky pulse shown in
Figure (1-6), or any compressional pulse on a stretched
spring.  Since a stretched spring has a tension T and a
mass per unit length µ, one might guess that   T µT µ
could also be the formula for the compressional wave.
However compressional and transverse waves do not
have the same speed.  Even more important, you can get
different wave speeds for the same value of    T µT µ, by
using different springs.  It turns out that the tension T is
not a relevant variable.

Compressional waves depend upon the stiffness of a
material, not the tension.  For example a compressional
sound pulse will travel down a steel rod whether or not
the rod is under tension.  Pulling on the ends of the steel
rod does not noticeably change the speed of the sound
pulse.  Increasing the tension in a spring stretches the
spring and therefore changes the mass per unit length.
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It is the change in mass per unit length, not the change
in tension, which affects the speed of the compres-
sional pulse.

What variable is related to the inherent stiffness of a
spring?  The one that comes to mind is the spring
constant k that appears in Hooke’s law

   F = – kx ;

k = F
x

newtons
meter Hooke′s law

(9)

The stiffer the spring, the greater the spring constant k.

Suppose we decide, after enough experimentation, that
the relevant variables for the compressional pulse on a
spring are the spring constant k, spring mass m and
spring length L.  We obtain the dimensions of k from
Hooke’s law,

   
k newtons

meter = k
kg ⋅ m sec2kg ⋅ m sec2

m = k
kg

sec2

thus we have to construct a quantity with dimensions
m/sec from the variables

  k
kg

sec2 , M kg, L m

The only way we can do it is to divide k by m to get rid
of kilograms and multiply by   L2 to get

  kL2

m
m2

sec2

Taking the square root gives a quantity with the dimen-
sions of a velocity

   
v = kL2

m = kL
µ

speed of a
compressional
wave on a spring

(10)

where again    µ = m /L  is the mass per unit length. This
is our prediction for the speed of a compressional wave
on a spring.  The actual speed could differ by a constant
factor like 2, but it must have this functional depen-
dence if we are correct in our assumption that the only
relevant variables are k, m and L.

In the formula    v = kL/µ , the appearance of the
product kL, rather than k alone may at first seem
surprising.  But it turns out that the inherent stiffness of

a spring is proportional to kL and not just k, with the
result that the speed of the pulse is related to the
stiffness, as we suspected.

To see why the inherent stiffness is related to kL,
imagine that we wind a long spring and cut it in half to
create two identical springs of length  L1 .  As shown in
Figure (4a), if we apply a force F to one of the springs,
and measure the distance    ∆x  that the spring stretches,
we can use Hooke’s law to calculate that the spring
constant  k1  is given by

   
k1 =

F
∆x

(11)

Now attach the two springs back together and stretch
the combination with the same force F as shown in
Figure (4b).  Since each spring feels the same force F,
each stretches a distance    ∆x , and the pair stretch a
distance 2   ∆x .  Thus from Hooke’s law the   k2  of the
combination is given by

   
k2 =

F
2∆x

=
1
2

F
∆x

=
k1

2
(12)

where we used    k1 = F/∆x  from Equation 11.

Figure 4b
Measuring the spring constant
of two connected springs.

2 L1

F

2F = k  (2∆x) ;      k   = F/2∆x         k  = k  /22 12

(unstretched)

    (stretched)
∆x 2∆x

Figure 4a
Measuring the spring constant of a spring.

L1

1

F

F = k  ∆x ;  k   = F/ x1

∆x

(unstretched)

    (stretched)
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When we attach two identical springs together, we end
up with a longer spring but we are not changing the
inherent stiffness of the spring.  More importantly we
do not change the speed of the wave pulse.  Connecting
the two springs and keeping the tension F the same
merely gives the pulse a longer distance to travel.

Note, however, that when we attach the two springs, the
spring constant is cut in half, but the length is doubled,
with the result that the product kL is unchanged.
Explicitly we have

  
k2L2 =

k1

2
2L1 = k1L1 (13)

It should now appear more reasonable that the speed of
the wave pulse should be given by    kL/µ .  Both the
quantity kL, and the mass per unit length µ  are inherent
properties of the spring that do not depend on the length
of the spring.  It is thus reasonable that the speed of the
wave pulse should also involve only these variables.

Project Suggestion
We have spent some time discussing the speed of
pulses on a stretched spring for two reasons.  One is that
we used these pulses as our main example of wave
motion in our introduction to special relativity in Chapter
1.  The second is that measuring the speed of pulses on
a spring makes a nice project, not much equipment is
needed, and you can fairly easily measure the variables
needed to test Equation 10.

An additional advantage is that Equation 10 might or
might not be right.  Since it was derived by dimensional
analysis, it could be off by a constant factor like 1/2 or

  2π .  Therefore you have the challenge of determining
whether or not there are some missing constant factors.

We expect that the wave speed should be proportional
to      kL /µ , and if this does not turn out to be correct, we
have made some mistake in our analysis of what vari-
ables are important.  For example, in our analysis, we
said nothing about the unstretched length   L0 of the
spring.  Should   L0 also appear in the formula for   vwave?
The way to find out is to do some experiments.

The experiments are made a bit easier by noting that

     
v =

kL
µ =

kL2

m
= L

k
m

where we used     µ = m/L .

SPEED OF SOUND WAVES
The quantity kL that appeared in our formula for the
speed of a wave pulse is essentially the stiffness of a unit
length spring.  By stiffness we mean the ratio of the
force applied to stretch a unit length of spring, to the
amount of stretch    ∆x  that we get.  The same ideas also
apply to stretching a steel rod or any one dimensional
object that has an elasticity and obeys Hooke’s law.

In engineering texts, the force applied to a unit length,
area, or volume is given the generic name stress, and
the resulting displacement that the stress causes is
called a strain.  The ratio of the stress to the strain, is
called the modulus.  For our spring, the stress is the
tension force F, and the strain is the change in length per
unit length, or    ∆x/L .  The ratio of the stress to the strain,

   F/(∆x /L) = FL /∆ x  is called Young’s modulus.  From
Hooke’s law,    F/∆ x = k , thus Young’s modulus is

   FL /∆ x = kL,  the quantity we have been discussing.

When we have a compressional wave in a gas, we can
think of the compression as being caused by a pressure
pulse that travels through the gas.  In the region where
the gas is compressed, there is a slight excess pressure.
The speed of the wave pulse depends upon the response
of the gas to this excess pressure.

Using the engineering terminology, the excess pres-
sure    ∆P  represents the stress and the fractional change
in volume,    ∆V/V  the corresponding strain.  In this case
the ratio of the stress    ∆P  to the strain    ∆V/V is called the
bulk modulus B.The formula for B is thus

   B = ∆P/ ∆V /V      bulk modulus (15)

In Chapter 17 we will discuss the concept of a pressure
in a gas, and see how changes in pressure are related to
changes in volume.  Until we get to that chapter, any
detailed discussion of the concept of bulk modulus is
premature.  What we will do now is assume that it is the
bulk modulus B essentially represents the “stiffness” of
the gas and should appear in the formula for the speed
of a sound wave.  We will then use dimensional
analysis to figure out what the formula should be.
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From this table we see that the speed of sound is
considerably higher in the light gasses helium and
hydrogen than in the more dense gas air.  (The differ-
ence in density is why helium and hydrogen filled
balloons float in air.)  The compressibility or bulk
modulus is usually the same for all gases at a given
pressure, thus the higher speed in hydrogen or helium
is due to the lower density, as we would expect from the
formula     v = B ρB ρ .

Exercise 2
Steel is much stiffer than aluminum.  (You make much
better springs from steel than aluminum.)  Yet the speed
of sound is greater in aluminum than steel.  Why?

Exercise 3
You tap the end of a 10 meter long steel rod with a
hammer.  How long before the tap can be detected at
the other end of the rod?

Exercise 4
A dimensional analysis problem
that you should attempt now.

When working with the theory of electric and magnetic
phenomena, using the MKS system of units, one en-
counters two rather mysterious constants labeled  ε0
(epsilon naught) and  µ0  (mu naught).  The constant  ε0

appears in the formula for electric forces, and   µ0  in the
formula for magnetic forces.  These constants have the
following dimensions

  
ε0

coulomb
2

seconds
2

kilogram meter 3 (18)

  µ0
kilogram meter

coulomb
2

(19)

where a coulomb is a unit of electrical charge.  The
numerical values of  ε0  and   µ0  are to be found on the
inside cover of this text along with other important
physical constants.

(a) what combination of the constants  ε0  and   µ0  have
the dimensions of a velocity?

(b) from the numerical value of this velocity, what do you
think it is the velocity of?

In the ratio    B = ∆P/ ∆V /V , the denominator    ∆V /V
is dimensionless, thus B has the dimensions of pressure
which is a force per unit area.

  B newtons
meter2 = B

kg m
sec2 m2 = B

kg
sec2 m

(15)

To construct a quantity involving B that has the dimen-
sions of a velocity, we have to get rid of the kilograms
by dividing by some quantity related to the mass of the
gas.  The only reasonable choice is the gas density

  ρ kg/m3, thus we now have

   B kg/(sec2 m)
ρ kg/m3 = B

ρ
m2

sec2 (16)

which is the square of a velocity.  Taking the square
root, we get

   
v = B

ρ
speed of a
sound wave (17)

a result we stated back in Chapter 1.

Equation 17 holds not only for a gas, but also for
compressional sound waves in a liquid and a solid.
Liquids and solids, being far more incompressible than
a gas, have a much greater bulk modulus B and
therefore higher speeds of sound.  The speed of sound
in various substances is given in Table 15-1.

Substance Speed of Sound
in meters/sec

Gases (at atmospheric pressure)
Air at 0° C 331
Air at 20° C 343
Helium at 20° C 965
Hydrogen at 20° C 1284

Liquids

Water at 0° C 1402
Water at 20° C 1482
Sea water at 20° C 1522

Solids

Aluminum 6420
Steel 5941
Granite 6000
Nuclear matter near c

Table 15-1
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Conceptually we can separate all wave motion into two
classes.  There are the relatively smooth waves that can
pass through each other like the circular ripples of
Figure (1-2), and the relatively wild waves that crest,
crash and change their shapes.  The relatively smooth
waves all obey what is called a linear wave equation.
The properties of these waves are well understood and
their behavior easy to predict.  The wild waves obey
nonlinear wave equations.  We know very little about
the behavior of nonlinear waves, and in most cases find
it very difficult to make predictions about their behav-
ior. (Ocean waves, for example, are linear until they
start to crest.  When you see whitecaps,  the waves have
become nonlinear.)

In this text we will restrict our discussion to the smooth,
linear waves that behave like the circular ripples.
Fortunately, most kinds of wave motion we encounter
in nature, including almost all examples of light waves
and the probability waves of quantum mechanics, are
linear and therefore relatively easy to analyze.  But
there are growing applications for nonlinear waves,
particularly in the field of laser optics.

LINEAR AND NONLINEAR
WAVE MOTION
Few sights are more awesome than the crashing of
ocean rollers on a rocky beach during a storm.  The
waves seen in Figure (3) of Chapter 1, produced by
hurricane Bertha hundreds of miles out to sea, were
crashing against the rocky shores of Mt. Desert Island,
Maine, in July 1990.  Hundreds of tourists and local
television station reporters were at the beach to observe
the event.  At one spot, called ‘Thunder Hole’, the
crashing waves created a loud boom and a geyser of
water that went 40 or 50 feet in the air.

A very different sight are the circular ripples emerging
from where raindrops have hit a puddle of water, seen
in Figure (1-2), reproduced here. The special feature of
these ripples is that they maintain their identity as they
move through each other.  They are still circular waves
even after moving through other waves.

a)

b)

c)

d)

Figure 5
Two wave crests running into each other
add up to produce a bigger crest.

Figure 1-2
Rain drops creating circular waves on a puddle.

Figure 1-3
This ocean wave from Hurricane Bertha (July 31, 1990).
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THE PRINCIPLE OF
SUPERPOSITION
Figure (1-2) illustrates one aspect of linear wave mo-
tion.  The waves can move through each other and
emerge undisturbed.  The waves are still circular and
unbroken after they have crossed.

There is another simple feature of this wave motion that
is a bit harder to see from that picture.  While the waves
are crossing, they produce a wave whose height is the
sum of the heights of the individual waves.  If two crests
are moving through each other, the crests add to
produce a higher crest.  Two troughs produce a deeper
trough, and a crest and a trough will tend to cancel as
they move through each other.

This adding of the heights of crossing waves is more
easily illustrated for the case of one dimensional wave
pulses traveling down a rope.  In Figure (5), two similar
crests add together to produce a doubly high crest for an
instant.  In Figure (6) we see that a similar shaped crest
and trough will cancel at the instant they are together.
Figure (7) illustrates the idea that as any two wave
shapes move through each other, they produce a wave
shape whose height at any point along the rope is the
sum of the heights of the individual waves moving
through each other.

The concept that waves can maintain their identity as
they move through each other, and that they produce a
resultant wave whose height or amplitude is the sum of
the heights or amplitudes of the individual waves, this
concept is known as the principle of superposition.  In
more colloquial language, the principle of superposi-
tion says that waves add.  The principle of superposi-
tion is one of the key concepts of linear wave motion.
It distinguishes linear from nonlinear wave motion.
When nonlinear waves interact, you get something
different than the simple sum of the two waves.

Before leaving our discussion of the principle of super-
position, we wish to take one further look at part (c) of
Figure (6).  That is the point where an equal shaped
crest and trough are right on top of each other, precisely
cancelling each other out.  This kind of cancellation of
waves is a common feature of wave motion.  In fact, it
is what distinguishes wave motion from what we have
been calling particle motion.  If two particles run into
each other, they do not cancel like the waves of Figure
(6).  They bounce or crash but not cancel.

a)

b)

c)

d)

Figure 6
When a crest meets a trough, there is a
short time when the waves cancel.

Figure 7
In general, for linear wave motion. We obtain
the shape of the resulting wave by adding the
amplitudes of the individual waves.

v

v
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SINUSOIDAL WAVES
If you ask someone to describe wave motion, they are
likely to picture water waves and sketch a curve that
looks like a sine wave.  A sine wave represents just one
of many possible shapes for a wave.  But it is an
important shape because it is often seen in nature and
it is easy to handle mathematically.  We will see shortly
that any arbitrary wave shape can be constructed from
sine waves, thus the sine wave can be thought of as a
basic building block of wave motion.

To relate the mathematical sine function to wave
motion, recall our definition of sine function shown
back in Figure (14-4).  The point of that figure is that the
sine function is the sideways projection of circular
motion.  As the arrow rotates at an angular velocity ω,
the angle θ that the arrow has rotated increases as

  θ = ω t .  On the right we have graphed the height of the
rotating arrow as a function of the angle   θ = ω t  to
obtain a sine curve.

To actually create the sine wave shape seen in Figure
(14-4), you can start shaking one end of a long rope as
shown in Figure (8).  If you move your hand up and

down with a sinusoidal oscillation, a sinusoidal shaped
wave will start traveling down the rope, at a speed

  vwave = T/µ .  This creates an example of what is
called a traveling sine wave.

The problem with creating traveling sine waves on a
rope, is that the wave reaches the end of the rope,
reflects, and moves back through the incoming wave,
complicating the situation.  A better example of travel-
ing sine waves can be seen on the surface of a lake or
the ocean where there is plenty of room for the waves
to move before they strike an object or a shore.

There are two distinct ways to view a traveling sine
wave.  One is to move along with the wave.  Then all
you see is a stationary sinusoidal shape.  The other is to
stand still and let the wave pass by you.  Then you will
see the wave oscillate up and down as successive crests
and troughs pass by you.  This is illustrated in Figure (9)
where we have sketched a traveling sinusoidal water
wave passing a fixed post in the water.  If you move
along with the wave, then the shape of the wave does
not change.  But if you look at the post, the level of the
water is moving up and down with a sinusoidal oscil-
lation.

Figure 8
Sine wave created on a
stretched rope.

θ
0

π/2

π

3π/2

π
2

3π
2

2π
π

0 θ = ωt

1

−1ω

ω vwave

x

λ

Figure 14-4
Definition of the
function

   sinθθ = sin (ωω t).
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Wavelength, Period, and Frequency
We usually describe a wave in terms of its wavelength
λ , frequency f or period T. The easy way to remember
how to go back and forth between these quantities, is to
use dimensions.

When we view the shape of a traveling sine wave, the
predominant feature is the wavelength, the distance λ
between crests shown in Figure (8).  Considering that
one full cycle of the wave fits between the crests, we
can assign the dimensions of meters per cycle to λ .

   λ meters
cycle

wavelength

When we let the wave pass by us and view the up and
down motion of the surface, we see an oscillation
whose period is T seconds per cycle and frequency is
f cycles per second.

Since the period T is the length of time it takes one
wavelength λ  of the wave to pass by at a speed  vwave ,
we have (distance = speed times time)

  λ meters
cycle

= vwave
meters
second

T second
cycle (20)

By assigning the dimensions meter/cycle to λ  and
sec/cycle to T, we can get the relationship   λ = vwaveT
from dimensions without having to memorize formu-
las, or even having to think very much.

Figure 9
Traveling sine wave on the surface
of water.  The sine wave shape
moves as a unit along the surface
at a speed   vwave . But if we look at a
fixed post in the water, the water
level at the post oscillates up and
down with a sinusoidal oscillation.

As an example of using dimensions to derive a formula,
let us see if we can get a formula for the frequency f of
a wave of wavelength λ .  The idea of using dimensions
is to try something, then see if the dimensions match.  If
they don't match, change the formula until they do.  As
a guess, let us try the formula

   f = vwaveλ guess

Putting in dimensions, we have

  
f

cycles
sec = vwave

meters
sec × λ meters

cycle

= vwaveλ meters2

sec cycle

Clearly the dimensions do not match.  We have to
change the formula so that meters cancel and we get
cycles upstairs.  This can be done if we move λ
downstairs, giving

  
f

cycles
sec =

vwave meters/sec

λ meters/cycle

=
vwave

λ
cycles

sec (21)

which works.  Thus the correct formula is    f = vwave/λ ,
a result that can be a bit tricky to figure out other ways.

ω t = 0

vwave

λ
0

ω t = 

ω t = 

ω t = 

ω t = 

π

π
2

3π
2

2π

post
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Angular Frequency ωω
In Figure (14-4), we reminded ourselves that a sinusoi-
dal oscillation is equivalent to the sideways view of
circular motion.  If the vector on the left side of Figure
(14-4) is rotating with an angular velocity ω  radians
per cycle, we get one rotation, one period T of the
oscillation, when the angle   θ = ωt  goes from 0 at t = 0,
to   2π  at t = T.  Thus at the end of one period,

  θ = ωT = 2π .

Again we can avoid memorizing new formulas by
using dimensions.  We note that   2π is the number of
radians in a full circle or cycle.  Thus we will assign to
it the dimensions

  
2π radians

cycle
(23)

Then to find the formula, for example, for the wave's
angular frequency ω  in terms of the wave's period T,
we have

  
ω radians

sec =
2π radians / cycle

T sec / cycle

=
2π
T

radians
sec

(23)

Exercise 5 (Do this one now.)
For a traveling sine wave moving at a speed  vwave , use
dimensions to find

(a) λ  in terms of  vwave  and ω

(b)  vwave  in terms of λ  and T

(c) T in terms of λ  and ω

(d) f in terms of ω

Spacial Frequency k
When we let a traveling wave pass by us, we observe
a sinusoidal oscillation in time.  This oscillation can be
described in terms of the number of seconds in each
cycle (T seconds/cycle), in terms of the frequency

 (f cycles/second)  or the angular frequency
  (ω radians/second) .

If instead we look at the whole wave at one instant of
time, or move along with the wave, we see a sinusoidal
oscillation in space.  We have described this spacial
oscillation in terms of the wavelength, the number of
meters in each cycle (λ  meters/cycle).  What we are
missing is a spacial analogy to frequency, the number
of cycles or radians per meter.

By dimensions we immediately see that

  1
λmeters

cycle

= 1
λ

cycles
meter

is the special analogy to the time frequency f, and that

  2π radians/cycle

λ meters/cycle
=

2π
λ

radians
meter

is the spacial analogy to the angular frequency ω .

In physics texts, it is not common to use a special
symbol to designate the spacial frequency   1/λ
(cycles/meter), but it is standard practice to designate
the angular spacial frequency   2π/λ  (radians/meter) by
the letter k

   kradians
meter ≡ 2π

λ
radians
meter

spacial
frequency (24)
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The standard name for k is the lackluster expression
wave number, which says very little about the quantity.
Instead we will refer to k as the spacial frequency of the
wave.  The higher the spacial frequency k, the more
radians we get in a meter, just as the higher the time
frequency  ω , the more radians we get in one second.

When you first study wave motion, it may be an
irritating complication to have two kinds of frequency,
f cycles/sec and  ω  radians/sec (or two spacial frequen-
cies   1/λ  cycles/meter and k radians/meter).  Why not
stick with cycles which are much easier to visualize
than radians?  The answer is that in the formulas for sine
waves, the sine function basically has to be expressed
in terms of an angle, as in   sin θ , and radians are an
angle.  To convert time  t  to an angle, we multiply by

 ω  as in

  θ radians = ω radians
sec × t sec

= ωt radians (25a)

while to convert the distance x to an angle we multiply
by k as in

  θ radians = k radians
meter × x meters

= kx radians (25b)

Using Equations 25a or 25b, we can express the single
function   sin θ  either as   sin ωt , a sine wave in time
shown in Figure (10a), or as  sin kx, a sine wave in space
shown in Figure (10b).  From these graphs we can see
that when   ωt  gets up to   2π , we have one period T, and
when kx gets up to   2π  we have one wavelength λ .

Exercise 6 (Try this now.)

You have a traveling sine wave moving at a speed  vwave .
Using dimensions find the formula for  vwave  in terms of
the wave's time frequency ω  and spacial frequency k.

Figure 10
Sine waves in time and space.

ωt

ωT = 2π

y

π

a) Time:  sin(θ)  =  sin(ωt)

2π

(one period)

kx

kλ = 2π

y

π

b) Space:  sin(θ)  =  sin(kx)

2π

(one wavelength)

t = T

x = λ
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Traveling Wave Formula
Thus far we have formulas for a time varying sine wave

  sin ωt , and a space varying wave sin kx.  Now we want
a formula for a traveling sine wave whose amplitude
varies in both space and time.  The answer turns out to
be

   y = sin θ = sin kx – ωt traveling
sine wave (26)

What we will do is show that this formula represents a
sine wave moving down the x axis.

Figure (11) shows a sinusoidal shape that is moving
down the x axis at a speed  vwave .  If we describe the
wave by the function   sin θ , then it is the origin

  sin θ = 0  that moves down the axis at a speed  vwave .
Thus what we need is a formula for θ  so that when we
set   θ = 0 , that point does move down the x axis at the
desired speed.

The answer we gave in Equation 26 suggests that the
correct formula for θ  is

  θ = kx – ωt (27)

Setting   θ = 0  we get

  θ = 0 = kx – ωt ; kx = ωt

  x = ω
k

t (28)

But if the   θ = 0 point travels at a speed  vwave , then after
a time t, it has traveled a distance x given by

 x = vwavet (29)

Comparing  Equations (28) and (29), we see that the

point   θ = 0  moves along the x axis at a speed

  vwave = ω
k

(30)

If you did Exercise 6, you recognize that the quantity

  ω/k  has the dimensions of a velocity

  ω
k

radian/sec
radian/meter

= ω
k

meter
sec = vwave (31)

Thus the origin does move down the x axis at a speed
 vwave , and the formula   kx – ωt , is our desired trav-

eling wave formula.

Exercise 7

Explain what kind of a wave is represented by the
formula   y = sin kx + ωt .

θ = 0

v      t

θ = 0

θ = 0

wave

v      wave

v      wave

v      wave

y = sin(θ)

Figure 11
The cycle begins at θ  = 0.
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Phase and Amplitude
The Equation 26 for a traveling wave can be general-
ized by noting that the wave can have an arbitrary
amplitude A, and an arbitrary constant phase angle φ
to give

  y = A sin kx – ωt + φ (32)

The amplitude A just makes the sine wave bigger or
smaller, and the phase angle φ  shifts the sine wave to
the left or right.

 To see precisely how the phase angle φ  shifts the sine
wave, we have in Figure (12) compared   sin θ  and

  sin θ + φ .  The function   sin θ + φ  crosses zero
when the angle   θ + φ = 0  or at   θ = – φ .  Thus adding
a phase angle φ  shifts the sine wave back a distance

  – φ  radians.  If, for example, we set   φ = π/2 , the wave
is shifted back 1/4 of a wavelength, and we have
converted a sine wave into a cosine wave.

0
θ

y = sin (θ)

(θ) = 0

vwave

0
θ

y = sin (θ  + φ)

(θ + φ) = 0

–φ

vwave

Figure 12
Adding a phase angle φφ  shifts
the wave back a distance φφ .
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STANDING WAVES
In addition to the waves traveling down a rope, another
kind of wave pattern that is easy to achieve are those
shown in Figure (13).  All you have to do is shake the
end of the rope at the right frequency and one of these
waves will appear.  Change the frequency and you can
change to one of the other patterns.

The waves in Figure (13) are called standing waves
because the pattern does not move along the rope.  The
points of zero amplitude, the points called nodes of the
wave, stay at fixed positions while the rope between
nodes oscillates back and forth.

The difference between the wave patterns is character-
ized by the number of nodes.  In Figure (13) all the
waves have nodes at the ends, and there are zero, one,
two and three nodes in between as we go from the left
to the right pattern.

The two kinds of waves on a rope, the traveling wave
of Figures (8) and (9) and the standing wave of Figure
(13) are closely related to each other.  A careful
demonstration shows how traveling waves can turn
into standing waves.

If you start shaking a rope a traveling wave starts down
the rope as shown in Figure (8).  After a while the wave
reaches the other end of the rope, is reflected, and starts
moving back the other way.  This reflection is most
easily seen if you send a single pulse down the rope so
that you can see it bounce off the fixed end and come
back to you.

If you send a series of pulses down the rope, if you
create a traveling sine wave, then the reflected pulses
have to move back through the pulses that are still
coming in.  You now have the superposition of two
traveling waves moving through each other in opposite
directions.

Figure 13
Standing waves on a rope.
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You might think that the sum of two traveling waves
moving through each other could lead to a complex
pattern, and when you try it in a demonstration it often
looks that way.  The problem with a demonstration is
that the reflected wave reaching your hand can reflect
again and you begin to build up a mixture of many
waves.

If you do the demonstration carefully, however, you
can observe a simple result.  The sum of the traveling
wave and the reflected wave, moving through each
other, is a standing wave.  The addition of two travel-
ing waves of equal amplitude and wavelength moving
in opposite directions through each other is illustrated
in Figure (14).  The two traveling waves are shown on
lines (a) and (b) at five different times  t = 0, T/4, T/2,
3T/4 and T, where T is the period of the waves.  On the
bottom line (c) we have added the amplitudes of the two
traveling waves to get a picture of the amplitude of the
resulting wave.

In the first frame t = 0, the two waves match exactly,
producing a sum that has twice the amplitude of either
traveling wave.  A quarter of a period later, at t = T/4,
the traveling waves are precisely opposite each other.
And the sum is zero all along the wave.  This never
happens in a traveling wave.  A traveling wave is never
completely flat, there is always a crest moving along.

At time t = T/2, half a period later, the traveling waves
again line up producing a wave of twice the amplitude.
Note now that the points in the sum wave that were
below the axis at t = 0 are now above the axis at
t = T/2, and vice versa.  At time t = 3T/4 the traveling
waves are again out of phase and add up to zero.  At
t = T, we are back to where we started.

From line (c) of Figure (14), we see that the nodes of the
sum wave remain stationary and the rope between the
nodes oscillates up and down.  This is exactly what we
see in the photographs of the standing rope waves in
Figure (13).

t = 0 t = T/4 t = T/2 t = 3T/4 t = T

(a)

(b)

(c)

Figure 14
Making a standing wave out of two traveling waves on a rope.  In the top line (a) we show a traveling
wave moving to the right.  A section of rope is shown at times t = 0, T/4, T/2, 3T/4 and T, where T is the
period of the wave.  In (b) we have, in the same section of rope, five views of a traveling wave moving to
the left.  In (c), we have added the two traveling waves and get a standing wave with stationary nodes.  To
demonstrate the addition, at the center of each time frame we have drawn arrows to show the height of
the wave at that point.  The length of the bottom arrow is the sum of the lengths of the upper two arrows.
To add two waves, you add up the heights at each point along the wave.
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Using a trigonometric identity, we can show math-
ematically that the sum of two traveling waves moving
through each other creates a standing wave.  The
formula for a sine wave traveling to the right is from
Equation 26.

  ymoving right = A sin kx – ωt (26)

If you worked Exercise 6, you found that the formula
for a similar wave moving left is

  ymoving left = A sin kx + ωt (33)

 The formula for the sum of the two waves is

  ysum wave = A sin kx – ωt + A sin kx + ωt

The trigonometric identity we will use is

  sin a ± b = sin a cos b ± cos a sin b (34)

This gives

  sin kx – ωt = sin kx cos ωt – cos kx sin ωt

  sin kx + ωt = sin kx cos ωt + cos kx sin ωt

Add these two sine waves, the   cos kx sin ωt  terms
cancel and we are left with

   ysum wave = 2A sin kx cos ωt (35)

To interpret Equation 35, write it in the form

  ysum wave = A x cos ωt (36a)

where the x dependent amplitude  A x is

 A x = 2A sin kx (36b)

Equation 36a tells us that the entire wave is oscillating
in time as   cos ωt .  However the amplitude of the
oscillation depends upon the position x long the wave.
Equation (36b) tells us how the amplitude varies with
position.  It varies sinusoidally as sin kx, with nodes
permanently located at the points where sin kx = 0.  This
sinusoidal variation in the amplitude along the wave is
clearly seen in the photographs of the standing waves
on the rope, Figure (13).

WAVES ON A GUITAR STRING
Perhaps the clearest example of standing waves are the
waves on the strings of a stringed instrument such as the
guitar.  The advantage of working with these waves is
that you get to both see the shape of the wave and hear
its frequency.

The shape of guitar string waves are the same as the
standing rope waves in Figure (13).  In Figure (15), we
have sketched the allowed standing wave patterns on a
string of length L.  Because the string is fixed at the
ends, we can only have waves with nodes at the ends.

bridge string nut

L

λ   = 2L1

first 
harmonic or 
fundamental

second 
harmonic

third 
harmonic

fourth 
harmonic

fifth 
harmonic

n th 
harmonic

1

λ   = 2L2
2

λ   = 2L3
3

λ   = 2L4
4

λ   = 2L5
5

λ   = 2Ln
n

Figure 15
Allowed standing waves on a guitar string.  The
formula for the wavelength of the nth harmonic
is seen to be    λλn = 2 L / n .
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The wave with no nodes between the ends is called the
fundamental or  first harmonic.  Its wavelength is 2L,
twice the length of the string.  In the second harmonic,
with one node in the middle, a full wave fits on the
string at one time and we have   λ2 = L  .  Each time we
add a node we go up to one higher harmonic. (The
second harmonic is also called the first overtone, etc.)

The general formula for the wavelength of the nth
harmonic can be seen is we write the progression of
wavelengths in the form

  λ1 =
2L
1

; λ2 =
2L
2

; λ3 =
2L
3

, etc.

It is clear that the formula for   λ n  is simply

   
λn =

2L
n

wavelength of
the nth harmonic

(37)

The easiest way to remember Equation 36 is draw a
sketch of the allowed standing waves and write down
the progression   λ1 = 2L/1, λ2 = 2L/2, etc.

Frequency of Guitar String Waves
What notes do you hear when you pluck a guitar string?
That depends very much upon how you pluck it.
Usually when you pluck the string, you create a number
of the standing wave patterns at one time, and the note
you hear is a rich mixture of the frequencies of the
individual waves.

With care, however, you can pluck the string so that
most of the vibration is in one of the harmonics.  A
gentle pluck at the center of the string will excite mostly
the fundamental or first harmonic.  Pluck the string  1 41 4
of the way from one end and briefly place your finger
at the center of the string to create a node there. This
way you can excite mostly the second harmonic.  You
will then notice that the sound of the note is one octave
above the sound of the fundamental.  Accomplished
guitar players can selectively excite still higher har-
monics.

What are the frequencies of oscillations of these vari-
ous standing wave patterns?  We can answer this
question because of our knowledge that standing waves

can be made from two traveling waves moving through
each other.  The resulting standing wave has the same
frequency and wavelength as the traveling wave, thus
we can use the traveling wave formulas to determine
the frequency of the standing wave.

Using dimensions, we see that a traveling wave of
wavelength   λ cm/cycle , traveling at a speed v cm/sec,
has a frequency f cycles/second given by

  f
cycles

sec = v meter
sec × 1

λ meter/cycle

= v
λ

cycles
sec (38)

The speed v of a transverse wave on a string, that has
a mass per unit length µ, and tension T, is from Equation
5

  
vwave =

T

µ
(5)

Using Equation 5 in Equation 38 gives us as the
formula for the frequency of the traveling wave

  
f =

1

λ
T

µ
(39)

The same Equation 39 must also apply to the standing
waves on the guitar string.  We get for the frequency  fn
of the nth harmonic, which has a wavelength  fn ,

   
fn =

1
λn

T
µ

frequency of the
nth harmonic

(40)

For anyone who has tuned a guitar, Equation 40 makes
a lot of sense.  First note that when you go from the first
harmonic   λ1 = 2L, to the second harmonic   λ2 = L, the
wavelength is cut in half and the frequency doubles.  A
doubling of the frequency of a note corresponds to
going up one octave.

When you are tuning the guitar, you raise the frequency
of a string by tightening it and increasing the tension.
That is also predicted by Equation 40.
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On a guitar or most stringed instruments the low notes
are played on fat wires that have a greater mass per unit
length µ than the skinny wires used for the high notes.
The reason for using the fat wire is that you can increase
the tension and still keep the frequency down.  The
more tension in the wire and the more mass in the wire,
the more energy you  can store in the wire and the louder
the sound you can produce.  It is hard to get as much
sound out of the low frequency strings and you need all
the help you can get.

Exercise 8
You have a guitar string of length L, with a tension T and
a mass per unit length µ.  (L is the distance from the nut
to the bridge.)

(a) What is the f frequency of the fundamental mode of
vibration?  Express your answer in terms of L, T, and µ.

(b) Show that the nth harmonic has a frequency n times
as great as the fundamental.

Exercise 9
One end of a wire is attached to a post as shown in
Figure (16). The wire is then run over a pulley where a
mass m is hung on the other end.  The distance d from
the post to the pulley is 1 meter and the mass of one
meter length of the wire is 5 grams.

(a) How big a mass m must be hung on the wire in order
to get the wire to vibrate in its fundamental mode at a
frequency of 440 cycles/second, which is middle A?
(Answer: 395.10 kg).

(b) Describe four distinct ways one could double the
frequency of oscillation of the wire.

(c) How much mass would you have hung on the wire
in Figure (16) to get the wire to oscillate in its fundamen-
tal mode at a frequency two octaves above middle A?
(Answer 6321.63 kg.)

Sound Produced by a Guitar String
When you pluck a guitar string, the standing wave on
the string produces a traveling sound wave in the air.
This is analogous to plucking the end of a rope to
produce a traveling wave along the rope as illustrated
in Figure (8b).  The wavelength of the sound wave is
determined by the frequency of oscillation of the string
and the speed of sound.  (It is not the same as the
wavelength of standing waves on the string.)

Exercise 10
A guitar string is tuned to oscillate at a frequency of 440
cycles/second in its fundamental mode.  What are the
wavelengths of the sound waves produced by the first
three harmonics

(a) in air at 20° C

(b) in helium at 20° C

m

d

Figure 16
An easy way to adjust the
tension in a vibrating string
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CHAPTER 16 FOURIER ANALYSIS, NOR-
MAL MODES AND SOUND

In Chapter 15 we discussed the principle of superposi-
tion—the idea that waves add, producing a composite
wave that is the sum of the component waves.  As a
result, quite complex wave structures can be built from
relatively simple wave forms.  In this chapter our focus
will be on the analysis of complex wave forms, finding
ways to determine what simple waves went into con-
structing a complex wave.

As an example of this process, consider what happens
when white sunlight passes through a prism.  White
light is a mixture of all the colors, all the wavelengths
of the visible spectrum. When white light passes through
a prism, a rainbow of colors appears on the other side.
The prism separates the individual wavelengths so that
we can study the composition of the white light.  If you
look carefully at the spectrum of sunlight, you will
observe certain dark lines; some very specific wave-
lengths of light are missing in light from the sun.  These
wavelengths were absorbed by elements in the outer
atmosphere of the sun.  By noticing what wavelengths
are missing, one can determine what chemical ele-
ments are in the sun’s atmosphere.  This is how the
element Helium (named after Helios, Greek for sun)
was discovered.

This example demonstrates how the ability to separate
a complex waveform (in this case white sunlight) into
its component wavelengths or frequencies, can be a
powerful research tool.  The sounds we hear, like those
produced by  an orchestra, are also a complex mixture
of waves.  Even individual instruments produce com-
plex wave forms.  Our ears are very sensitive to these
wave forms.  We can distinguish between a note played
on a Stradivarius violin and the same note played by the
same person on an inexpensive violin.  The only
difference between the two sounds is a slight difference
in the mixture of the component waves, the harmonics
present in the sound.  You could not tell which was the
better violin by looking at the waveform on an oscillo-
scope, but your ear can easily tell.

You can hear these subtle differences because the ear
is designed in such a way that it separates the complex
incoming sound wave into its component frequencies.
The information your brain receives is not what the
shape of the complex sound wave is, but how much of
each component wave is present.  In effect, your ear is
acting like a prism for sound waves.
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When we study sound in the laboratory, the usual
technique is to record the sound wave amplitude using
a microphone, and display the resulting waveform on
an oscilloscope or computer screen.  If you want to, you
can generate more or less pure tones that look like sine
waves on the screen.  Whistling is one of the best ways
to do this.  But if you record the sound of almost any
instrument, you will not get a sine wave shape.  The
sound from virtually all instruments is some mixture of
different frequency waves.  To understand the subtle
differences in the quality of sound of different instru-
ments, and to begin to understand why these differ-
ences occur, you need to be able to decompose the
complex waves you see on the oscilloscope screen into
the individual component waves.  You need something
like an ear or a prism for these waves.

A way to analyze complex waveforms was discovered
by the French mathematician and physicist Jean
Baptiste Fourier, who lived from 1786 to 1830.  Fou-
rier was studying the way heat was transmitted through
solids and in the process discovered a remarkable
mathematical result.  He discovered that any continu-
ous, repetitive wave shape could be built up out of
harmonic sine waves.  His discovery included a math-
ematical technique for determining how much of each
harmonic was present in any given repetitive wave.
This decomposition of an arbitrary repetitive wave
shape into its component harmonics is known as
Fourier analysis.  We can think of Fourier analysis
effectively serving as a mathematical prism.

The techniques of Fourier analysis are not difficult to
understand.  Appendix A of this chapter is a lecture on
Fourier analysis developed for high school students
with no calculus background (explicitly for my
daughter’s high school physics class).  To apply Fou-
rier analysis you have to be able to determine the area

under a curve, a process known in calculus as integra-
tion.  While the idea of measuring the area under a
curve is not a difficult concept to grasp, the actual
process of doing this, particularly for complex wave
shapes, can be  difficult.  Everyone who takes a calculus
course knows that integration can be hard.  The
integrals involved in Fourier analysis, particularly the
analysis of experimental data are much too hard to do
by hand or by analytical means.

People find integration hard to do, but computers
don’t.  With a computer one can integrate any experi-
mental wave shape accurately and rapidly.  As a result,
Fourier analysis using a computer is very easy to do.  A
particularly fast way of doing Fourier analysis on the
computer was discovered by Cooley and Tukey in the
1950s.  Their computer technique or algorithm is
known as the Fast Fourier Transform or FFT for
short.  This algorithm is so commonly used that one
often refers to a Fourier transform as an FFT.

The ability to analyze data using a computer, to do
things like Fourier analysis, has become such an
important part of experimental work that older tech-
niques of acquiring data with devices like strip chart
recorders and stand alone oscilloscopes have become
obsolete.  With modern computer interfacing tech-
niques, important data is best recorded in a computer
for display and analysis.  We have developed the
MacScope™  program, which will be used often in this
text, for recording and displaying experimental data.
The main reason for writing the program was to make
it a simple and intuitive process to apply Fourier
analysis.  In this chapter you will be shown how to use
this program.  With the computer doing all the work of
the analysis, it is not necessary to know the mathemati-
cal processes behind the analysis, the steps are dis-
cussed in the appendix.  But a quick reading of the
appendix should give you a feeling for how the process
works.
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HARMONIC SERIES
We begin our discussion with a review of the standing
waves on a guitar string, shown in Figure (15-15)
reproduced here.  We saw that the wavelengths   λn of
the allowed standing waves are given by the formula

  λn = 2L
n (15-37)

Where L is the length of the string, and n takes on
integer values n = 1, 2, 3, .....

Each of these standing waves has a definite frequency
of oscillation that was given in Equation 15-38 as

   
fn

cycles
sec

=
v

λn

meters secmeters sec

meters cyclemeters cycle

=
v

λn

cycles
sec

(15-38)

If we substitute the value of   λn from Equation 15-37
into Equation 15-38, we get as the formula for the
corresponding frequency of vibration

  
fn =

vwave
λn

=
vwave
2L n2L n

= n
vwave
2L (1)

For n = 1, we get

 f1 =
vwave
2L

(2)

All the other frequencies are given by

  fn = nf1 harmonic series (3)

This set of frequencies is called a  harmonic series.  The
fundamental frequency or first harmonic is the fre-
quency  f1.  The second harmonic  f2 has twice the
frequency of the first.  The third harmonic  f3 has a
frequency three times that of the first, etc.  Note also that
the fundamental has the longest wavelength, the second
harmonic has half the wavelength of the fundamental,
the third harmonic one third the wavelength, etc.

It was Fourier’s discovery that any continuous repetitive
wave could be built up by adding together waves from a
harmonic series.  The correct harmonic series is the one
where the fundamental wavelength   λ1 is equal to the
period over which the waveform repeats.

To begin our discussion of Fourier analysis and the
building up of waveforms from a harmonic series, we will
first study the motion of two air carts connected by
springs and riding on an air track.  We will see that these
coupled air carts have several distinct modes of motion.
Two of the modes of motion are purely sinusoidal, with
precise frequencies.  But any other kind of motion
appears quite complex.

However, when we record the complex motion, we
discover that the velocity of either cart is repetitive.  A
graph of the velocity as a function of time gives  us a
continuous repetitive wave.  According to Fourier’s
theorem, this waveform can be built up from sinusoidal
waves of the harmonic series whose fundamental fre-
quency is equal to the repetition frequency of the wave.
When we use Fourier analysis to see what harmonics are
involved in the motion, we will see that the apparent
complex motion of the carts is not so complex after all.

bridge string nut

L

λ   = 2L1

first 
harmonic or 
fundamental

second 
harmonic

third 
harmonic

fourth 
harmonic

fifth 
harmonic

n th 
harmonic

1

λ   = 2L2
2

λ   = 2L3
3

λ   = 2L4
4

λ   = 2L5
5

λ   = 2Ln
n

Figure 15-15
Standing waves on a guitar string.
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NORMAL MODES OF OSCILLATION
The reason musical instruments generally produce
complex sound waves containing various frequency
components is that the instrument has various ways to
undergo a resonant oscillation.  Which resonant oscil-
lations are excited with what amplitudes depends upon
how the instrument is played.

In Chapter 14 we studied the resonant oscillation of a
mass suspended from a spring, or equivalently, of a cart
on an air track with springs attached to the end of the
cart, as shown in Figure (1).  This turns out to be a very
simple system—there is only one resonant frequency,
given by   ω = k mk m .  The only natural motion of the
mass is purely sinusoidal at the resonant frequency.
This system does not have the complexity found in
most musical instruments.

Things become more interesting if we place two carts
on the air track, connected by springs as shown in
Figure (2).  We will call this a system of two coupled
air carts.

When we analyzed the one cart system, we found that
the force on the cart was simply F = –kx, where x is the
displacement of the cart from its equilibrium position.
With two carts, the force on one cart depends not only
on the position of that cart, but also on how far away the
other cart is.  A full analysis of this coupled cart system,
using Newton’s second law, leads to a pair of coupled
differential equations whose solution involves matri-
ces and eigenvalues.  In this text we do not want to get
into that particular branch of mathematics.  Instead we
will study the motion of the carts experimentally, and
find that the motion, which at first appears complex,
can be explained in simple terms.

In order to record the motion of the aircarts, we have
mounted the velocity detector apparatus shown in
Figure (3).  The apparatus consists of a 10 turn wire coil
mounted on top of the cart, that moves through the
magnetic field of the iron bars suspended above the
coil.  The operation of the velocity detector apparatus
depends upon Faraday’s law of induction which will be
discussed in detail in Chapter 30 on Faraday’s law.  For
now all we need to know is that a voltage is induced in
the wire coil, a voltage whose magnitude is propor-
tional to the velocity of the cart.  This voltage signal

ω

air cart

Figure 1
Cart and springs on an air track.

Figure2
System of coupled air carts.

Figure 3
Recording the velocity
of one of the aircarts. A
10 turn coil is mounted
on top of one of the
carts. The coil moves
through the magnetic
field between the angle
irons, and produces a
voltage proportional to
the velocity of the cart.
This voltage is then
recorded by the
Macintosh oscilloscope.
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from the wire coil is carried by a cable to the Macintosh
oscilloscope where it is displayed on the computer
screen.

When you first start observing the motion of the
coupled aircarts, it appears chaotic. One cart will stop
and reverse direction while the other is moving toward
or away from it, and there is no obvious pattern. But
after a while, you may discover a simple pattern. If you
pull both carts apart and let go in just the right way, the

carts come together and go apart as if one cart were the
mirror image of the other.  This motion of the carts is
illustrated in Figure (4a). We will call this the vibra-
tional mode of motion.

In Figure (4b) we have used the velocity detector to
record the motion of one of the coupled air carts when
the carts are moving in the vibrational mode.  You can
see that the curve closely resembles a sine wave.

air cart air cart

air cartair cart

air cart air cart

air cart air cart

air cart air cart

Figure 4b
Vibrational mode of oscillation of the coupled
aircarts. The voltage signal is proportional to
the velocity of the cart that has the coil on top.

Figure 5a
Sloshing mode of motion of the coupled aircarts.

Figure 5b
A pure sloshing mode is harder to get.  Here we
came close, but it is not quite a pure sine wave.

air cart

air cart air cart

air cart air cart

air cart air cart

air cart

air cartair cart

Figure4a
Vibrational motion of the coupled air carts.
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If you play around with the carts for a while longer, you
will discover another way to get a simple sinusoidal
motion.  If you pull both carts to one side, get the
positions just right, and let go, the carts will move back
and forth together as illustrated in Figure (5a).  We will
call this the sloshing mode of motion of the coupled air
carts.  In Figure (5b) we have recorded the velocity of
one of the carts in the sloshing mode, and see that the
curve is almost sinusoidal.

In general, the motion of the two carts is not sinusoidal.
For example, if you pull one cart back and let go, you
get a velocity curve like that shown in Figure (6).  If you
start the carts moving in slightly different ways you get
differently shaped curves like the one seen in Figure
(7).  Only the vibrational and sloshing modes result in
sinusoidal motion, all other motions are more complex.
To study the complex motion of the carts, we will use
the techniques of Fourier analysis.

Figure 7
Another example of the complex
motion of the coupled air carts.

Figure 6
Complex motion of the coupled air carts.

FOURIER ANALYSIS
As we mentioned in the introduction, Fourier analysis
is essentially a mathematical prism that allows us to
decompose a complex waveform into its constituent
pure frequencies, much as a prism separates sunlight
into beams of pure color or wavelength.  We have just
studied the motion of coupled air carts, which gave us
an explicit example of a relatively complex waveform
to analyze.  While the two carts can oscillate with
simple sinusoidal motion in the vibrational and slosh-
ing modes of Figures (4) and (5), in general we get
complex patterns like those in Figures (6) and (7).
What we will see is that, by using Fourier analysis, the
waveforms in Figures (6) and (7) are not so complex
after all.

The MacScope program was designed to make it easy
to perform Fourier analysis on experimental data.  The
MacScope tutorial gives you considerable practice
using MacScope for Fourier analysis.  What we will do
here is discuss a few examples to see how the program,
and how Fourier analysis works.  We will then apply
Fourier analysis to the curves of Figures (6) and (7) to
see what we can learn.  But first we will see how
MacScope handles the analysis of more standard curves
like a sine wave or square wave.
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Analysis of a Sine Wave
In Figure (8a) we attached MacScope to a sine wave
generator and recorded the resulting waveform.  The
sine wave generator, which is usually called a signal
generator, is an electronic device that we will use
extensively in laboratory work on the electricity part of
the course.  Typically the device has a dial that allows
you to select the frequency of the wave, a knob that
allows you to adjust the wave amplitude, and some
buttons by which you can select the shape of the wave.
Typically you can choose between a sine wave shape,

 , a square wave shape 
and a triangular wave  .

In Figure (8a) we have selected one cycle of the wave
and see that the frequency of the wave is 1515 Hz
(1.515 KHz), which is about where we set the fre-
quency dial at on the signal generator. To get Figure
(8b) we pressed the Expand button that appears once
a section of curve has been selected. This causes the
selected section of the curve to fill the whole display
rectangle.

The selection rectangle is obtained by holding down
the mouse bottom and dragging across the desired
section of the curve.  The starting point of the selection
rectangle can be moved by holding down the shift key
while moving the mouse.  The data box shows the
period  T of the selected rectangle, and the correspond-
ing frequency f.  If you wish the data box to remain after
the selection is made, hold down the option key when
you release the mouse button.  This immediately gives
you the ImageGrabber™, which allows you to select
any section of the screen to save as a PICT file for use
in a report or publication.

In Figure (9), we went up to the Analyze menu of
MacScope and selected Fourier Analysis. As a result
we get the window shown in Figure (10).  At the top we
see the selected one cycle of a sine wave.  Beneath, we
see a rectangle with one vertical bar and a scale labeled
Harmonics.  The vertical bar is in the first position,
indicating that the section of the wave which we
selected has only a first harmonic. Beneath the ex-

Figure 8a
Sine wave from a signal generator. Selecting one cycle
of the wave, we see that the frequency of the wave is
about 1.5 kilocycles (1.515 KHz). (Here we also see
some of the controls that allow you to study the
experimental data. The scrollbar labeled “S” lets you
move the curve sideways. The “T” scrollbar changes
the time scale, and the “O” scrollbar moves the curve
up and down. In the text, we will usually not show
controls unless they are important to the discussion.)

Figure 8b
Once we have selected a section of curve, a new control
labeled Expand appears. When we press the Expand
button, the selected section of the curve fills the entire
display rectangle as seen above. (The control then
becomes a Reset button which takes us back to the full
curve.)
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Figure 9
Choosing Fourier Analysis.

panded curve, there is a printout of the period and
frequency of the selected section. Here we see again
that the frequency is 1.515 KHz.

For Figure (11), we pressed Reset to see the full curve,
selected 4 cycles of the sine wave, and expanded that.
In the lower rectangle we now see one vertical bar over
the 4th position, indicating that for the selected wave
we have a pure fourth harmonic.  In the MacScope
tutorial we give you a MacScope data file for a section
of a sine wave.  Working with this data file, you should
find that if you select one cycle of the wave, anywhere
along the wave, you get an indication of a first har-
monic.  Select two cycles, and you get an indication of
a pure second harmonic, etc.

The basic function of the Fourier analysis program in
MacScope is to determine how you can construct the
selected section of the wave from harmonic sine
waves.  The first harmonic has the frequency of the
selected section.   For example, suppose that you had a
10 cycle per second sine wave and selected one cycle.
That selection would have a frequency of 10 Hz and a
period of 0.1 seconds. The second harmonic would
have a frequency of 20 Hz, and the third harmonic 30
Hz, etc.  The nth harmonic frequency is n times greater
than the first harmonic.  Fourier’s discovery was that
any continuous repeating wave form can be con-
structed from the harmonic sine waves.  So far we have
considered only the obvious examples of sections of a
pure sine wave.  We will now go on to more complex
examples to see how a waveform can be constructed by
adding up the various harmonics.

Figure 10
In the MacScope program, Fourier Analysis acts only
on the selected section of the curve. Since we selected
only one cycle, we see only a first harmonic.

Figure 11
When 4 cycles are selected, the wave form consists
of a pure 4th harmonic. We see the period of the
selected section of wave, which is 4 times longer
than one cycle. This makes the frequency 1/4 as
high. (The difference between 1515 Hz /4 and 390.6
Hz indicates the accuracy of graphical selection.)
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Analysis of a Square Wave
The so called square wave , whose
shape is shown in Figure (12), is commonly used in
electronics labs to study the response of various elec-
tronic circuits.  The waveform regularly jumps back
and forth between two levels, giving it a repeated
rectangular shape.  The ideal mathematical square
wave jumps instantaneously from one level to another.
The square waves we study in the lab are not ideal;
some time is always required for the transition.

It is traditional to use the square wave as the first
example to show students how a complex wave form
can be constructed from harmonic sine waves.  This is
a bit ironic, because the ideal square wave has discon-
tinuous jumps from one level to another, and therefore
does not satisfy Fourier’s theorem that any continuous
wave shape can be made from harmonic sine waves.
The result is that if you try to construct an ideal square
wave from sine waves, you end up with a small blip at
the discontinuity (called the Gibb’s effect).  Since our
focus is experimental data where there is no true
discontinuity, we will not encounter this problem.

In Figure (12) we have selected one cycle of the square
wave. Selecting Fourier Analysis, we get the result
shown in Figure (13).  We have clicked on the Expand
button so that only the selected section of the wave

shows in the upper rectangle.  In the lower rectangle,
which we will now call the FFT window, we see that
this section of the square wave is made up from various
harmonics.  The MacScope program calculates 128
harmonics, but we have clicked three times on the
Scale button to expand the harmonics scale so that we
can study the first 16 harmonics in more detail.

In Figure (14) we have clicked on the first bar in the FFT
window, the bar that represents the amplitude of the
first harmonic.  In the upper window you see one cycle
of a sine wave superimposed upon the square wave.
This is a picture of the first harmonic.  It represents the
best possible fit of the square wave by a single sine
wave.  If you want a better fit, you have to add in more
sine waves.

In Figure (15) we clicked on the bar in the 3rd harmonic
position, the bar representing the amplitude of the 3rd
harmonic in the square wave.  In the upper window you
see a sine wave with a smaller amplitude and three
times the frequency of the first harmonic.  If you select
a single harmonic, as we have just done in Figure (15),
MacScope prints the frequency of both the first har-
monic and the selected harmonic above the FFT win-
dow.  Here you can see that the frequency of the first
harmonic is 201.6 Hz and the selected harmonic fre-
quency is 604.9 Hz as expected.

Figure 12
The square wave. The wave shape goes back
and forth periodically between two levels. Here
we have selected one cycle of the square wave.

Figure 13
Expanding the one cycle selected, and choosing
Fourier Analysis, we see that this wave form has
a number of harmonics. The computer program
calculates the first 128 harmonics. We used the
Scale button to display only the first 16.
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If we select both the first and third harmonics together
(either by dragging a rectangle over both bars, or by
holding down the shift key while selecting them indi-
vidually), the upper window displays the sum of the
first and third harmonic, as shown in Figure (16).  You
can see that the sum of these two harmonics gives us a
waveform that is closer to the shape of the square wave
than either harmonic alone.  We are beginning to build
up the square wave from sine waves.

In Figures (17, 18 and 19), we have added in the 5th, 7th
and 9th harmonics.  You can see that the more harmon-
ics we add, the closer we get to the square wave.

One of the special features of a square wave is that it
contains only odd harmonics—all the even harmonics
are absent.  Another is that the amplitude of the nth
harmonic is 1/n times as large as that of the first
harmonic.  For example, the third harmonic has an
amplitude only 1/3 as great as the first.  This is
represented in the FFT window by drawing a bar only
1/3 as high as that of the first bar.  In the MacScope
program, the harmonic with the greatest amplitude is
represented by a bar of height 1.  All other harmonics
are represented by proportionally shorter bars.

Figure 14
Select the first harmonic by clicking on the first bar.

Figure 15
Select the second harmonic by clicking on the second bar.

Figure 16
Sum of the first and second harmonic
is obtained by selecting both.

Figure 17
Sum of the
harmonics
1, 3, and 5.

Figure 19
Sum of the
harmonics
1, 3, 5, 7, 9.

Figure 18
Sum of the
harmonics
1, 3, 5, 7.
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Repeated Wave Forms
Before we apply the Fourier transform capability of
MacScope to the analysis of experimental data, there is
one more feature of the analysis we need to discuss.
What we are doing with the program is reconstructing
a selected section of a waveform from harmonic sine
waves.  Anything we build from harmonic sine waves
exactly repeats at the period of the first harmonic.
Thus our reconstructed wave will always be a repeating
wave, beginning again at the same height as the begin-
ning of the previous cycle.

You can most easily see what we mean if you select a
non repeating section of a wave.  In Figure (20) we have
gone back to a sine wave, but selected one and a half
cycles.  In the FFT window you see a slew of harmon-
ics.  To see why these extra harmonics are present, we
have in Figure (21) selected the first 9 of them and in the
upper window see what they add up to.  It is immedi-
ately clear what has gone wrong.  The selected harmon-
ics are trying to reconstruct a repeating version of our
1.5 cycle of the sine wave.  The extra spurious harmon-
ics are there to force the reconstructed wave to start and
stop at the same height as required by a repeating wave.

If you are analyzing a repeating wave form and select
a section that repeats, then your harmonic reconstruc-
tion will be accurate, with no spurious harmonics.  If

your data is not repeating then you have to deal one way
or another with this problem.  One technique often used
by engineers is to select a long section of data and
smoothly force the ends of the data to zero so that the
selected data can be treated as repeating data.  Hope-
fully, forcing the ends of the data to zero does not
destroy the information you are interested in.  You can
often accomplish the same thing by throwing away
higher harmonics, assuming that the lower harmonics
contain the interesting features of the data.  You can see
that neither of these techniques would work well for our
one and a half cycles of a sine wave selected in Figure
(21).

In this text, our use of Fourier analysis will essentially
be limited to the analysis of repeating waveforms.  As
long as we select a section that repeats, we do not have
to worry about the spurious harmonics.

(Most programs for the acquisition and analysis of
experimental data have an option for doing Fourier
analysis.  Unfortunately,  few of them allow you to
select a precise section of the experimental data for
analysis.  As a result the analysis is usually done on a
non repeating section of the data, which distorts the
resulting plot of the harmonic amplitudes.  For a
careful analysis of data, the ability to precisely select
the data to be analyzed is an essential capability.)

Figure 20
When we select one and a half cycles of a sine wave,
we get a whole bunch of spurious harmonics.

Figure 21
The spurious harmonics result from the fact that
the reconstructed wave must be repeating—must
start and stop at the same height.
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ANALYSIS OF THE
COUPLED AIR CART SYSTEM
We are now ready to apply Fourier analysis to our
system of coupled air carts.  Recall that there were two
modes of motion that resulted in a sinusoidal oscilla-
tion of the carts, the vibrational motions shown in
Figure (4) and the sloshing mode shown in Figure (5).
In Figures (22) and (23) we expanded the time scales so
that we could accurately measure the period and fre-
quency of these oscillations.   From the data rectangles,
we see that the frequencies were 1.11Hz and 0.336 Hz
for the vibrational and sloshing modes respectively.

When the carts were released in an arbitrary way, we
generally get the complex motion seen in Figures (6)
and (7).  What we wish to do now is apply Fourier
analysis to these waveforms to see if any simple
features underlie this complex motion.

In Figure (24), which is the waveform of Figure (6), we
see that there is a repeating pattern.  The fact that the
pattern repeats means that it can be reconstructed from
harmonic sine waves, and we can use our Fourier
analysis program to find out what the component sine
waves are.

In Figure (24) we have selected precisely one cycle of
the repeating pattern.  This is the crucial step in this
experiment—finding the repeating pattern and select-
ing one cycle of it.  How far you have to look for the
pattern to repeat depends upon the mass of the carts and
the strength of the springs.

Figure 22
Vibrational mode of Figure (4). We have expanded
the time scale so that we could accurately measure
the period and frequency of the oscillation.

Figure 23
Sloshing mode of Figure (5). Less of an expansion of
the time scale was needed to measure the period here.

Figure 24
Complex mode of the coupled aircarts. We
see that the waveform repeats, and have
selected one cycle of the repeating wave.
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Expanding the repeating section of the complex wave-
form, and choosing  Fourier Analysis gives us the
results shown in Figure (25). What we observe from the
Fourier analysis is that the complex waveform is a
mixture of two harmonics, in this case the third and
tenth harmonic.  If we click on the bar showing the
amplitude of the third harmonic, we see that harmonic

drawn in the display window of Figure (26), and we
find that the frequency of this harmonic is 0.336 Hz.
This is the frequency of the sloshing mode of Figure
(23).  Clicking on the bar above the tenth harmonic, we
get the harmonic drawn in the display window of
Figure (27), and see that the frequency of this mode is
1.12 Hz, within a fraction of a percent of the 1.11 Hz
frequency of the vibrational mode of Figure (22).

Figure 25
Fourier analysis of one cycle of the complex
waveform. The FFT rectangle shows us that the
wave consists of only two harmonics.

Figure 27
Selecting the tenth harmonic, we see that its
frequency is essentially equal to the frequency
of the vibrational mode of motion.

Figure 26
When we click on the third harmonic bar, we see that
the frequency of the third harmonic is precisely the
frequency of the sloshing mode of oscillation.

Figure 28
Selecting both modes shows us that the complex motion
is simply the sum of the two sinusoidal modes of motion.
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If we select both the third and tenth harmonics, the sum
of these two harmonics is shown in Figure (28).  These
two harmonics together so closely match the experi-
mental data that we had to move the experimental curve
down in order to see both curves.  What we have
learned from this experiment is that the complex
motion of Figure (6) is a mixture of the two simple,
sinusoidal modes of motion.

Back in Figures (6) and (7), we displayed two wave-
forms, representing different complex motions of the
same two carts. Starting with the second waveform of
Figure (7), we selected one cycle of the motion, ex-
panded the selected section, and chose Fourier Analy-
sis. The result is shown in Figure (29). What we see is
that the second complex waveform is also a mixture of
the third and tenth harmonics. The first waveform in
Figure (25) had more of the third harmonic, more of the
sloshing mode, while the second waveform of Figure
(29) has more of the tenth harmonic, the vibrational
mode. Both complex waveforms are simply mixtures
of the vibrational and sloshing modes. They have
different shapes because they are different mixtures.

This experiment is beginning to demonstrate that for
the two coupled aircarts, there is a strict limitation to the
kind of motion the carts can have.  They can either
move in the vibrational mode, or in the sloshing mode,

or in some combination of the two modes.  No other
kinds of motion are allowed!  The various complex
motions are just different combinations of the two
modes.

Adding another aircart so that we have three coupled
aircarts, the motion becomes still more complex. How-
ever if we look carefully, we find that the waveform
eventually repeats. Selecting one repeating cycle and
choosing Fourier Analysis, we got the results shown in
Figure (30). We observe that this complex motion is
made up of three harmonics.

The sinusoidal modes of motion of the coupled air carts
are called  normal modes.  The general rule is that if you
have n coupled objects, like n carts on an air track
connected by springs, and they are confined to move in
1 dimension, there will be n normal modes.  (With 2
carts, we saw 2 normal modes. With 3 carts, 3 normal
modes, etc.) This result, which will play an important
role in our discussion of the specific heat of molecules,
can be extended to motion in 2 and 3 dimensions.  For
example, if you have n coupled particles that can move
in 3 dimensions, as in the case of a molecule with n
atoms, then the system should have 3n normal modes
of motion.  Such a molecule should have 3n indepen-
dent ways to vibrate or move.  We will have more to say
about this subject in the next chapter.

Figure 29
The second complex mode of motion, from
Figure (7), is simply a different mixture of the
same vibrational and sloshing modes of motion.

Figure 30
One cycle of the waveform for three coupled aircarts.
With three carts, we get three normal modes of motion.
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THE HUMAN EAR
The human ear performs a frequency analysis of sound
waves that is not unlike the Fourier analysis of wave motion
which we just studied.  In the ear, the initial analysis is done
mechanically, and then improved and sharpened by a
sophisticated data analysis network of nerves.  We will
focus our attention on the mechanical aspects of the ear’s
frequency analysis.

Figure (31) is a sketch of the outer and inner parts of the
human ear.  Sound waves, which consist of pressure varia-
tions in the air, are funneled into the auditory canal by the
external ear and impinge on the eardrum, a large membrane
at the end of the auditory canal.  The eardrum (tympanic)
membrane vibrates in response to the pressure variations in

the air.  This vibrational motion is then transferred via a lever
system of three bones (the malleus, incus, and stapes) to a
small membrane covering the oval window of the snail
shaped cochlea.

The cochlea, shown unwound in Figure (32), is a fluid filled
cavity surrounded by bone, that contains two main channels
separated by a membrane called the basilar membrane.
The upper channel (scala vestibuli) which starts at the oval
window, is connected at the far end to the lower channel
(scala tympani) through a hole called the helicotrema.  The
lower channel returns to the round window which is also
covered by a membrane.  If the stapes pushes in on the
membrane at the oval window, fluid flows around the
helicotrema and causes a bulge at the round window.

Figure 31
The human ear. Sound,
entering the auditory
canal, causes vibrations
of the eardrum. The
vibrations are transferred
by a bone lever system to
the membrane covering
the oval window.
Vibrations of the oval
window membrane then
cause wave motion in the
fluid in the cochlea.
(Adapted from Lindsey and
Norman, Human
Information Processing.)

Figure 32
Lever system of the inner ear and an unwound view of the cochlea. The
basilar membrane separates the two main fluid channels in the cochlea.
Vibrations of the basilar membrane are detected by hair cells. (Adapted
from Principles of Neural Science Edited by E. R. Kandel and J. H. Schwartz,
Elsevier/North-Holland, p260.)
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The purpose of the lever system between the eardrum
and the cochlea is to efficiently transfer sound energy
to the cochlea.  The eardrum membrane is about 25
times larger in area than the membrane across the oval
window.  The lever system transfers the total force on
the eardrum to an almost equal force on the oval
window membrane.  Since force equals pressure times
area, a small pressure variation acting on the large area
of the eardrum membrane results in a large pressure
variation at the small area at the oval window.  The
higher pressures are needed to drive a sound wave
through the fluid filled cochlea.

If the oval window membrane is struck by a pulse, a
pressure wave travels down the cochlea.  The basilar
membrane, which separates the two main fluid chan-
nels, moves in response to the pressure wave, and a
series of hair cells along the basilar membrane detect
the motion.  It is the way in which the basilar membrane
responds to the pressure wave that allows for the
frequency analysis of the wave.

Figure (33) is an idealized sketch of a straightened out
cochlea.  (See Appendix B for more realistic sketches.)
At the front end, by the oval window, the basilar

membrane is narrow and stiff, while at the far end it is
about 5 times as wide and much more floppy.  To see
why the basilar membrane has this structure, we have
in Figure (34) sketched a mechanical model that has a
similar function as the membrane.  In this model we
have a series of masses mounted on a flexible steel band
and attached by springs to fixed rods as shown.  The
masses are small and the springs stiff at the front end.
If we shake these small masses, they resonate at a high
frequency   ω = k mk m .  Down the membrane model,
the masses get larger and the springs weaken with the
result that the resonant frequency becomes lower.

If you gently shake the steel band at some frequency   ω0
a small amplitude wave will travel down the band and
soon build up a standing wave of that frequency.  If   ω0
is near the resonant frequency of one of the masses, that
mass will oscillate with a greater amplitude than the
others.  Because the masses are connected by the steel
band, the neighboring masses will be carried into a
slightly larger amplitude of motion, and we end up with
a peak in the amplitude of oscillation centered around
the mass whose frequency ω  is equal to   ω0. (In the
sketch, we are shaking the band at the resonant fre-
quency   ω7 of the seventh mass.)

oval 
window

round window

stapes

bone

100µm

33 mm

500 µm

basilar membrane

basilar membrane

scala vestibuli

scala tympani
helicotrema

1
ω 

2 3 4 5 6 7 8 9 10 11

7

masses
rod

steel 
band

Figure 33
The basilar membrane in
the cochlea. (Adapted from
Green, An Introduction to
Hearing, John Wiley &
Sons, p66.)

Figure 34
Spring model of the basilar
membrane. As we go down the
steel band, the masses become
larger, the springs weaker, and
the resonant frequency drops.
If we vibrate the end of the
band at some frequency, the
mass which resonates at that
frequency will have the biggest
amplitude of oscillation.
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Because the masses m get larger and the spring con-
stants k get smaller toward the far end, there is a
continuous decrease in the resonant frequency as we go
down the band.  If we start shaking at a high frequency,
the resonant peak will occur up near the front end.  As
we lower the frequency, the peak of the oscillation will
move down the band, until it finally gets down to the
lowest resonant frequency mass at the far end.  We can
thus measure the frequency of the wave by observing
where along the band the maximum amplitude of
oscillation occurs.

The basilar membrane functions similarly.  The stiff
narrow membrane at the front end resonates at a high
frequency around 20,000 Hz, while the wide floppy
back end has a resonant frequency in the range of 20 to
30 Hz.  Figure (35) shows the amplitude of the oscilla-
tion of the membrane in response to driving the fluid in
the cochlea at different frequencies.  We can see that as
the frequency increases, the location of the maximum
amplitude moves toward the front of the membrane,
near the stapes and oval window.  Figure (36) depicts
the shape of the membrane at an instant of maximum
amplitude when driven at a frequency of a few hundred
Hz.  The amplitude is greatly exaggerated; the basilar
membrane is about 33 millimeters long and the ampli-
tude of oscillation is less than .003 mm.

Although the amplitude of oscillation is small, it is
accurately detected by a system of about 30,000 hair
cells.  How the hair cells transform the oscillation of the
membrane into nerve impulse signals is discussed in
Appendix B at the end of this chapter.

The human ear is capable of detecting tiny changes in
frequency and very subtle mixtures of harmonics in a
sound.  Looking at the curves in Figure (35) (which
were determined from a cadaver and may not be quite
as sharp as the response curves from a live membrane),
it is clear that it would not be possible to make the ear’s
fine frequency measurements simply by looking for
the peak in the amplitude of the oscillation of the
membrane.  But the ear does not do that.  Instead,
measurements are continuously made all along the
membrane, and these results are fed into a sophisticated
data analysis network before the results are sent to the
brain.  The active area of current research is to figure out
how this data analysis network operates.
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Figure 35
Amplitude of the motion of the basilar membrane at
different frequencies. (Adapted from Principles of
Neural Science Edited by E. R. Kandel and J. H.
Schwartz, Elsevier/North-Holland, p 263.)

Figure 36
Response of the basilar membrane to a moderately low
frequency driving force. (From Vander,A; Sherman,J;
and Luciano,D. Human Physiology, 4th edition, 1985,
P662. McGraw Hill Publishing Co., NY.)
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STRINGED INSTRUMENTS
The stringed instruments provide the clearest example
of how musical instruments function.  The only pos-
sible modes of oscillation of the string are those with
nodes at the ends, and we have seen that the frequencies
of these modes form a harmonic series   fn = nf1.   This
suggests that if we record the sound produced by a
stringed  instrument and take a Fourier transform to see
what harmonics are present in the sound, we can tell
from that what modes of oscillation were present in the
vibrating string.

This is essentially correct for the electric stringed
instruments like the electric guitar and electric violin.
Both of these instruments have a magnetic pickup that
detects the velocity of the string at the pickup, using the
same principle as the velocity detector we used in the
air cart experiments discussed earlier in this chapter.
The voltage signal from the magnetic pickup is then
amplified electronically and sent to a loudspeaker.
Thus the sound we hear is a fairly accurate representa-
tion of the motion of the string, and an analysis of that
sound should give us a good idea of which modes of
oscillation of the strings were excited.

The situation is different for the acoustic stringed
instruments, like the acoustic guitar used by folk sing-
ers, and the violin, viola, cello and base, found in
symphony orchestras.  In these instruments the vibra-
tion of the string does not produce that much sound
itself.  Instead, the vibrating string excites resonances
in the sound box of the instrument, and it is the sound
produced by the resonating sound box that we hear.  As
a result the quality of the sound from an acoustic string
instrument depends upon how the sound box was
constructed.  Subtle differences in the shape of the
sound box and the stiffness of the wood used in its
construction can lead to subtle differences in the har-
monics excited by the vibrating string.  The human ear
is so sensitive to these subtle differences that it can
easily tell the difference between a great instrument
like a 280 year old Stadivarius violin, and even the best
of the good instruments being made today.  (It may be
that it takes a couple of hundred years of aging for a very
good violin to become a great one.)

To demonstrate the difference between electric and
acoustic stringed instruments, and to illustrate how
Fourier analysis can be used to study these differences,
my daughter played the same note, using the same
bowing technique, on the open E string of both her
electric and her acoustic violins.  Using the same
microphone in the same setting to record both, we
obtained the results shown in Figure (37).

From Figure (37) we immediately see why acoustic
stringed instruments sound differently from their elec-
tric counterparts.  With the acoustic instruments you
get a far richer mixture of harmonics.  In the first trial,
labeled E(1) Electric Violin, the string was bowed so
that it produced a nearly pure 4th harmonic.  The sound
you hear corresponds to a pure tone of frequency
657.8/4 = 264 Hz.  The corresponding sound produced
by the acoustic violin has predominately the same 4th
harmonic, but a lot of the sound is spread through the
first 8 harmonics.

A number of recordings were made, so that we could
see how the sounds varied from one playing to the next.
The examples shown in Figure (37) are typical.  It is
clear in all cases that for this careful bowing a single
harmonic predominated in the electric violin while the
acoustic violin produced a mixture of the first eight.  It
is rather surprising that the ear hears all of these sounds
as representing the same note, but with a different
quality of sound.

We chose the violin for this comparison because by
using a bow, one can come much closer to exciting a
pure mode of vibration of the string.  We see this
explicitly in the E(1) Electric Violin example.  When
you pluck or strum a guitar, even if you pluck only one
string, you get a far more complex sound than you do
for the violin.  If you pluck a chord on an acoustic guitar,
you get a very complex sound.  It is the complexity of
the sound that gives the acoustic guitar a richness that
makes it so effective for accompanying the human
voice.

Figure 37
Comparison of the sound of an electric and an
acoustic violin. In each case the open E string was
bowed as similarly as possible. The electric violin
produces relatively pure tones. The interaction
between the string and the sound box of the acoustic
violin gives a much richer mixture of harmonics.
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E(2) Acoustic Violin

E(3) Acoustic Violin

E(1) Acoustic Violin

E(2) Electric Violin

E(1) Electric Violin

E(3) Electric Violin
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Recording the sound of an instrument and using Fou-
rier analysis can be an effective tool for studying
musical instruments, but care is required.  For example,
in comparing two instruments, start by choosing a
single note, and try to play the note the same way on
both instruments.  Make several recordings so that you
can tell whether any differences seen are due to the way
the note was played or due to the differences in the
instruments themselves.  With careful work, you can
learn a lot about the nature of the instrument.

In the 1970s, before we had personal computers, stu-
dents doing project work would analyze the sound
produced by instruments or the voice, using a time
sharing mainframe computer system to do the Fourier
analysis.  Hours of work were required to analyze a
single sound, but the results were so interesting that
they served as the incentive to develop the MacScope™
program when the Macintosh computer became avail-
able

I particularly remember an early project in which two
students compared the spinet piano, the upright piano
and the grand piano.  They recorded middle C played
on each of these pianos.  Middle C on the spinet
consisted of a wide band of harmonics.  From the
upright there were still a lot of harmonics, but the first,
third, and fifth began to predominate.  The grand piano
was very clean with essentially only the first, third, and
fifth present.  You could clearly see the effect of the
increase in the size of the musical instrument.

The same year, another student, Kelly White, took a
whale sound from the Judy Collins record Sound of the
Humpback Whales.  Listening to the record, the whale
sounds are kind of squeaky.  But when the sound was
analyzed, the results were strikingly similar to those of
the grand piano.  The analysis suggested that the whale
sounds were by an instrument as large as, or larger, than
a grand piano.  (The whale’s blowhole acts as an organ
pipe when the whale makes the sound.)

WIND INSTRUMENTS
While the string instruments are all based on the
oscillation of a string, the wind instruments, like the
organ, flute, trumpet, clarinet, saxophone, and glass
bottle, are all based on the oscillations of an air column.
Of these, the bottle is the most available for studying the
nature of the oscillations of an air column.

When you blow carefully across the top of a bottle, you
hear a sound with a very definite frequency.  Add a little
water to the bottle and the frequency of the note rises.
When you shortened the length of a string, the pitch
went up, thus it is not surprising that the pitch also goes
up when you shorten the length of the air column.

You might guess that the mode of vibration you set up
by blowing across the top of the bottle has a node at the
bottom of the bottle and an anti node at the top where
you are blowing.  For a sine wave the distance from a
node to the next anti node is 1/4 of a wavelength, thus
you might predict that the sound has a wavelength 4
times the height of the air column, and a frequency

  f =
vsound

λ =
vsound

4d
forλ = 4d (4)

This prediction is not quite right as you can quickly find
out by experimenting with various shaped bottles.  Add
water to different shaped bottles, adjusting the levels of
the water so that all the bottles have the same height air
columns.  When you blow across the top of the different
bottles, you will hear distinctly different notes, the
fatter bottles generally having lower frequencies than
the skinny ones.  Unlike the vibrating string, it is not just
the length of the column and the speed of the wave that
determine the frequency of oscillation, the shape of the
container also has a noticeable effect.

λ
4

Figure 38
Blowing across the top of
a bottle produces a note
whose wavelength is
approximately 4 times the
height of the air column.
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Despite this additional complexity, there is one com-
mon feature to the air columns encountered in musical
instruments.  They all have unique frequencies of
oscillation.  Even an organ pipe that is open at both
ends—a situation where you might think that the length
of the column is not well defined—the air column has
a precise set of frequencies.  The fussiness in defining
the length of the column does not fuzz out the sharpness
of the resonance of the column.

Organ pipes, with their straight sides, come closest to
the simple standing waves we have seen for a stretched
instrument string.  In all cases, the wave is excited at one
end by air passing over a sharp edge creating a turbulent
flow behind the edge.  This turbulence excites the air
column in much the same way that dragging a sticky
bow across a violin string excites the oscillation of the
string.

The various modes of oscillation of an air column in an
organ pipe are shown in Figure (39).  All have an anti
node at the end with sharp edges where the turbulence
excites the oscillation.  The open ended pipes shown in
Figure (39a) also have anti nodes at the open end, while
the closed pipes of Figure (39b) have a node at the far
end.  The pictures in Figure (39a) are a bit idealized, but
give a reasonably accurate picture of the shape of the
standing wave.  We can compensate for a lack of
accuracy of these pictures by saying, for example, that
the anti node of the open ended pipes lies somewhat
beyond the end of the pipe.

Exercise 1

(a) Find the formula for the wavelength  λn  of the nth
harmonic of the open ended pipes of Figure (39).

(b) Assuming that the frequencies of vibration are given
by     f(cycle/sec) =v(meter /sec) λ (meter /cycle)v(meter /sec) λ (meter /cycle)  where v
is the speed of sound, what is the formula for the allowed
frequencies of the open organ pipe of length L?

(c) What should be the length L of an open ended organ
pipe to produce a fundamental frequency of 440 cycles/
second, middle A?

(d) Repeat the calculations of parts a, b, and c for the
closed organ pipes of Figure (39).

(e) If you have the opportunity, find a real organ and
check the predictions you have made (or try the experi-
ment with bottles).

If you start with an organ pipe, and drill holes in the side,
essentially converting it into a flute or one of the other
wind instruments like a clarinet, you considerably alter
the shape and frequency of the modes of oscillation of
the air column.  As a first approximation you could say
that you create an anti node at the first open hole.  But
then when you play these instruments you can make
more subtle changes in the pitch by opening some holes
and closing others.  The actual patterns of oscillation
can become quite complex when there are open holes,
but the simple fact remains that, no matter how com-
plex the wave pattern, there is a precise set of resonant
frequencies of oscillation.  It is up to the maker of the
instrument to locate the holes in such a way that the
resonances have the desired frequencies.

a)

b)Figure 39
Modes of oscillation of an air column
in open and closed organ pipes.
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PERCUSSION INSTRUMENTS
We all know that the string and wind instruments
produce sound whose frequency we adjust to produce
melodies and chords.  But what about drums?  They
seem to just make noise.  Surprisingly, drumheads have
specific modes of oscillation with definite frequencies,
just as do vibrating strings and air columns.  But one
does not usually adjust the fundamental frequency of
oscillation of the drumhead, and the frequencies of the
higher modes of oscillation do not follow the harmonic
patterns of string and wind instruments.

To observe the standing wave patterns corresponding
to modes of vibration of a drumhead, we can drive the
drumhead at the resonant frequency of the oscillation
we wish to study.  It turns out to be a lot easier to drive

a drumhead at a precise frequency than it is to find the
normal modes of the coupled air cart system.

The experiment is illustrated in Figure (40).  The
apparatus consists of a hollow cardboard cylinder with
a rubber sheet stretched across one end to act as a
drumhead.  At the other end is a loudspeaker attached
to a signal generator.  When the frequency of the signal
generator is adjusted to the resonant frequency of one
of the normal modes of the drumhead, the drumhead
will start to vibrate in that mode of oscillation.

To observe the shape and motion of the drumhead in
one of its vibrational modes, we place a strobe light to
one side of the drumhead as shown.  If you adjust the
strobe to the same frequency as the normal mode
vibration, you can stop the motion and see the pattern.

strobe 
light

speaker

plywood frame

rubber
sheet

Figure 40
Studying the modes of oscillation of a drumhead.

Figure 41
Modes of oscillation of a drumhead. (Adapted from Vibration and Sound
by Phillip M. Morse, 2nd ed., McGraw-Hill, New York, 1948.)

a) b)

f )

c)

e)d)



16-23

Turn the frequency a bit off resonance, and you get a
slow motion moving picture of the motion of that
mode.

Some of the low frequency normal mode or standing
wave patterns of the drumhead are illustrated in Figure
(41).  In the lowest frequency mode, Figure (41a), the
entire center part of the drumhead moves up and down,
much like a guitar string in its lowest frequency mode.
In this pattern there are no nodes except at the rim of the
drumhead.

In the next lowest frequency mode, shown in Figure
(41b), one half the drumhead goes up while the other
half goes down, again much like the second harmonic
mode of the guitar string.  The full two dimensional
nature of the drumhead standing waves begins to
appear in the next mode of Figure (41c) where the
center goes up while the outside goes down.  Now we
have a circular node about half way out on the radius of
the drumhead.

As we go up in frequency, we observe more complex
patterns for the higher modes.  In Figure (41d) we see
a pattern that has a straight node like (41b) and a circular
node like (41c).  This divides the drumhead into 4
separate regions which oscillate opposite to each other.
Finer division of the drumhead into smaller regions can
be seen in Figures (41e) and (41f).  The frequencies of
the various modes are listed with each diagram.  You
can see that there is no obvious progression of frequen-
cies like the harmonic progression for the modes of a
stretched string.

When you strike a drumhead you excite a number of
modes at once and get a complex mixture of frequen-
cies.  However, you do have some control over the
modes you excite.  Bongo drum players, for example,
get different sounds depending upon where the drum is
struck.  Hitting the drum in the center tends to excite the
lowest mode of vibration and produces a lower fre-
quency sound.  Striking the drum near the edges excites
the higher harmonics, giving the drum a higher fre-
quency sound.

Even more complex than the modes of vibration of a
drumhead are those of the components of a violin. To
construct a successful violin, the front and back plates
of a violin must be tuned before assembly. Figure (42)
shows a violin backplate under construction, while
Figure (43) shows the first 6 modes of oscillation of a
completed backplate. Note again that the resonant
frequencies do not form a harmonic series.

Figure 42
Back plate of a violin
under construction. The
resonant frequencies are
tuned by carving away
wood from different
sections of the plate.

Figure 43
Modes of oscillation of the backplate made visible by holographic techniques. Quality violins
are made by tuning the frequencies of the various modes. (Figures 42 and 43 from “The
Acoustics of Violin Plates,” by Carleen Maley Hutchins, Scientific American, October 1981.)

116Hz 167Hz 222Hz 230Hz 349Hz 403Hz
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SOUND INTENSITY
One of the amazing features of the human eardrum is
its ability to handle an extreme range of intensities of
sound waves.  We define the intensity of a sound wave
as the amount of energy per second being carried by
a sound wave through a unit area.  In the MKS system
of units, this would be the number of joules per second
passing through an area of one square meter.  Since one
joule per second is a unit of power called a watt, the
MKS unit for sound intensity is watts per square meter.
The human ear is capable of detecting sound intensities
as faint as  10– 12watts /m2,  but can also handle inten-
sities as great as  1watt /m2  for a short time.  This is an
astounding range, a factor of  1012 in relative intensity.

The ear and brain handle this large range of intensities
by essentially using a logarithmic scale.  Imagine, for
example, you are to sit in front of a hi fi set playing a
pure tone, and you are told to mark off the volume
control in equal steps of loudness.  The first mark is
where you just barely hear the sound, and the final mark
is where the sound just begins to get painful.  Suppose
you are asked to divide this range of loudness into what
you perceive as 12 equal steps.  If you then measured
the intensity of the sound you would find that the
intensity of the sound increased by approximately a
factor of 10 after each step.  Using the faintest sound
you can hear as a standard, you would measure that the
sound was 10 times as intense at the end of the first step,
100 times as intense after the second step, 1000 times
at the third, and  1012  times as intense at the final step.

The idea that the intensity increases by a factor of 10 for
each equal step in loudness is what we mean by the
statement that the loudness is based on a logarithmic
scale.  We take the faintest sound we can hear, an
intensity  I0 = 10– 12watts/m2  as a basis.  At the first
setting  I = I0, at the second setting  I1 = 10 I0 , at the
3rd setting  I2 = 100 I0 , etc.  The factor  I/I0  by which
the intensity has increased is thus

 I0/I0 = 1 (I0 = 10– 12 watts/m2)
I1/I0 = 10
I2/I0 = 100
. . . . . . . .

I12/I0 = 1012 (5)

Taking the logarithm to the base 10 of these ratios gives

 Log10 I0/I0 = Log10 1 = 0

Log10 I1/I0 = Log10 10 = 1

Log10 I2/I0 = Log10 100 = 2

. . . . . . . .

Log10 I12/I0 = Log10 1012 = 12 (6)

Bells and Decibels
The scale of loudness defined as  Log10 I/I0  with

 I0 = 10–12watts/m2  is measured in bells, named after
Alexander Graham Bell, the inventor of the telephone.

  
loudness of a sound
measured in bells

≡ Log10
I
I0

I0 = 10–12watts/m2
(7)

From this equation, we see that the faintest sound we
can hear, at  I = I0, has a loudness of zero bells.  The
most intense one we can stand for a short while has a
loudness of 12 bells.  All other audible sounds fall in the
range from 0 to 12 bells.

It turns out that the bell is too large a unit to be
convenient for engineering applications.  Instead one
usually uses a unit called the decibel (db) which is
1/10 of a bell.  Since there are 10 decibels in a bell, the
formula for the loudness ββ , in decibels, is

  
β decibels = 10 db Log10

I
I0

(8)

On this scale, the loudness of sounds range from 0
decibels for the faintest sound we can hear, up to 120

decibels (   10 × 12  bells) for the loudest sounds we can
tolerate.
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The average loudness of some of the common or well
known sounds is given in Table 1.

Table 1   Various Sound Levels in db
threshold of hearing 0
rustling leaves 10
whisper at 1 meter 20
city street, no traffic 30
quiet office 40
office, classroom 50
normal conversation at 1 meter 60
busy traffic 70
average factory 80
jack hammer at 1 meter 90
old subway train 100
rock band 120
jet engine at 50 meters 130
Saturn rocket at 50 meters 200

An increase in loudness of 10 db corresponds to an
increase of 1 bell, or an increase of intensity by a factor
of 10.  A rock band at 110 db is some 100 times as
intense (2 factors of 10) as a jack hammer at 90 db.  A
Saturn rocket is about  1020  times as intense as the
faintest sound we can hear.

Our sensitivity to sound depends not only to the inten-
sity of the sound, but also to the frequency.  About the
lowest frequency note one can hear, and still perceive
as being sound, is about 20 cycles/second.  As you get
older, the highest frequencies you can hear decreases
from around 20,000 cycles/sec for children, to 15,000
Hz for young adults to under 10,000 Hz for older
people.  If you listen to too much, too loud rock music,
you can also decrease your ability to hear high fre-
quency sounds.

Figure (44) is a graph of the average range of sound
levels for the human ear.  The faintest sounds we can
detect are in the vicinity of 4000 Hz, while any sound
over 120 db is almost uniformly painful.  The fre-
quency ranges and sound levels usually encountered in
music are also shown.
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Figure 44
Average range of sound
levels for the human ear.
Only the very young can
hear sound frequencies up
to 20,000 Hz. (Adapted
from Fundamental
Physics by Halliday and
Resnick, John Wiley &
Sons.)
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Sound Meters
Laboratory experiments involving the intensity or loud-
ness of sound are far more difficult to carry out than
those involving frequencies like the Fourier analysis
experiments already discussed.  From the output of any
reasonably good microphone, you can obtain a rela-
tively good picture of the frequencies involved in a
sound wave.  But how would you go about determining
the intensity of a sound from the microphone output?
(There are commercial sound meters which have a
scale that shows the ambient sound intensity in deci-
bels.  Such devices are often owned by zoning boards
for checking that some factory or other noise source
does not exceed the level set by the local zoning
ordinance, often around 45 db.  The point of our
question is, how would you calibrate such a device if
you were to build one?)

The energy in a wave is generally proportional to the
square of the amplitude of the wave.  A sound wave can
be viewed as oscillating pressure variations in the air,
and the energy in a sound wave turns out to be propor-
tional to the square of the amplitude of the pressure
variations.  The output of a microphone is more or less
proportional to the amplitude of the pressure varia-
tions, thus we expect that the intensity of a sound wave
should be more or less proportional to the square of the
voltage output of the microphone.  However, there is a
great variation in the sensitivity of different micro-
phones, and in the amplifier circuits used to produce
reasonable signals.  Thus any microphone that you
wish to use for measuring sound intensities has to be
calibrated in some way.

Perhaps the easiest way to begin to calibrate a micro-
phone for measuring sound intensities is to use the fact
that very little sound energy is lost as sound travels out
through space.  Suppose you had a speaker radiating
100 watts of sound energy, and for simplicity let us
assume that the speaker radiates uniformly in all direc-
tions and that there are no nearby walls.

If we are 1 meter from this speaker, all the sound energy
is passing out through a 1 meter radius sphere centered
on the speaker. Since the area of a sphere is   4πr2 , this
1 meter radius sphere has an area of   4πmeters2,  and the
average intensity of sound at this 1 meter distance must
be

  average intensity of
sound 1 meter from
a 100 watt speaker

= 100 watts
4π meters2

= 8.0 watts
meters2

(9)

If we wish to convert this number to decibels, we get

  
β sound intensity 1 meter

from a 100 watt speaker

= 10 db Log
I
I0

= 10 db Log10
8.0 watts / m2

10–12 watts / m2

= 10 db ×Log10 8 × 1012

= 10 db × 12.9

= 129 db (10)

From our earlier discussion we see that this exceeds the
threshold of pain.  One meter from a 100 watt speaker
is too close for our ears.  But we could place a
microphone there and measure the amplitude of the
signal output for our first calibration point.
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Move the speaker back to a distance of 10 meters and
the area that the sound energy has to pass through
increases by a factor of 100 since the area of a sphere
is proportional to  r2.  Thus as the same 100 watts passes
through this 100 times larger area, the intensity drops
to 1/100 of its value at 1 meter.  At a distance of 10
meters the intensity is thus  8/100 = .08 watts/m2  and
the loudness level is

  
β 10 meters from a

100 watt speaker

= 10 db Log10
.08 watts / m2

10–12 watts / m2

= 109 db (11)

We see  that when the intensity drops by a factor of 100,
it drops by 20 db or 2 bells.

To calibrate your sound meter, record the amplitude of
the signal on your microphone at this 10 meter distance,
then set the microphone back to a distance of 1 meter,
and cut the power to the speaker until the microphone
reads the same value as it did when you recorded 100
watts at 10 meters.  Now you know that the speaker is
emitting only 1/100th as much power, or 1 watt.
Repeating this process, you should be able to calibrate
a fair range of intensities for the microphone signal.  If
you get down to the point where you can just hear the
sound, you could take that as your value of  I0, which
should presumably be close to  I0 = 10– 12watts/m2 .
Then calibrate everything in db and you have built a
loudness meter.  (The zoning board, however, might
not accept your meter as a standard for legal purposes.)

Exercise 2

What is the loudness, in db, 5 meters from a 20 watt
speaker?   (Assume that the sound is radiated uniformly
in all directions).

Exercise 3

You are playing a monophonic record on your stereo
system when one of your speakers cuts out.  How many
db did the loudness drop?  (Assume that the intensity
dropped in half when the speaker died.  Surprisingly
you can answer this question without knowing how loud
the stereo was in the first place.  The answer is that the
loudness dropped by 3 db).

Speaker Curves
When you buy a hi fi loudspeaker, you may be given a
frequency response curve like that in Figure (45), for
your new speaker.  What the curve measures is the
intensity of sound, at a standard distance, for a standard
amount of power input at different frequencies.  It is a
fairly common industry standard to say that the fre-
quency response is “flat” over the frequency range
where the intensity does not fall more than 3 db from its
average high value.  In Figure (45), the response of that
speaker, with the woofer turned on, is more or less
“flat” from 62 Hz up to 30,000 Hz.

Why the 3 db cutoff was chosen, can be seen in the
result of Exercise 3.  There you saw that if you reduce
the intensity of the sound by half, the loudness drops
by 3 db.  This is only 3/120 (or 1/36) of our total hearing
range, not too disturbing a variation in what is supposed
to be a flat response of the speaker.
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Figure 45
Speaker response curve from a recent audio magazine.
The dashed line shows the response when the woofer is
turned off.  (We added the dotted lines at + and – 3 db.)
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APPENDIX A
FOURIER ANALYSIS LECTURE
In our discussion of Fourier Analysis, we saw that
any wave form can be constructed by adding to-
gether a series of sine and cosine waves.  You can
think of the Fourier transform as a mathematical
prism which breaks up a sound wave into its various
wavelengths or frequencies, just as a light prism
breaks up a beam of white light into its various colors
or wavelengths.  In MacScope, the computer does
the calculations for us, figuring out how much of
each component sine wave is contained in the sound
wave.  The point of this lecture is to give you a
feeling for how these calculations are done.  The
basic ideas are easy, only the detailed calculations
that the computer does would be hard for us to do.

Square Wave
In Figure A-1 we show a MacScope window for a
square wave produced by a Hewlett Packard oscilla-
tor.

We have selected precisely one cycle of the wave, and
see that the even harmonics are missing.  A careful
investigation shows that the amplitude of the Nth odd
harmonic is 1/N as big as the first (e.g., the 3rd
harmonic is 1/3 as big as the first, etc.).  Thus the
mathematical formula for a square wave F(t)  can be
written:

  F(t)  =   (1)sin(t)  +  (1/3)sin(3t)  +  (1/5)sin(5t)
              +  (1/7)sin(7t)  ...

where, for now, we are assuming that the period of the
wave is precisely 2π seconds.  The coefficients (1),
(1/3), (1/5), (1/7), which tell us how much of each sine
wave is present, are called the Fourier coefficients.
Our goal is to calculate these coefficients.

Calculating Fourier Coefficients
In general we cannot construct an arbitrary wave out of
just sine waves, because sine waves, sin(t), sin(2t), etc.,
all have a value 0 at t = 0 and at t = 2π.  If our wave is
not zero at the beginning (t = 0) of our selected period,
or not zero at the end (t = 2π), then we must also include
cosine waves which have a value 1 at those points.
Thus the general formula for breaking an arbitrary
repetitive wave into sine and cosine waves is:

 F(t) = A0 + A1cos(1t) + A2cos(2t)

+ A3cos(3t) + ...

+ B1sin(1t) + B2sin(2t)

+ B3sin(3t) + ... (A-1)

The question is: How do we find the coefficients
 A0, A1, A2, B1, B2  etc. in Equation (A1)?  (These are

the Fourier coefficients.)

To see how we can determine the Fourier coefficients,
let us take an explicit example.  Suppose we wish to find
the coefficient  B3, representing the amount of sin(3t)
present in the wave.  We can find  B3 by first multiplying
Equation (1) through by sin(3t) to get:

Figure A-1
The square wave has only odd harmonics.
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 F(t) sin(3t) = A0sin(3t)

+ A1cos(1t) sin(3t)

+ A2cos(2t) sin(3t)

+ A3cos(3t) sin(3t)

+ ...
+ B1sin(1t) sin(3t)

+ B2sin(2t) sin(3t)

+ B3sin(3t) sin(3t)

+ ...

At first it looks like we have created a real mess.  We
have a lot of products like cos(t)sin(3t), sin(t)sin(3t),
sin(3t)sin(3t), etc.  To see what these products look like,
we plotted them using True BASIC™  and obtained
the results shown in Figure (A2) (on the next page).

Notice that in all of the plots involving sin(3t), the
product   sin(3t)sin(3t) = sin2(3t) is special;  it is the
only one that is always positive.  (It has to be since it is
a square.)  A careful investigation shows that, in all the
other non square terms, there is as much negative area
as positive area, as indicated by the two different
shadings in Figure (A3).  If we define the “net area”
under a curve as the positive area minus the negative
area, then only the sin(3t)sin(3t) term on the right side
of the Equation A-2 has a net area.

The mathematical symbol for finding the net area
under a curve (in the interval t = 0 to t = 2π) is:

  Area under
sin(3t)sin(3t)
from t = 0
to t = 2π

= sin(3t)sin(3t)dt
0

2π

(A-3)

(Those who have had calculus say we are taking the
integral of the term sin(3t)sin(3t).)

A basic rule learned in algebra is that if we do the
same thing to both sides of an equation, the sides will
still be equal.  This is also true if we do something as
peculiar as evaluating the net area under the curves
on both sides of an equation.

If we take the net area under the curves on the right side
of Equation A-2, only the  sin2(3t)term survives and
we get:

  
F(t)sin(3t)dt

0

2π
= B3 sin2(3t)dt

0

2π
(A-4)

In Figure (A4), we have replotted the curve  sin2(3t),
and drawn a line at height y = .5.  We see that the peaks
above the y = .5 line could be flipped over to fill in the
valleys below the y = .5 line.  Thus  sin2(3t) in the
interval t = 0 to t = 2π has a net area equal to that of a
rectangle of height .5 and length 2π.  I.e., the net area
is π:

  
sin2(3t)dt

0

2π
= π (A-5)

positive area

negative
area

0–1 2π

sin(1t) sin(3t)
1

0
rectangle area = .5 2π = π

(Crests above .5 just fill
in the troughs below .5.)

0–1 2π

sin(3t) sin(3t)
1

.5

0

Figure A-3
Only the square terms  such as sin(3t)sin(3t)
have a net area. This curve has no net area.

Figure A-4
The area under the curve   sin2(3t)  is equal to
the area of a rectangle .5 high by 2ππ long.

(A-2)
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Figure A-2
Product wave patterns.
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0
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0
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0
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0
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Substituting Equation A-5 in Equation A-4 and solving
for the Fourier coefficient  B3  gives:

  
B3 =

1
π

F(t)sin(3t)dt
0

2π
(A-6)

Similar arguments show that the general formulas for
the Fourier coefficients  An and Bn are:

  
An =

1
π

F(t)cos(nt)dt
0

2π
(A-7)

  
Bn =

1
π

F(t)sin(nt)dt
0

2π
(A-8)

These integrals, which were nearly impossible to do
before computers, are now easily performed even on
small personal computers. Thus the computer has
made Fourier analysis a practical experimental tool.

Amplitude and Phase
Instead of writing the Fourier series as a sum of separate
sine and cosine waves,  it is often more convenient to
use amplitudes and phases.  The basic formula we use
is **

Acos(t) + Bsin(t)  =  Ccos(t – φ ) (A-9)

where

C    =  amplitude

C2  =  A2 + B2

φ   =  phase

tan(φ )  =  B/A

The function cos(t – φ ) is illustrated in Figure (A-5).
We see that  C is the amplitude of the wave, and the
phase angle φ  is the amount the wave has been moved
to the right.  (When t = 0,  cos(t – φ )  =  cos(– φ ).) With
Equation A-9, we can rewrite equation A-1 in the form:

  F(t) = C0 + C1cos( t – φ1)

+ C2cos(2t – φ2)

+ C3cos(3t – φ3)

+ ... (A-10)

The advantage of Equation A-10 is that the coeffi-
cients C represent how much of each wave is present,
and sometimes we do not care about the phase angle
φ .  For example our ears are not particularly sensi-
tive to the phase of the harmonics in a musical note,
thus the tonal quality of a musical instrument is
determined almost entirely by the amplitudes  C  of
the harmonics the instrument produces.

φ
B

C

A

Figure A-5
The function    cos(t– φφ) . When    φφ = 90°°
you get a sine wave.

0–1 2π

cos(t – φ)

when t = φ, 
cos(t – φ) = cos(φ – φ) = cos(0) = 1

1

0

φ

  ** Start with
cos(x–y) = cos(x)×cos(y) + sin(x)×sin(y)

Let x = t, y = φ, and multiply through by C to get
Ccos(t–φ) = {Ccos(φ)}cos(t) + {Csin(φ)}sin(t)

This is Equation A–9 if we set
A = {Ccos(φ)}; B = {Csin(φ)}

Thus tanφ = sinφ/cosφ = B/A



16-32  Fourier Analysis, Normal Modes and Sound

In the Fourier transform plots we have shown so far, the
graph of the harmonics has been representing the
amplitudes C.  If you wish to see a plot of the phases φ ,
then press the button labeled ø as shown, and you get
the result seen in Figure(A-6).  In that figure we are
looking at the phases of the odd harmonic sine waves
that make up a square wave.  Since

sin(t)   =   cos(t - 90°)

all the sine waves should have a phase shift of 90°.

If for any reason, you need accurate values of the
Fourier coefficients, they become available if you
press the FFT Data button to get the results shown
in Figure (A-7).  When you do this, the Editor
window is filled with a text file containing the A, B
coefficients accurate to 3 or 4 significant figures.

Figure A-6
When you press the ø button, the Fourier
Transform display shifts from amplitudes to
phases.  Since  the square wave is made up of
pure odd harmonic sine waves, each odd
harmonic should have a 90 degree or

   ππ /2 phase shift.

Figure A-7
For greater numerical accuracy, you can press
the FFT Data button. This gives you a text file
with the A, B coefficients given to four places.
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Amplitude and Intensity
An experiment that has become possible with Mac-
Scope, is to have students compare the Fourier
transform of a multiple slit grating with the diffrac-
tion pattern produced by a laser beam passing through
that grating.  For example, in Figure (A-8) we have
taken the transform of a 3-slit grating.  In this case,
the 3-slit “pattern” was made simply by turning a 2
volt power supply on and off.  We are now working
on ways for students to record the slit pattern di-
rectly.

The problem with Figure (A-8) is that the Fourier
transform of the slits gives the amplitude of the
diffraction pattern, while in the lab one measures the
intensity of the diffraction pattern.  The intensity of
a light wave is proportional to the square of its
amplitude.

In order that students can compare a slit Fourier
transform with an experimental diffraction pattern,
we have designed MacScope so that one more press
on the ø button takes us from a display of phases to
intensities.  Explicitly, the ø button cycles from
amplitudes to phases to intensities.  In Figure (A-9)
we have clicked over to intensities, and this pattern
may be directly compared with the intensity of the
3-slit diffraction pattern seen in lab.

(The Fourier transform of the diffraction pattern
amplitude should give the slit pattern.  Unfortu-
nately, if you take the Fourier transform of the
experimental diffraction pattern, you are taking the
transform of the intensity, or square, of the ampli-
tude.  What you get, as Chris Levey of our depart-
ment demonstrated, is the convolution of the slit
pattern with itself.)

Figure A-8
Amplitude.  The Fourier transform of a 3-slit pattern
gives the amplitude of the diffraction pattern that
would be produced by a laser beam passing through
these slits.  (Selecting the data to give wider slits would
correspond to using a different wavelength laser beam.)

Figure A-9
Intensity.  In the lab, you see the intensity of
the diffraction pattern.  MacScope will display
the intensity of the Fourier transform if you
click one more time on the ø button.
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APPENDIX B
INSIDE THE COCHLEA
In Figure (32), our simplified unwound view of the
cochlea, we show only the basilar membrane separated
by two fluid channels (the scala vestibuli which starts
at the oval window, and the scala tympani which ends
at the round window).  That there is much more
structure in the cochlea is seen in the cochlea cross
section of Figure (B-1).  The purpose of this additional
structure is to detect the motion of the basilar mem-
brane in a way that is sensitive to the harmonic content
of the incoming sound wave.

Recall that when the basilar membrane is excited by a
sinusoidal oscillation, the maximum amplitude of the
response of the basilar membrane is located at a posi-
tion that depends upon the frequency of the oscillation.

As seen in Figure (35), the lower the frequency, the
farther down the membrane the maximum amplitude
occurs.  Along the top of the basilar membrane is a
system of hair cells that detects the motion of the
membrane and sends the needed information to the
brain.

Figure (B-2a) is a close up view of the hair cells that sit
atop of the basilar membrane.  (There are about 30,000
hair cells in the human ear.)  Above the hair cells is
another membrane called the tectorial membrane which
is hinged on the left hand side of that figure.  Fine hairs
go from the top of each hair cell up to the tectorial
membrane as shown.  When the basilar membrane is
deflected by an incoming sound wave the hairs are bent
as shown in Figure (B-2b).  It is the bending of the hairs
that triggers an electrical impulse in the hair cell.

Figure (B-3) is a mechanical model of how the bending
of the hairs creates the electrical impulse.  The fluid in
the cochlea duct surrounding the hair cells has a high
concentration of positive potassium ions (  k+).  The

Figure B-1
Cross section of the cochlea. (From Vander,A; Sherman,J;
and Luciano,D. Human Physiology, 4th edition, 1985, P662.
McGraw Hill Publishing Co., NY.)

Figure 32 (repeated)
The cochlea unwound.
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Figure 35 (repeated)
Amplitude of the motion of the basilar
membrane at different frequencies, as
we go down the basilar membrane.
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Figure B-3
Model of the valves at the
base of the hair cells.
(From Shepard,G.M.,
Neurobiology, 3rd Edition,
1994, P316. Oxford Univ.
Press.)

Figure B-2 a,b
When the basilar membrane is deflected by a sound wave, the hair cells are bent. This opens a
valve at the base of the hair call. (Figures 2 & 4 adapted from Kandel, E; Schwartz, J; and Jessell, T;
Principles of Neural Science, 3rd Edition, 1991; pages 486 and 489.)

bending of the hair cell opens small channels allowing
potassium ions to flow into the hair cell.  This flow of
positive charge into the cell changes the electrical
potential of the cell, triggering reactions that will
eventually result in an electrical impulse in the nerve
fiber that is connected to the hair cell.

After the channel at the top of the hair cell closes, the
excess potassium is pumped out of the hair cell, and the
cell returns to its normal resting voltage, ready to fire
again.

There are various ways that a hair cell can transmit
frequency information to the nervous system.  One is
by its location down the basilar membrane.  The lower
the frequency of the sound wave, the farther down the
membrane an oscillation of the membrane takes place.
Thus high frequency waves excite cells at the front of
the basilar membrane, while low frequency oscilla-
tions excite cells at the back end.

Secondly, hair calls in a given area show special
sensitivities to different frequencies. Figure (B-4) shows

the amplitude, in db, of the sound wave required to
excite a nerve fiber connected to that particular region
of hair cells.  You can see that the nerve is most sensitive
to a  2 killocycle (2kHz) frequency.  At 2 kHz, that nerve
fires when excited by a 15 db sound wave. It is not
excited by a 4 kHz wave until the sound intensity rises
to 80 db.

Ultimately the exquisite sensitivity of the human ear to
different frequency components in a sound wave re-
sults from the fact that there are about 30,000 hair cells
continuously monitoring the motion of the basilar
membrane. Effective processing of this vast amount of
information leads to the needed sensitivity.  Much of
this processing of information occurs in the nervous
system in the ear, before the information is sent to the
brain.
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Figure B-4
Frequency dependence.
A much lower amplitude
sound will excite this
nerve fiber at 2kHz than
any other frequency.
Different nerve fibers
connected to the hair
cells have different
frequency dependence.
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CHAPTER 17 ATOMS, MOLECULES AND ATOMIC
PROCESSES

Our knowledge of atoms comes not from looking
through microscopes, but instead from the study of
chemical reactions, the measurement of the physical
properties of substances, and the bombardment of
materials with x-rays and other particles.  This study
essentially began with John Dalton’s construction of
the first periodic table in 1808.  Other milestones were
Thomson’s discovery of the electron in 1895,
Rutherford’s discovery of the atomic nucleus in 1912,
Neils Bohr’s model of the hydrogen atom in 1913, and
the discovery of the rules of quantum mechanics in the
mid 1920s.

To extract the basic laws of mechanics from the variety
and confusion of the world around us required looking
at matters on a large scale, looking out at the moon and
planets whose motion is regular,  periodic, and easier
to understand.  In this and the next two chapters we take
a similarly large leap to the small scale of distance
where simplicity and periodic behavior again allow us
to gain insight into the working of nature.  Here we find
the world of atoms and their constituent particles, a
world in which we observe the basic forces and par-
ticles ultimately responsible for the variety about us.

The jump down to the small scale of atoms is compa-
rable to the jump out  from the study of projectile motion
in the lab to the analysis of satellite orbits.  Imagine, for
example, that we could enlarge the golf balls used in
our strobe labs to the size of the earth.  The same
enlargement of a hydrogen atom would give us an
object about the size of a golf ball.

Only with the development of the new generation of
microscopes in the late 1980s has it become possible to
see and work with individual atoms.  Figure (1) is the
first atomic sized logo consisting of xenon atoms on a
background of nickel, made by scientists at the IBM
Research Laboratories in 1990.  But despite great
improvements in seeing and working with individual
atoms, the images we now get are still fuzzy and we are
restricted to looking at atoms in solid structures, atoms
that do not move around.

Figure 1
Thirty five xenon atoms were dragged across a nickel
surface to form the letters IBM. (D. M. Eigler & E. K.
Schweizer, Nature, 5 April 1990.)

Chapter 17
Atoms, Molecules
and Atomic Processes
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MOLECULES
Atoms attract each other to form molecules, like the
water molecule H

2
0 sketched in Figure (2).  It was from

x-ray studies of ice, the crystalline form of water, that
we know the distance from the center of the oxygen
atom to the center of a hydrogen atom is   .958 × 10– 8 cm
and that the hydrogen atoms are spread out at an angle
of 104.5 degrees as shown.

X-ray studies of large biological molecules began in
the late 1950s.  For example, myoglobin is a substance
found in muscle tissue.  The myoglobin molecule
contains over 2500 atoms, mostly carbon, hydrogen,
oxygen, nitrogen, and one iron atom.  For determining
the precise structure of the myoglobin molecule from
x-rays of crystals of myoglobin, John Kendrew and
Max Peritz received the 1963 Nobel Prize in chemistry.
Their model of the molecule is shown in Figure (3).

Recent advances in computer modeling now provide
detailed views of numerous kinds of molecules. An
example is Figure (4) showing  the cholera toxin B-
subunit.

Figure 4
Computer model of the cholera
toxin B-subunit. (Courtesy of
Argonne National Laboratory.)

Figure 2
The water molecule  H2 O .  We know the precise
location of the centers of the three atoms.

oxygen
atom

hydrogen 
atom

104.5°

0.958 X 10    cm– 8 



17-3

Figure 3
Model of the myoglobin molecule.  (Photograph courtesy of J.C. Kendrew and H.C. Watson.)
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ATOMIC PROCESSES
The myoglobin molecule provides a hint of the com-
plex structures that can be formed from atoms, a
complexity we wish to avoid in this chapter by concen-
trating on basic, simpler atomic processes.  To help
illustrate these processes, we have illustrated in Figures
(5) through (11) a set of sketches drawn on the black-
board by Richard Feynman and copied to his book of
introductory physics lectures.  Such simple sketches,
full of information, were characteristic of Feynman’s
style.

In the first three Figures (5, 6, and 7) we have views of
three forms of matter made from water molecules,
namely ice, water and steam.  In the form of ice, the
water molecules fit into a hexagonal structure with a
hole in the center, as seen in Figures (5a,b).  When
water freezes to form snowflakes, the hexagonal struc-
ture repeats and we get a six sided symmetry seen in all
snowflakes, examples of which is shown in Figure
(5c).

When ice melts to form water, shown in Figure (6), the
rigid structure of ice disappears and the water mol-
ecules can now slide past each other.  In addition the
holes in the hexagonal structure fill in with the result
that water is more dense than ice.  That is why ice floats
in water.

The third form of water is steam, shown in Figure (7).
In the gaseous state the water molecules move freely
about, interacting only when they collide with each
other.  The picture of steam is more or less what we
would see if we could look at the steam emerging from
a teakettle on an atomic scale.  The separation of the
molecules is on the average about 10 times the diameter
of a water molecule.  As a result, the steam is about 1000
times less dense than liquid water.  The transition from
water to steam, either by evaporation or by boiling,
involves a competition between molecular forces and
thermal forces. We will discuss that competition shortly.

Figure 5a
Ball and stick model of an ice crystal.

oxygen hydrogen

Figure 5b
Sketch of the arrangement of the
water molecules in an ice crystal.

Figure 5c
Snowflakes reflect the 6-sided structure
of the ice crystal.
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Some atomic processes are illustrated in Figures (8)
through (10).  Figure (8) is what you might see in a
snapshot of the surface of a glass of water.  On our scale
of distance, such a surface looks quiet, but on an atomic
scale it is an active place with molecules continually
entering and leaving the water.  Evaporation occurs if
more water molecules leave the water than return.  If
you put a cover over the glass, the concentration of
water molecules in the air above the water builds up to
the point where just as many water molecules return as
leave, and the level of the water stops dropping.  We
would then say that the evaporation has ceased.

In Figure (9) we see what happens to a block of carbon
when it is heated in an atmosphere of oxygen.  By
themselves oxygen atoms combine in pairs to form O

2

or oxygen molecules, and carbon atoms attract each

other to form solids like diamond, graphite, soot, or
Buckeyballs (soccerball shaped structures of carbon).
But there is a greater attraction between a carbon and an
oxygen atom than between two carbon or two oxygen
atoms.  If the carbon and oxygen are heated, the various
atoms bounce into each other at high speeds, the old
structures break apart and molecules of carbon monox-
ide  and carbon dioxide  are formed.  Energy
is released in the process in the form of heat and light,
and we say that the carbon is burning.

Figure 7
Steam.

oxygen nitrogenhydrogen

oxygen carbon

Figure 9
Carbon burning in oxygen.

Figure 8
Water evaporating in air.

Figure 6
Water magnified a billion times.
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The process of salt dissolving in water is illustrated in
Figure (10).  Table salt is a stable crystal structure made
from sodium and chlorine atoms.  Strong electric forces
hold these atoms together in the crystal.  But let water
molecules come into contact with the salt crystal, and
the water molecules work their way in between the
sodium and chlorine atoms, allowing these atoms to
move freely and independently throughout the water.

One of our favorite sketches is Figure (11), the odor of
violets.  Many of our common experiences have a
simple origin on an atomic scale.

THERMAL MOTION
What we have not been able to display in the sketches
of atomic processes is the constant juggling of the
atoms and molecules.  This juggling, which we will call
thermal motion, becomes more intense as a substance
becomes warmer and can cause major changes in the
structure of matter.  When ice is warmed to above the
melting point, the juggling or thermal motion breaks up
the rigid structure of the ice crystal, allowing the water
molecules to slide past each other to form liquid water.
With more heating, the thermal motion can increase to
the point that the water molecules fly apart.

Surprisingly this thermal motion can be seen on a
considerably larger scale than the scale of atoms.  In
1827, the botanist Robert Brown observed that tiny
pollen particles in water, when seen through a micro-
scope, moved around in a juggling, random fashion.
Wondering whether these particles were alive and
swimming, Brown studied these and other small par-
ticles in circumstances where nothing should be alive,
and concluded that this random motion, now called
Brownian motion, had nothing to do with life, but was
related to the motion of the molecules.

With a laser, microscope and TV camera, it is easy to
set up a demonstration of the Brownian motion of
cigarette smoke particles in air.  The apparatus, shown
in Figure (12a), consists of a small cavity between two
microscopic slides, into which we inject smoke through
a small tube.

chlorine sodiumFigure 10
Salt dissolving in water.

oxygen

nitrogen

carbon

hydrogen

water

Figure 11
Odor of violets.

Figure 12a
Brownian Motion.  A small cavity, made from
microscope slides is filled with cigarette smoke,  is
illuminated from the side by a laser beam and viewed
from above by a microscope and TV camera.

microscope
slides

smoke-filled
cavity

laser
beam

microscope
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Once inside the cavity the smoke is illuminated from
the side by a laser beam.  Through the microscope,
whose image can be displayed using a TV camera, we
clearly see the illuminated smoke particles moving
around in a relatively slow jagged motion. Figure (12b)
is one minute movie showing the motion of the smoke
particles.

In Figure (12c), a student recorded the motion of a
single smoke particle for 38 TV frames. Although we
may think of smoke particles as being small, they are
huge compared to the air molecules in which they are
immersed.  Smoke particles have a mass many orders
of magnitude larger than that of the air molecules.  Yet
the motion we see is caused by the constant bombard-
ment of these huge particles by the air molecules.

At first you might believe that if a large particle were
constantly bombarded on all sides by billions of tiny
particles the effect of the collisions would cancel out
and the big particle would just sit there.  But it turns out
that if the collisions are random, then fluctuations in the
collisions will cause the large particle to move around
with the jerky motion we see in the Brownian motion
demonstration.  What is more remarkable, the average
kinetic energy of the smoke particles, as they wander
about, is the same as the average kinetic energy of the
air molecules bombarding them.

The air molecules themselves are not all the same; air
is mostly nitrogen and oxygen, some carbon dioxide
and water, and smaller amounts of other gases and
pollutants.  It turns out that each species of molecule in
the air has precisely the same average kinetic energy
due to thermal motion.  As a result, the oxygen mol-
ecules, for example, having a slightly greater mass than
the nitrogen molecules, must have a slightly smaller
average speed in order that the average kinetic energy

 1/2 mv2 be the same.  The smoke particles, with their
huge masses, have a much slower average speed than
the air molecules.  The air molecules move at roughly
the speed of sound in air, while the smoke particles
move slowly enough for us to see and follow them on
the TV screen.

Figure 12c
Brownian motion of a smoke particle. This is the result
of a student project by Lisa Stigler, where the motion of
a smoke particle was recorded by a TV camera using
the apparatus of Figure (12a).  (We cannot use this plot
to estimate the average speed of the smoke particles,
because the smoke particle undergoes many collisions
between TV frames. However this plot does illustrate
the random walk nature of the motion of the particle.
One feature of a random walk, that may be observable
from plots like this, is that the average distance from
the starting point should be proportional to the square
root of the elapsed time.)
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Figure 12b
First frame of a one minute movie showing the
brownian motion of smoke particles. The frames
are 1/15 of a second apart in this movie. (Click
on the image to see the movie. Press the “esc”
button to close the movie. )
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THERMAL EQUILIBRIUM
If you place a hot cup of coffee and a cold glass of milk
on the table and leave the room for several hours, when
you return the coffee and the milk are both at room
temperature.  We say that the coffee, the milk, and the
air in the room are in thermal equilibrium.  A faster way
to reach thermal equilibrium, at least between the
coffee and the milk, is to pour the milk into the coffee
and stir.

On an atomic scale, what does it mean to say that the
molecules of the coffee and those of the milk are in
thermal equilibrium?  We obtain a hint from our
discussion of Brownian motion.  The cigarette smoke
represents a well stirred mixture of smoke particles and
air molecules.  These should therefore be in thermal
equilibrium, just as the well stirred molecules in the
coffee and milk.  In the case of Brownian motion, the
smoke particles and the air molecules had the same
average thermal kinetic energy.  We expect that the
same may be true for the molecules in the mixture of
coffee and milk.

It is an almost general rule that when two objects are in
thermal equilibrium, the molecules that make up these
objects have the same average thermal kinetic energy.
When we first placed a hot cup of coffee and a cold cup
of milk on the table, the molecules in the coffee had a
greater average kinetic energy, and the molecules in the
milk a lesser average kinetic energy, than the mol-
ecules in the air.  But after a few hours, the coffee
molecules slowed down and the milk molecules speeded
up until all three sets of molecules, coffee, milk, and air
attained the same average kinetic energy.

The process of reaching thermal equilibrium is usually
a result of random collisions between molecules.  If a
fast molecule collides with a slow one, chances are that
the slow one will speed up and the fast one will slow
down.  It requires a detailed analysis, which we will not
attempt, to show that if the collisions are random, they
tend to equalize the kinetic energy of the particles.

Exercise 1
If we know the relative masses of the molecules in air,
and know the average speed of one of the species, we
can use the fact that all species of particles  have the
same average kinetic energy, in order to calculate the
average speed of the other particles.  It turns out that if
we have a sample of air at room temperature (27° C), the
average speed of the nitrogen molecule is 483 meters/
sec.  (We will calculate this number shortly.)

Using the mass of a hydrogen atom as a standard mass
of 1, the mass of a nitrogen molecule is 28, and an
oxygen molecule 32.  (These are often called the
molecular weights of the molecules).  In Table 1 we
have listed various constituents of the cigarette smoke,
the relative mass of the particles, and the average
thermal speed of two of the species.  Use the fact that
all the species have the same average kinetic energy to
fill in the table of average speeds.  (We gave you the
speed of helium so that you could check your calcula-
tions.)

Particle Symbol Mass* Speed**
Hydrogen  molecule  H2  2.0 ...
Helium atom He  4.0 1370 m/sec
Water molecule H

2
0 18.0 ...

Nitrogen molecule N
2

28.0 518 m/sec
Oxygen molecule 0

2
32.0 ...

Carbon Dioxide CO
2

44.0 ...
Smoke particle  1010

* Mass relative  to Hydrogen atom
** Average speed at room temperature

Table 1
Particles involved in the Brownian motion
demonstration. Fill in the column for average
speed, using the fact that these particles have
the same average kinetic energy.
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TEMPERATURE
If there is any scientific concept familiar to everybody,
it is the concept of temperature.  All of our lives we have
been poked with thermometers and listened to weather
forecasts about tomorrow’s temperature.  How is that
quantity, measured by various kinds of thermometers,
related to the atomic processes we have been discuss-
ing?

Most thermometers are a black art which depends upon
such properties as the thermal expansion of mercury or
alcohol, the stiffness of a spring, or the color changes
of a material, etc.  There is, however, one kind of a
thermometer whose function can be understood from
a simple molecular picture.  That is the ideal gas
thermometer which we will discuss shortly.  We will
see that for an ideal gas thermometer, the temperature
reading is proportional to the average thermal kinetic
energy of the gas molecules in the thermometer.

When you measure the temperature of an object, you
have to wait until the thermometer and the object are in
thermal equilibrium.  (You wait until the reading on the
thermometer in your mouth stops changing.)  When in
thermal equilibrium, the molecules of the object and
those of the thermometer have the same average ther-
mal kinetic energy.  If we are using an ideal gas
thermometer, the reading is proportional to this aver-
age kinetic energy.  Thus if we use an ideal gas
thermometer as an experimental definition of tempera-
ture, we are effectively defining temperature as being
proportional to the average thermal kinetic energy of
the molecules.

Absolute Zero
An immediate consequence of temperature being re-
lated to thermal kinetic energy, is that there must be a
lowest possible temperature.  When the thermal kinetic
energy is gone, you cannot go any lower in tempera-
ture.  It thus seems reasonable to define an absolute zero
of temperature as the state where the molecules have no
thermal kinetic energy, and choose a temperature scale
that starts at this absolute zero and goes up proportion-
ally to the thermal kinetic energy.

However, as you approach absolute zero, as you try to
remove the last vestiges of thermal kinetic energy,
nature has a surprise in store.  No matter what you do,
there is some unremovable kinetic energy left.  One of
the basic predictions of quantum mechanics is that a
confined particle cannot have zero kinetic energy, and
the closer the confinement the more kinetic energy it
has to have.  A molecule in a liquid or a solid is confined
to the small volume bounded by its neighbors, and
therefore cannot have a kinetic energy less than that
required for that volume.

The unremovable kinetic energy is called zero point
energy.  This energy is so small that for most sub-
stances it is not noticeable unless you carry out spe-
cially designed experiments to detect it.  However, zero
point energy shows up clearly in the case of liquid
helium.  All substances except helium freeze when
cooled to a sufficiently low temperature.  We can
remove enough kinetic energy from the molecules so
that they settle into a solid structure.  But the molecular
force between helium atoms is so weak that the zero
point kinetic energy alone is enough to keep helium a
liquid.  You cannot freeze helium by cooling alone, you
must also subject it to high pressures.

The existence of zero point energy suggests that we will
encounter problems with the definition of temperature
as we approach absolute zero.  Suppose, for example,
we have two substances with different zero point
energies in thermal equilibrium.  If the temperature is
so low that any thermal kinetic energy is much less than
the zero point energies, then we have a situation in
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which molecules with different vibrational kinetic
energies are in thermal equilibrium.  If we insist that
two substances in thermal equilibrium are at the same
temperature, then we can no longer say that tempera-
ture is proportional to the vibrational kinetic energy of
the molecules.

The ideal gas thermometer does not get us out of this
problem because it does not work at very low tempera-
tures.  Before the zero point energies become impor-
tant, any gas we use in an ideal gas thermometer
becomes liquid or solid and we no longer have an ideal
gas as a working substance.

In the next chapter on entropy and the second law of
thermodynamics, we will discuss the consequences of
the basic idea that order does not naturally arise from
disorder.  In that discussion we will describe a method
of defining temperature that applies to all temperature
ranges.  This thermodynamic definition of temperature
is consistent with the ideal gas thermometer over the
range that ideal gas thermometers operate, but also
correctly describes temperatures near absolute zero
where we have to deal with zero point energy.

Temperature Scales
For the rest of this chapter, we will put aside any worries
about zero point energy, and simply assume that the
temperature of an object is proportional to the average
thermal kinetic energy of the molecules in the object,
and that absolute zero is where no thermal kinetic
energy remains.

From this point of view, the simplest way to define a
temperature scale is to equate the temperature with the
average thermal kinetic energy, and measure tempera-
ture in energy units such as ergs as shown in Figure
(13).  But you probably have not heard anyone describe
temperature in ergs, and for good reason.  Telling your
doctor that you are running a fever of   6.4423 × 10– 14,
an increase of   23 × 10– 18 over normal could be a bit
hard to explain when you are sick.   It is much easier to
say that you have a temperature of 100° F or about 38°
C.  Ergs are too awkward a unit for most purposes.

Historically, thermometers were invented and tem-
perature scales established long before the relation
between temperature and the average kinetic energy of
molecules became known.  Throughout the world the
most widely used temperature scale is the Centigrade
scale, where the temperature of melting ice is arbi-
trarily set at 0° C (zero degrees Centigrade), and the

7.72 x 10     ergs

5.65 x 10     ergs

0  ergs absolute zero
helium becomes liquid

nitrogen becomes liquid
(liquid air)

dry ice

ice melts

normal temperature (98.6° F)

water boils

– 14

– 14

average kinetic energy
of gas molecules

ergs absolute
(Kelvin)

Centigrade Fahrenheit

7.72 x
10     ergs– 14

5.65 x
10     ergs– 14

373° K

273° K

100° C

0° C

212° F

32° F

0 ergs 0° K – 273° C – 459° F

boiling point

freezing point

absolute zero

Figure 13b
Comparison of various temperature scales.

Figure 13a
Temperature scale in ergs.
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boiling of water at 100° C.  Commonly, changes in
temperature are measured with a mercury thermom-
eter.  This device registers temperature changes when
the mercury in a thin glass column expands or contacts.
On the Centigrade scale, the distance between 0° C and
100° C is marked into 100 equally spaced smaller
intervals which we call degrees.

A less arbitrary scale is the Kelvin or absolute scale,
which measures temperature in Centigrade size de-
grees beginning at absolute zero.  Using the absolute
scale, we find that helium boils at 4 degrees Kelvin, ice
melts at 273 degrees Kelvin and water boils at 373
degrees Kelvin.  A comparison of various temperature
scales (ergs, degrees Kelvin, degrees Centigrade, and
degrees Fahrenheit) is shown in Figure (13b).

Those who define standard nomenclature for physical
quantities have decided, in their great wisdom, that the
word “degrees” shall be omitted when talking about
temperature in degrees Kelvin.  Thus we should say
that helium boils at 4 kelvins or 4K, ice melts at 273
kelvins or 273K, and the temperature difference be-
tween melting ice and boiling water is 100 kelvins or
100K.  At least this nomenclature is easy to say and
should not be confusing when you get used to it.  We
do not feel the same way about all recent changes in
nomenclature.

The conversion from one temperature scale to another
is a relatively straightforward process.  If you went to
an American school, somewhere along the way you
were taught how to convert from Fahrenheit to Centi-
grade degrees.  You do not need to worry about that
because we will not be using the obsolete Fahrenheit
scale.  But we will often want to convert from the
absolute scale to the energy units, ergs or joules.  The
conversion is written in the somewhat peculiar form

 
average kinetic energy

of gas molecules
in ergs or joules

=
3
2

kT (1)

where T is the temperature in kelvins, and the conver-
sion factor k, known as Boltzman’s constant has the
numerical value

  
Boltzman's
constant k

= 1.38 × 10– 16 ergs
kelvin

(2)

If you are using MKS units, the value of k is
  1.38 × 10– 23 joules/kelvin .

The important feature of Equation 1 is that the average
kinetic energy of the molecules is proportional to the
absolute temperature measured in kelvins.  We have
written the proportionality constant as 3/2 k, putting in
the numerical factor of 3/2 to get rid of a factor 2/3, as
you will see shortly.  Basically, think of Boltzman’s
constant as the conversion factor to go from tempera-
ture units to energy units or vice versa.

Exercise 2
Use Equation 1 to calculate the temperature of melting
ice in ergs.  Compare your answer with the result in
Figure (13).

Exercise 3
What would be the temperature in Kelvins of a gas if the
particles in the gas had an average kinetic energy of 1
erg?

Exercise 4
In Exercise 1 we said that the average speed of nitrogen
molecules at room temperature was 518 meters/sec,
and asked you to use that result to calculate the average
speed of the other molecules and particles in the
cigarette smoke.  Now you are to calculate the speed of
the nitrogen molecules using the fact that their average
kinetic energy is 3/2 kT.

It is traditional to take room temperature as 300K = 27°
C.  Assume that a nitrogen molecule is 28 times as
massive as a hydrogen atom, whose mass is essentially
the same as a proton, or   1.67 × 10– 24 grams.  See if you
get the answer of 518 meters/sec.
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Figure 14
Interaction of two atoms via a Leonard Jones
potential (f).  When the atoms have an equilibrium
separation (d), their potential energy of interaction is
a minimum, and we can visualize one of the atoms as
sitting at the bottom of the potential energy well.  If
the separation either increases or decreases, there is a
force back toward equilibrium.  The repulsion quickly
builds up if you try to shove the atoms together, and
the attraction dies rapidly after the atoms become
separated by about one atomic diameter.

MOLECULAR FORCES
Much of the behavior of matter we see as we look
around us is the result of a competition between mo-
lecular forces holding atoms together and thermal
motion tending to pull them apart.  Molecular forces
can be subtle enough to form objects as complex as the
myoglobin molecule.  Yet knowing just some of the
basic features of molecular forces is enough to provide
an insight into processes like evaporation, osmotic

pressure, elasticity of rubber, and the behavior of an
ideal gas.  At the end of Chapter 19 we will discuss the
so-called Leonard Jones potential as a model for
molecular forces.  That model is far more detailed than
we need for our current discussion.  All we need to
know now is reviewed in Figure (14).

In Figure (14a), where the atoms are about an atomic
diameter apart,  the attractive molecular force between
the two atoms is less than one percent of its maximum
value.  The point is that unless the atoms are very close
together, within an atomic diameter of each other,
molecular forces are negligible.  This is why atoms in
a gas  often act as independent free particles.  In the air
we breath, the average spacing of atoms is about ten
molecular diameters, so that molecular forces play no
role except when molecules collide.

When atoms get closer than an atomic diameter, the
attractive molecular force increases rapidly, reaching a
maximum at a separation at about one tenth of an
atomic diameter as shown in Figure (14c).  Then the
force rapidly drops to zero at the spacing shown in
Figure (14d).  When the force is zero, this is the
equilibrium distance which determines the size of the
atom in a chunk of matter.  Effectively we can say that
when the atoms are at their equilibrium separation, they
are just touching, as we drew them in Figure (14d).

Try to shove the atoms closer together than the equilib-
rium position, and you encounter a repulsive force that
builds very rapidly, much faster than the attractive
force increases as you pull the atoms apart.  This
repulsion makes atoms behave as hard, nearly incom-
pressible spherical objects.  This repulsive force is
often referred to as the repulsive core of the atom.

In Figure (14f) we have sketched the potential energy
corresponding to the molecular force.  As you can see
the potential energy forms a well with the bottom at the
equilibrium position.  When two atoms form a mol-
ecule, like hydrogen (  H2 ), oxygen (  O2 ) or nitrogen
(  N2 ), you can picture one of the atoms as sitting in the
potential well created by the other, and vice versa.  We
only have to think about one of the atoms, for the same
thing is happening to the other.
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The advantage of the potential energy diagram is that
it allows us to think of atomic processes in terms of the
energy involved.  The distance from the zero of poten-
tial energy down to the bottom of the well is the binding
energy of the molecule as indicated in Figure (16).  This
is the energy required to pull a molecule apart, starting
with the atoms in their equilibrium position.

We have seen that the average thermal kinetic energy
of an atom or molecule is 3/2 kT where k is Boltzman’s
constant and T the temperature in Kelvins.  If the
thermal kinetic energy is much less than the binding
energy of the molecule, as we have shown in Figure
(16), then the atom can move back and forth around the
bottom of the potential well but not climb out.

From the depth and shape of the potential well one can
deduce general features of the behavior of matter, such
as why solids and liquids expand when heated.  But
before we look at such fine details, there is much to
understand about atomic processes just from the fact
that there is an attractive molecular force with a repul-
sive core.  We will look at these more general features
first and then return to the details we see in Figure (16).

equilibrium
separation

parabolic energy
well of spring force

bottom of Leonard Jones 
potential energy well

Leonard Jones
potential

parabolic
approximation
of spring force

equilibrium
separation

a)  Comparison of the Leonard Jones potential and the
     parabolic potential of a spring force.

b)  Modeling the molecular force as a spring force. As long
     as the atom stays near the equilibrium position, the 
     Leonard Jones force and the spring force are equivalent.

Figure 15
Physics and chemistry texts often picture molecules
with spring forces between the atoms.  At first this
may seem to be a highly unrealistic picture.  But
when you carefully compare the spring potential
energy and the Leonard Jones potential energy right
near the equilibrium position, the two curves have
the same shape.  Thus the spring force is a good
model as long as the atoms stay near their
equilibrium positions.

potential 
energy of
molecular force

binding 
energy of 
molecule

3/2 kT

Figure 16
Binding energy.  If an atom is in its equilibrium
position, we can think of it as sitting at the bottom
of its potential energy well.  To remove the atom
from the molecule, we have to lift it out of the well.
Thus the binding energy is the depth of the well.  If
the atom has a thermal kinetic energy 3/2 kT, and
this thermal energy is less than the binding energy,
the molecule should stay together.

If the atom is sitting at rest at the bottom of its potential
well, it is at its equilibrium position shown in Figure
(14d).  If the atom moves either way, in or out, it is
subject to a restoring force pushing it back to the
equilibrium position.  If it does not move too far from
its equilibrium position, the restoring force is very
similar to the restoring force of a spring at equilibrium,
as indicated in Figure (15).  That is why one can often
quite accurately picture molecular forces as spring
forces between atoms.
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Evaporation
Simple features of molecular forces lead to a reason-
able understanding of the transition from a liquid to a
gaseous state, the process of evaporation.  We start with
a picture of a liquid as a collection of molecules that all
attract each other, can move around past each other, but
are nearly incompressible because the repulsive core in
the molecular force prevents atoms from being squeezed
into each other.  The incompressibility of water can be
seen from the fact that water in the deepest parts of the
ocean, where the pressures are some 800 times atmo-
spheric pressure, is only about 3% denser than the
water at the surface.

A molecule in a liquid is free to move around because
of its thermal kinetic energy and because there is
essentially no net force on it.  Although attracted to all
of its neighbors, the neighbors surround the molecule
as shown in Figure (17), and the net force is zero.

The situation is different for a molecule on the surface
as shown in Figure (18).  Such a molecule has neigh-
bors only to the sides and below.  If we try to lift such
a molecule out of the surface, there will be a net force
exerted by all of the molecules beneath it, pulling the
molecule back in.  To extract a molecule from the

surface requires that you do work against these attrac-
tive forces.  The amount of work required to extract a
molecule from the surface depends upon the type of
liquid and the temperature of the liquid, but some
energy is required as long as the surface exists.

Example 2
To estimate the amount of energy required to extract a
water molecule from the surface of water, we note that
to boil 1 gram of water requires   2.25 × 1010 ergs of
energy.  Since there are   3.3 × 1022 molecules in 1 gram
of water, this represents an energy of   7 × 10–13 ergs per
molecule.  Some of the energy you supply goes into
displacing the air above the water to make room for the
steam, but most of it goes into supplying the energy
each molecule needs to escape water at 100° C (373K).

Exercise 5
(a) What is the average kinetic energy of a molecule at
a temperature of 373K?

(b) Is this enough energy for an average water molecule
to escape through the surface of the water?

(c) At what temperature does the thermal kinetic energy
equal to the   7 × 10–13 ergs needed to escape?

(b)
Figure 18
A molecule on the surface is attracted to its neighbors
beneath it.  To pull a molecule out of the surface, you
have to overcome these forces.  As a result it takes
energy to remove a molecule from the liquid.  This
surface force is often referred to as surface tension.

Figure 17
A molecule in the interior of a liquid is attracted by
all its neighbors which surround it.  As a result the
net force is zero and the molecule is free to move
about through the liquid.
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If you worked Exercise 6, you realize that the aver-
age molecule, even in boiling water, does not have
nearly enough thermal kinetic energy to escape
through the surface.  Yet even at room temperature
water evaporates; even at these lower temperatures
some molecules escape through the surface.  The
reason is that, while 3/2 kT is the average thermal
kinetic energy of the molecules, some molecules
have more kinetic energy than average, some less.
Some have so much more kinetic energy than aver-
age that they can escape.

The rate of evaporation depends very much on the
distribution of thermal kinetic energies.  At a given
temperature T what fraction of the molecules have a
kinetic energy sufficiently far above average to be
able to escape?  It turns out that for a substance in
thermal equilibrium, there is a precise formula for
the distribution of thermal kinetic energies, a for-
mula known as the Boltzman distribution which we
discuss in Chapter 22.  For now we will not go into
that much detail.  Instead, we will simply recognize
that some molecules are hotter than average, some
colder than average, and that it is the very hottest
ones that have enough energy to escape.

If it is the hot molecules that escape during evapora-
tion, then the cooler ones must be left behind and
evaporation must be a cooling process.  There must,
however, be a net loss of molecules from the surface
for cooling to occur.  As we noted at the beginning
of the chapter, the surface of water is a dynamic
place where water molecules are continually leaving
and returning.  A returning water molecule, even if
relatively cool when in the air above the water, gains
as much kinetic energy when it reenters the water as
the hot molecule lost when escaping.  Thus reenter-
ing molecules become hot when they get back in the
water, and thus the returning or condensation of
water molecules is a warming process.

Whether you get evaporation or condensation de-
pends upon the number of water molecules in the air
above the water.  If you cover a glass of water with
a dish, soon the number of water molecules in the air
in the glass builds up to the point that there is a
balance between molecules leaving and molecules
entering the liquid surface.  When this balance is
achieved, evaporation ceases and we say that the air
above the water is at 100% relative humidity.  In
order to get cooling from evaporation, the relative
humidity of the air must be less than 100%.

The human body uses evaporation for cooling which
is effective on a hot, dry day but not on a humid one.
When the relative humidity approaches 100% there
is no net loss of water molecules and no cooling.
Incidentally, you blow on soup to cool it, not neces-
sarily because your breath is cooler than the soup,
but because you are replacing the moist air over the
soup with drier air so that more evaporation can take
place.
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PRESSURE
When you try to compress a liquid, you are trying to
shove the atoms into each other which is very difficult
to do because of the repulsive core of the molecular
force.  It is also hard to compress a gas—try blowing air
into a soda bottle.  But when you compress air you are
not squeezing air molecules together, you are not trying
to overcome a molecular force at all.  The air that you
breathe is mostly empty space, the separation of air
molecules being about 10 molecular diameters.  There
is a completely different explanation for why it is
difficult to compress a gas, why a gas exerts a pressure
that you must overcome to compress it.

One of the simplest demonstrations of the pressure
exerted by a gas is provided by a rubber balloon.  When
you blow up a balloon, the rubber of the balloon is
trying to compress the gas, force it down to a smaller
volume.  The molecules of the gas exert an outward
force on the rubber, preventing it from collapsing.  This
outward force is caused by the collisions of the gas
molecules with the rubber, as illustrated in Figure (19).
Whenever an air molecule strikes and bounces off of
the rubber, there is a net transfer of outward directed
linear momentum to the rubber.  Since the collisions are
occurring continually, there is a continual transfer of
momentum to the rubber, which, according to Newton’s
second law  F = dp/dt, means that the molecules exert
a force on the rubber.  On the average, the direction of
momentum transfer is outward, perpendicular to the
surface of the rubber.  Thus the force exerted by the gas
molecules is also perpendicular to the surface.

The total force exerted on some part of the balloon
depends upon the area of the balloon we are talking
about.  We can simplify the discussion by talking about
the force on a unit area of the balloon surface, and give
that force the special name pressure.  We know that
force is a vector quantity, but the force that a gas exerts
on a surface is always directed perpendicular to the
surface, no matter what orientation the surface has.

Figure 19b
Balloon placed on liquid nitrogen. If you cool the air
molecules inside the balloon, they do not strike the
rubber as hard, exert less of a force, and the balloon
collapses. In the final picture, there is only a puddle
of liquid air inside.

Figure 19a
The air molecules bouncing off the inside surface of
the balloon, transfer an outward directed momentum to
the rubber. The average momentum per second
transferred by these collisions is the average force the
molecules exert on a section of the balloon surface.
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Thus we can let the word “pressure” stand for the
magnitude of the force on a unit area, and determine the
direction of the force from the orientation of the sur-
face.

 

pressure
of a gas

=
magnitude of the force
exerted by the gas on a
unit area of surface

(3)

In the case of a gas inside a balloon, it is clear that the
behavior of the gas molecules is more or less the same
throughout the balloon.  As a result, the pressure should
be essentially the same on all surface areas of the
balloon.  Instead of using the word “pressure” to merely
describe the force on surfaces of the balloon, we can say
that the pressure is in the gas itself.  Once you know the
pressure of the gas, you can then calculate the force the
gas exerts on some particular surface by multiplying
the pressure times the area of the surface, and noting
that the force is directed perpendicular to the surface.

The pressure of the gas, the force the gas molecules
exert on a surface, depends upon how fast the mol-
ecules are moving when they hit the surface.  The faster
their average speed, the greater the force and pressure.
Since the motion of the molecules is thermal motion,
whose average kinetic energy is 3/2 kT, the average
speed and pressure must increase with temperature.  If
you heat the balloon, the gas pressure increases and the
balloon expands.  If you cool it, it contracts.

An excellent demonstration of the dependence of air
pressure on temperature is to place a balloon in a bucket
of liquid nitrogen, as shown in Figure (19b).  A
common Styrofoam ice bucket makes an excellent
container for liquid nitrogen for this demonstration.
When you place the balloon on the surface of the liquid
nitrogen, the balloon sits there for a while, and then
begins to shrink as the air molecules cool down.  The
shrinking continues until the balloon collapses and all
you have inside is a puddle of liquid air.  Now any
further contraction of the balloon would require squeez-
ing the air molecules themselves together which is
opposed by the repulsive core of the molecular forces.
In a sense, the collapse of the cooling gas in the balloon
was halted by molecular forces.

If you take the balloon out of the liquid nitrogen, the air
inside warms up and the balloon expands again to its
original volume.  Remarkably, a typical balloon can
undergo this cycle a number of times without breaking.

Stellar Evolution
The balloon has features in common with our sun.  The
sun is not the solid object it appears. Abetter model is
that the sun is a  bag of gas, somewhat like a balloon, but
with the constraining force of the rubber replaced by
gravity.  The sun looks like it has a distinct surface, but
that is an illusion created by the fact that the gas
molecules in the sun, which are mostly hydrogen,
become ionized and opaque at temperatures in excess
of 3000 Kelvins.  As you go down into the sun, the
temperature of the gas increases.  The distance at which
it reaches 3000 Kelvins, the gas changes from transpar-
ent to opaque and that is what we see as the surface of
the sun.

For the past five billion years, the sun has gotten energy
from the conversion of hydrogen nuclei to helium
nuclei.  And there is another five billion years worth of
hydrogen left before the sun runs out of fuel.  At that
point the sun will do something spectacular. It will
expand so that the earth will be orbiting near the sun’s
surface.  (We discuss this process in more detail in
Chapter 20.)  But eventually the sun will settle down
and begin to cool off.

As the sun cools, it will contract very much like the
balloon in our demonstration.  And like the balloon, the
collapse will be halted when the atoms are so close
together that the repulsive core of the molecular forces
prevents further contraction.  At that point the sun will
have become what is called a white dwarf, an object
about the size of the earth slowly cooling until it
becomes a dark ember.

If the sun were just a bit bigger, about 1.4 times its
current mass, the gravitational collapse would not be
halted by the molecular forces between atoms.  That is
the mass at which gravity is strong enough to crush the
atoms together, to overcome the atomic repulsive
cores, with the result that you end up with a neutron star.
That is also a topic we discuss in Chapter 20.
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THE IDEAL GAS LAW
We have discussed the picture of how the repeated
collisions of the gas molecules inside a balloon exert an
outward force on the rubber, and how, if we raise the
temperature, the molecules travel faster, strike harder,
and exert a greater force.  We will now, with a fairly
simple derivation, obtain an explicit relation between
the temperature of the molecules and the force they
exert, a relationship known as the ideal gas law.

There are many ways to derive the ideal gas law,
depending upon what assumptions you are willing to
make about averaging over molecular speeds.  The less
you are willing to assume, the harder the derivation is.
But there is one rather surprising feature of all the
derivations.  They all give the same correct answer.
The usual procedure in textbooks is to make the deri-
vation as complex as students will tolerate, apologize
for or hide the approximations, and announce that the
answer is correct.  What we will do is present the
simplest derivation we can find that gives the right
answer.  When an argument looks too simple to be true,
but gives the right answer, that means that you may
have extracted an important basic feature from a com-
plex situation.

The Ideal Piston
While a balloon is a very practical container for gas, the
curved surfaces make it a bit difficult to use for theoreti-
cal analysis.  Instead we will, more or less as a thought
experiment, use an idealized device called the friction-
less piston.  Figure (20) is a diagram of a frictionless
piston in a cylinder of cross-sectional area A.  In the
cylinder is a gas -- like air at room temperature.  The gas
molecules are bouncing around, colliding with the
walls of the cylinder and the face of the piston.  Because
of the collisions, the gas molecules exert a force on the
piston, and because the piston is frictionless, we must
exert an oppositely directed force F, as shown, to keep

the cylinder from expanding.  We are assuming that
there is no gas behind the piston, so that only the force
F keeps the gas from expanding.

We know that the force F exerted by the gas increases
with temperature because the balloon expanded when
we heated it.  We also know that the average thermal
kinetic energy of the gas molecules increases as 3/2 kT
as the temperature rises.  What we wish to do now is
relate these observations to obtain a formula for how
the force F depends upon the temperature T.

To relate F to T we start with the simplest possible
model of the gas in the cylinder, namely a gas consist-
ing of one molecule, bouncing back and forth at a speed
v, as shown in Figure (21).  Each time the molecule
strikes and bounces off the piston, its momentum
changes by 2mv.  Since linear momentum is conserved
during the collision, the piston picks up an outward, x-
directed, linear momentum of magnitude 2mv as a
result of the collision.  (Remember problem 7-5, where
two skaters on frictionless ice were tossing a ball back
and forth.  When one of the skaters caught the ball, she
picked up the ball’s momentum mv.  When she threw
the ball back, she recoiled, picking up an additional mv
of momentum.  As a result she picked up 2mv of
momentum with each catch and toss.)

If we designate by   ∆p  the magnitude of the x-directed
linear momentum that the piston gains from each
collision we have

   momentum
transferred
per collision

∆p = 2mv (4)

The momentum   ∆p = 2mv  is transferred to the pis-
ton each time the molecule comes back and strikes the
piston.  If  ∆ t is the time between collisions, then the
amount of momentum transferred per second is   ∆p/∆t .

area A F

Figure 20
Frictionless cylinder in a piston.  Picture the force that
the gas molecules exert on the piston as being
counterbalanced by an external force F  as shown.

m

v

x

z

y

x

Figure 21
Analysis of a one molecule gas.
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Since, in this approximation, all the molecules have the
same speed v, then the factor  1/2mv2  in Equation 8
must be the average thermal kinetic energy of the
molecules.  Replacing  1/2mv2  by 3/2 kT gives

   F N molecule
gas = 2

3
N × 3

2
kT (9)

Now you see why the factor of 3/2 was inserted into the
formula 3/2 kT for the average thermal kinetic energy.
The 3/2 cancels the 2/3 that appeared in Equation 9, and
we get

  F N molecule
gas = N kT (10)

We are almost finished.  Equation 10, despite our
approximations, is the correct formula for the force
exerted by a gas of N molecules at a temperature T.  The
only problem with Equation 10 is the explicit depen-
dence on the length  of the cylinder.  We can remove
this explicit dependence by expressing the force on the
cylinder in terms of the pressure P of the gas.

In our earlier discussion, we said that the pressure of a
gas inside a balloon was equal to the force per unit area
exerted by the gas on the surface of the balloon (Equa-
tion 3).  If we have a gas at pressure P in a cylinder of
cross-sectional area A, as shown in Figures (20) and
(21), then the force exerted on the piston, whose area is
A, must be

  F = PA pressure
times area (11)

Substituting Equation 11 for F in Equation 10, and
multiplying through by the cylinder length  , gives

 P A = N kT (12)

The final step is to note that  A , the area of the cylinder
times its length, is the volume V of the cylinder.  Thus
we get

  PV = NkT ideal gas law (13)

Equation 13 is known as the ideal gas law.  Despite the
approximations we used to derive it, it is accurate as
long as the particles in the gas are separated enough that
one can neglect the molecular forces between particles.
To express this another way, any gas that obeys Equa-
tion 13 is known as an ideal gas.  To a very high degree
of accuracy, the air around us behaves as an ideal gas.

Using Newton’s second law, in the form  F = dp/dt , we
see that this rate of transfer of linear momentum   ∆p/∆t
is just the average force F that the molecule is exerting
on the piston

   average force
exerted by
molecule
on piston

F = ∆p
∆ t

average rate
of momentum
transferred
to the piston

(5)

To calculate the time ∆ t between collisions, note that
if the distance from the end of the cylinder to the piston
is , and the molecule is traveling at a speed v, it covers
the distance down and back, 2 , in a time

  ∆t = 2 cm
v cm/sec

= 2
v sec (6)

With Equation (4) for   ∆p  and (6) for  ∆t in (5), we get,
for the average force F exerted by this one molecule of
gas

  F =
∆p
∆t

= 2mv
2 /v

= mv2
(7)

Note the appearance of  mv2  in Equation 7.  We are
already beginning to see a connection between the
molecule’s kinetic energy and the force it exerts.

If you could actually set up a one molecule, one
dimensional, gas like that shown in Figure (21), Equa-
tion 7 would accurately describe the average force of
that gas on the piston.  No approximations have been
made yet.  The approximations enter when we go to a
gas of N molecules, moving in three dimensions, at
various speeds.  The simplest, most outrageous ap-
proximation we can make is that all of the molecules
have the same speed v, and that 1/3 of them are
bouncing back and forth in the x-direction, 1/3 in and
out in the y-direction, and 1/3 up and down in the z-
direction.  Such a gas with N/3 molecules bouncing
back and forth, would exert a force N/3 times as great
as our one molecule gas in Figure (21)

   F N molecule
gas = N

3
F 1 molecule

gas

= N
3

mv2

= 2
3

× N × 1
2

mv2 (8)
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Ideal Gas Thermometer
The ideal gas law, PV = NkT, incorporates such laws
as Boyle’s law and Charle’s law which you may have
encountered in an introductory chemistry course.  One
can construct numerous examples and homework prob-
lems applying this law.  What we will do for our first
application is to describe the ideal gas thermometer
which we will use, at least for now, as our experimental
definition of temperature.

An example of an ideal gas thermometer is shown in
Figure (22).  The glass tube and the plug of mercury
come about as close as you can get to a cylinder with a
frictionless piston.  You can make one of these devices
by sealing a glass tube at the bottom, pouring some
mercury in, evacuating most of the air above the
mercury, and sealing the top of the tube.  If the tube is
fairly small, when you turn the tube over, the mercury

plug will slide down until it sits on the remaining air.
There will be a vacuum above the plug.  How high the
plug rides depends upon the length  of the mercury
plug and how much gas you left in the tube before
sealing it.

We can use the ideal gas law to predict how the height
of the plug varies with the temperature of the gas in the
tube.  When we do this, we obtain a messy looking
formula with factors like the density ρ of the mercury,
the number N of air molecules in the tube, the area A of
the tube, the acceleration g due to gravity and Boltzman’s
constant k.  But when we take another look at the result
we see that most of the factors are constants, and the
height h of the air column turns out to be strictly
proportional to the temperature T of the gas in the tube.
Let us see how this all works out.

Rewriting the ideal gas law as an equation for the
temperature T of the gas molecules, we get

 T = PV
N k

= PhA
Nk

(14)

where V = hA is the volume occupied by the air which
is in a column of height h and area A.  The mercury plug
of length  riding on top of the gas, exerts a gravitational
force mg on the gas, where the mass m of the mercury
is equal to the mercury’s density ρ times its volume  A.
Thus

  weight of
mercury
column

= mg = ρ Ag (15)

The force mg is the total force exerted by the mercury
column on the air.  The force per unit area, which must
equal the pressure of the gas if the plug is balanced on
the gas is

   pressure of gas
beneath a plug
of mercury
of length

P =
mg
A =

ρ Ag
A = ρ g (16)

Equation 16 will turn out to be useful in other experi-
ments, for it tells us how to measure the pressure of a gas
in terms of the height  of a mercury plug that the gas
can support.

h

vacuum

mercury
plug

air

glass tube

Figure 22
Ideal gas thermometer.  If we heat the gas beneath
the mercury plug, the gas expands raising the plug.
If we have an ideal gas, then the height of the plug
depends only on the temperature of the gas and not
the kind of gas we used.
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Using Equation 16 in 14, we get the desired result

  
T = PhA

Nk
=

ρ gA
Nk

h = χh (17)

where   χ = ρ gA/Nk  is a collection of constants.  The
basic result is that the gas temperature T is strictly
proportional to the height h of the air column.

To use an ideal gas thermometer, we do not need to
evaluate the constants in the formula for χ .  Instead
immerse the thermometer in ice water and mark the
bottom of the plug 0°C.  Then put the thermometer in
boiling water and mark that 100°C.  Mark off the
distance between 0°C and 100°C in 100 equally spaced
intervals and you have a centigrade thermometer.

The fascinating feature of an ideal gas thermometer is
that you can quickly determine the temperature at
which the gas volume should go to zero, the tempera-
ture we have called absolute zero.  On a sheet of graph
paper, mark off a temperature scale on the bottom that
runs backwards  from 100° C to 0° C and goes on out
quite away into negative temperatures.  On the vertical
axis plot the height h of the air column.  For this plot,

you have only 2 experimental points, the height at 0° C
and at 100° C.  Connect these two points by a straight
line (that is what the formula T =   χh  says you should
do), and you find that h goes to zero at a temperature of
– 273° C.  That is all there is to it!

From our discussion of molecular forces, you can see
that any ideal gas thermometer you actually build
has to fail before you get to absolute zero.  At some
point as you cool the air in the thermometer, you end
up with a puddle of liquid air as we did in the balloon
demonstration.  Even before the air becomes liquid,
the spacing between the air molecules is reduced to
the point where the molecular forces between air
molecules becomes important.  The attractive mo-
lecular forces reduce the pressure of the gas, the gas
no longer obeys the ideal gas law, and we cannot
believe the readings of the thermometer.  This prob-
lem can be put off by using helium gas that remains
a gas down to a temperature of 4 kelvins, but that’s
the limit.  To work at temperatures closer to absolute
zero you need a different experimental definition of
temperature, like the thermodynamic definition we
discuss in Chapter 18.

Height of
air column

Height 
At 0°C

0cm

Temperature

-273°C0°C100°C

100°C

-100°C -200°C

•

•

Figure 23
Absolute zero.  If you plot the height of the air
column in an ideal gas thermometer as a function
of temperature, drawing a straight line between the
two known data points at 100°C (boiling water) and
0°C (melting ice), and continue the line down to
zero height, the intersection is at – 273°C.  This
represents an absolute low value for temperature, as
defined by the ideal gas thermometer.
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The Mercury Barometer
 and Pressure Measurements
Columns of mercury are useful not only for making
thermometers, but also for making devices to measure
pressure.  We will begin with a discussion of the
mercury barometer whose construction is shown in
Figure (24).

As shown in Figure (24a), start with a u shaped glass
tube about a meter long, sealed at one end, and work
mercury into it until the sealed section is nearly full.
Then invert the tube as shown in Figure (24b).  The
mercury in the sealed section will slide down, leaving
a vacuum behind it, until the difference in the heights
of the mercury columns is about 76 cm as shown.

The height difference of the two columns tells us the
pressure of the atmosphere.  To see why, conceptually
break the mercury column up into two parts as shown
in Figure (24c).  The bottom part is the loop of mercury
that goes from point 1 (at the open end of the mercury)
to point 2 (at the equal height in the closed section).  The
upper part, goes from point (2) up to the vacuum, a
section whose height we designate by the letter h. This
column sits over the bottom loop and exerts a down-
ward force equal to the weight mg of a column of
mercury of height h.

The mercury in the bottom section between points (1)
and (2), is completely free to move up one side or the
other.  Since it does not move, the weight mg of the
mercury column pushing down on the left side at point
(2) must be balanced by the force of the atmosphere
pushing down at the open end, point (1).  As indicated

in Figure (25), the molecules of the air are colliding
with the surface of the mercury, exerting a force in the
same way that the air molecules in a balloon push out
on the rubber.  If the air molecules are at a pressure  Pa
(pressure of the atmosphere) and the glass tube has an
area A, the force exerted by the air is the pressure times
the area.

 force exerted
by atmosphere
on air column

= PaA (18)

The weight mg of the mercury column pushing down
at point (2) is

  mg = ρ Ah g (19)

where  ρ  is the density of mercury and Ah is the volume
of mercury in the column of area A and height h.

Figure 25
The weight of the mercury column above
point (2) must be balanced by the force
exerted by the atmosphere at point (1).

mg

weight of
mercury 
column

pressure
of the
atmosphere

P Aa

2 1

Figure 24
Construction of a mercury
barometer.  When you turn the
tube over, going from (a) to (b),
the mercury slides down the
sealed leg, leaving a vacuum
behind.  The difference in
heights h of the two columns (c)
is a measure of atmospheric
pressure.
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What is much easier is to simply express the pressure
in terms of the height of the mercury column that the
atmospheric pressure will support.  “A low pressure
system moved over the area today, and the barometer
reading dropped to 752 millimeters of mercury” sounds
much better than saying that the pressure dropped to

1.0023 x  105 pascals.

The millimeter of mercury, as a unit of pressure, has
been given the name torr, one more name inflicted
upon students by those who decide what the standard
names shall be.  For comparison’s sake, we can express
atmospheric pressure as

  Pa = 1.01 × 106 dynes/cm2

= 1.01 × 105pascals
= 101 kilo pascals
= 76 cm Hg
= 760 mm Hg
= 760 torr

= 14.7 lbs/in2

(22)

At different times you may encounter any of these
units.

When you  are working with vacuum pumps and
vacuum gauges, even the torr, 1 millimeter of mercury,
is too large a unit to be convenient.  Many gauges are
calibrated in microns, which is the pressure exerted by
one micron or one millionth of a meter of mercury.

 1 "micron" = 10– 6 meters Hg

= 10– 4 cm Hg

= 10– 3 mm Hg

= 10– 3 torr

(23)

In the electron gun experiments we discuss in Chapter
28, the glass tube containing the electron beam is
evacuated to a pressure of around one micron.  Current
technology allows you to work with much better
vacuums in the range of  10– 6  to  10– 7  microns.  Such
vacuums are needed to maintain clean surfaces when
studying the atomic structure of surfaces or creating
complex electronic chips.

Equating the forces on the two sides of the mercury in
the bottom section gives

  PaA = mg = ρhAg

  PaA = ρgh
(20)

The result is that the atmospheric pressure is propor-
tional to the height difference h in the two columns of
mercury.  As we have mentioned, the dimensions of
pressure in CGS units is dynes per square centimeter,
while in MKS units it is Newton’s per square meter, a
set of dimensions given the name pascal.  Neither set
of units is particularly convenient.  Using

  ρ = 13.6 gm/cm3 for the density of mercury, and
using the value h = 76 cm for an average value for the
height of the mercury column, we get

  PaA = 13.6
gm
cm3 × 980 cm

sec2 × 76 cm

= 1.01 × 106 gm cm/sec 2

cm2

PaA = 1.01 × 106 dynes /cm2 (21a)

Converting to MKS units, where one newton
equals  105 dynes and  1 m2 = 104 cm2 we have

  
PaA = 1.01 × 106 dynes

cm2 ×
104 cm2 m2cm2 m2

105 dynes/newton

= 1.01 × 105 newtons
m2

= 1.01 × 105 pascals (21b)

Just as it was inconvenient to measure temperature in
ergs, it is rather inconvenient for the weatherman to
announce today’s barometric pressure in either dynes
per square centimeter or pascals.  Numbers in the range
of  106  or  105 do not go over well with the listening
audience.
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Exercise 6
What is the pressure P in dynes/cm2 and pascals,
inside an apparatus where the pressure gauge reads

a) 1 cm Hg

b) 1 micron

c) 1 kilo pascal

d) 1 torr

e) 10–9 torr

f)  50 microns

g) 30 lbs/in2  (U.S. tire pressure gauge)

h) 200 kilo pascals  (European tire pressure gauge)

AVOGADRO’S LAW
Speaking of inconvenient units like measuring tem-
perature in ergs or pressure in dynes per cm2, we have
something particularly inconvenient in the form of the
ideal gas law PV = NkT.  To use this equation , we have
to know the number N of the molecules in the gas.  To
actually count the molecules is essentially an impos-
sible requirement.

Instead of counting individual molecules, we can lump
them in large units, and count the number of units.  The
standard unit for counting molecules is the mole.  If you
have a mole of molecules or any other object, you have

  6 × 1023 of them.

  
1 mole of

objects
= 6 × 1023 objects

(23)
The idea of a mole is that it is a convenient counting
device for handling large numbers.  You might, for
example, hear an astronomer say that there is about a
mole of stars in the visible universe.  By that the
astronomer would mean that he thinks that the visible
universe contains about   6 × 1023 stars.  (That estimate
may not be too many orders of magnitude off.)  As
another example, it would take about a mole of base-
balls to fill the volume of the earth with baseballs.

The number   6 × 1023 (more accurately   6.02 × 1023),
which is known as Avogadro’s number or constant, is
essentially the number of hydrogen atoms in one gram
of hydrogen.  Since hydrogen atoms and protons have
essentially the same mass, a mole of protons also has a
mass of 1 gram.

When you have a bottle of hydrogen gas, the hydrogen
atoms combine in pairs to form hydrogen molecules.
Thus a mole of hydrogen molecules has a mass of 2
grams.  An oxygen atom is 16 times as massive as a
hydrogen atom, thus a  mole of oxygen molecules, with
2 atoms in each molecule, has a mass of

  2 × 16 = 32 grams .  The mass of a mole of a given
kind of molecule is usually called the molecular weight,
but more properly the molecular mass, of that kind of
molecule.

(The integer numbers that appear in the mass of atoms
arises from the fact that protons and neutrons which
make up the atomic nucleus have about the same mass,
and the mass of the electrons is much much smaller.
Most oxygen atoms for example have a nucleus with 8
protons and 8 neutrons, and that is why an oxygen atom
is 16 times as massive as a hydrogen atom.)

We will use the symbol  NA to designate Avogadro's
number

   
NA = 6 × 1023 particles

mole
Avogadro's
number (24)

We can now rewrite the ideal gas law in the form

  PV = NkT = N
NA

× kNA T (25)

We do this because  N/NA is the number of moles of the
substance rather than the number of molecules.  Desig-
nating this by the symbol n, we have

  n ≡ N molecules
NA molecules/mole

= N
NA

moles (26)
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In addition the product of Boltzman’s constant k times
Avogadro’s number  NA is called the gas constant R

  R ≡ kNA gas constant

= 1.38 × 10– 23 joules
kelvin

× 6.02 × 1023

mole

R = 8.31
joules

mole kelvin
MKS units

(27)

In this case the MKS units are much more convenient.
The gas constant R in the CGS system is  10– 7 times
smaller.

Expressing the ideal gas law in terms of the number of
moles n and the gas constant R gives

 PV = nRT (28)

which is the alternate form of the ideal gas law.  If your
perspective is from an atomic point of view, you would
use the form PV = NkT.  But if you were a chemist and
had to actually measure the quantities involved, you
would use the form PV = nRT.

Our first example of the use of Equation 28, will be to
determine the volume of one mole of molecules at 0°
C (273 K) and atmospheric pressure (   1.01 × 105 pas-
cals) .  We have

PV = nRT

  1.01 * 105 newtons
meter2 × V

  = 1 mole × 8.31
joules

mole K
× 273 K

First let us check the dimensions.  The moles and the
kelvins cancel on the right side, and we get

  V ~ joules × m2

newton = kg m2

sec2 × m2

kg m/sec2

= meter3

The numerical value is

  V = 8.31 × 273
1.01 × 105 m3

= 22.4 × 10–3 m3

Noting that  10–3 m3  is one liter, we get

   

V = 22.4 liters

volume of 1 mole
of any gas at 0° C
and atmospheric
pressure

(29)

The important point is that a mole of any kind of gas has
a volume of 22.4 liters at the standard conditions of 0°
C and atmospheric pressure.  (One often uses the
notation STP for this standard temperature and pres-
sure.)  At STP, 22.4 liters of hydrogen have a mass of
2 grams, nitrogen 28 grams, and oxygen 32 grams.

Exercise 7

A helium nucleus contains 2 protons and 2 neutrons.
The mass of 22.4 liters of helium gas at STP is 4 grams.
What does that say about the molecular force between
helium atoms?

The calculation of the volume of a mole of a gas
emphasizes an important point about the behavior of an
ideal gas.  Namely, if we have equal volumes of gas at
the same temperature and pressure, the volumes will
contain the same number of molecules.  This was first
suggested by the Italian scientist Amedeo Avogadro
(1776--1856), and is known as Avogadro’s law.
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HEAT CAPACITY
From our discussion of temperature and other pro-
cesses from an atomic and molecular point of view, it
is obvious that the way to raise the temperature of an
object is to add energy.  At higher temperatures the
average thermal kinetic energy of the molecules in-
creases, and that energy must come from somewhere.
Historically the relationship between heat and energy
was not so clear.  As late as 1798, 71 years after
Newton’s death, there were accepted theories that
treated heat as a substance called caloric that flowed
from hot substances to cooler ones.

It was Benjamin Thomson, later known as Count
Rumford, who proposed that heat was, in fact, a form
of energy.  Rumford was boring cannons for Prince
Maximilian of Bavaria, and was quite aware that when
the drills were dull, the cannons became hot.  Thomson
proposed that the mechanical work he put into turning
the drills was converted to heat energy that raised the
temperature of the cannons.  Forty years later, Joule
accurately measured the amount of work required to
raise the temperature of various substances.

Traditionally heat energy was defined as the amount of
heat required to raise the temperature of one gram of
water one degree centigrade.  This unit of heat is called
the calorie.  In terms of mechanical energy, the conver-
sion factor is

1 calorie  =  4.186 joules (30)

This is the relationship between mechanical work and
heat that Joule studied.

Exercise 8
A 1 kilogram mass is dropped into a bucket containing
1 liter (  103 cm3) of water.  Assume that all of the kinetic
energy of the mass ends up as heat energy, raising the
temperature of the water.

(a) From what height would you have to drop the mass
to raise the temperature one degree centigrade?

(b) (More realistic question.)  How much would the
temperature rise if you dropped the mass from a height
of one meter?

Specific Heat
The amount of heat energy required to raise the tem-
perature of a unit mass of a substance one degree is
called the specific heat capacity or specific heat of the
substance.  For example, since it requires one calorie to
heat one gram of water one degree centigrade, we can
say that the specific heat of water is 1 calorie/gm °C, or
4.186 joules/gm °C.

Molar Heat Capacity
If, instead of measuring the heat capacity of a unit mass,
we measure the heat capacity of a mole of a substance,
we call the result the molar heat capacity.  For example
a water molecule H

2
O with 2 hydrogen and 1 oxygen

atom is 18 times as massive as a hydrogen atom.  Its
molecular weight is 18, and thus a mole of water has a
mass of 18 grams.  As a result it takes 18 calories to raise
the temperature of a mole of water 1 degree centigrade,
and thus the molar heat capacity of water is 18 calories/
mole °C or 18 ×  4.186 = 75.3 joules/mole °C.  For the
units, instead of degrees centigrade, we can use kelvins,
which are the same size.  Thus we can write

 molar specific
heat of water

= 75.3
joules

mole K (31)

as an example of a molar specific heat.

Predicting the specific heat of a substance, even with an
understanding of the atomic and molecular processes
involved, turned out to be a much more difficult subject
than expected.  The first time a failure of Newtonian
mechanics was detected was during the efforts to
predict the specific heats of various gases.  This failure
was due to quantum mechanics being necessary to fully
understand what happened to the added heat energy.

There is one example, however, where the simple
picture of atoms we have been discussing gives the
correct answer.  That is for the specific heat of helium
gas.  We will discuss that example here, and leave all
other discussions of specific heat to Chapter 20, an
entire chapter devoted to the subject.
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Molar Specific Heat of Helium Gas
A gas of helium atoms is about the simplest substance
you can picture.  Since helium does not form mol-
ecules, the gas simply consists of individual atoms
moving around and bouncing off of each other.  If the
temperature of the gas is T, then the average thermal
kinetic energy of the atoms is 3/2 kT.

If you have a mole of helium gas at a temperature T,
then the thermal energy of the atoms should be the
average energy of 1 atom, 3/2 kT, times the number  NA
atoms in a mole.  Thus we easily estimate that the
thermal energy  EHe  of a mole of helium atoms is

  
EHe = NA × 3

2
kT

=
3
2

NAk T

Using the fact that  NAk = R, the gas constant, we get

  
EHe =

3
2

RT
thermal energy
of a mole of
helium atoms

(32)

If we raise the temperature one degree, from T to (T +
1), the thermal energy goes from 3/2 RT to
3/2 R(T + 1), an increase of 3/2 R.  Thus the molar
specific heat, which we will call  CV, is

  CV = 3
2

R = 3
2

× 8.31
joules

mole K

 
CV

(helium)
= 12.5

joules
mole K

= 3
2

R (33)

As we mentioned, we get the right answer. Equation 33
is in agreement with experiment.

The subscript V on the symbol  CV is there to remind us
to measure the specific heat at constant volume.  If you
add heat to a gas, and at the same time allow the gas to
expand, some of the energy goes into the work required
to expand the volume, pushing the surrounding gas
aside.  This is a complication that we will discuss in
Chapter 18.  For now we will leave the subscript V on

 CV to remind us not to  let the volume increase.

Other Gases
It took almost no effort to correctly predict the specific
heat of helium gas.  What complications do we face
when we try to predict the specific heat of other gases?

The problem is that other gases form molecules.  From
one point of view the molecules themselves are the gas
particles, so that their average thermal kinetic energy
must be 3/2 kT just like the helium atoms.  So far so
good, but molecules have an internal structure.  An
oxygen molecule, for example, consists of two oxygen
atoms held together by the molecular force we dis-
cussed back in Figures (14,  15, and 16).  As we saw in
Figure (15), we can fairly accurately picture the mol-
ecule as two atoms held together by a spring force as
shown here in Figure (26).

If an oxygen molecule collides with another molecule
in the gas, one would expect that the molecule would
start to vibrate, and perhaps rotate.  This vibration and
rotation represent forms of internal motion of the
molecule that are quite distinct from the motion of the
molecule as a whole, distinct from what we would call
the center of mass motion.

If the center of mass motion has an average thermal
kinetic energy 3/2 kT just like helium atoms, but the
molecules can have internal motions and internal en-
ergy, you would expect that it would require more
energy to heat a mole of oxygen than a mole of helium.
For with the oxygen you not only have to supply the
kinetic energy of the center of mass motion, but also the
internal energy of the molecules.  And that is correct.
The molar specific heat of oxygen is 20.8
joules/(mole K) , as compared to 12.5 joules/(mole K)
for helium.

However it is when we try to calculate how much the
internal energy of the molecules contribute to the
specific heat, we run into trouble.  As far back as 1858,
James Clerk Maxwell, who was working on these
calculations, repeatedly failed, and suspected that the
failure was due to a problem with Newtonian mechan-
ics.

oxygen oxygen

Figure 26
Model of an oxygen molecule.
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EQUIPARTITION OF ENERGY
The success of our calculation of the specific heat of
helium gas lies in the fact that in our discussion of
thermal processes, the helium atom can be treated as a
rigid, undeformable sphere.  Striking a helium atom is
more analogous to striking a golf ball than hitting
whiffle ball.  When you hit a golf ball, most of the
energy of the impact goes into the kinetic energy of the
ball, and the motion of the ball is quite predictable.  Hit
a whiffle ball and most of the energy goes into mushing
the ball;  predicting where the whiffle ball will go is
difficult.

All gas atoms except helium form molecules.  While
the individual atoms can usually be treated as hard
spheres, for thermal calculations, the molecule as a
whole is generally not rigid.  Strike a molecule and
some of the energy goes into center of mass motion of
the molecule, but some goes into internal motions of
the individual atoms.  It seems that it would be rather
hard to say much about the energy of an object that is
vibrating, rotating, and flying through space.

However, if you have a gas of molecules in thermal
equilibrium, the laws of Newtonian mechanics com-
bined with the mathematical laws of probability, make
a surprisingly simple prediction of where the energy
goes.  This prediction is called the equipartition of
energy theorem which we will now describe.

As a background for the concepts involved in the
equipartition of energy theorem, let us go back to the
normal modes experiment of Chapter 16 where we had
two air carts on an air track, connected by springs as
shown in Figure (16-3).  We found that the air carts had
two distinct kinds of motion.  There was the high
frequency mode of motion where the two air carts
oscillated against each other, moving together and then
apart in a sinusoidal motion.  Then there was the low
frequency sloshing mode where the carts went back
and forth along the track more or less together.

When we started the carts moving in a random way,
recorded the motion, and did a Fourier analysis, we
found that the apparently complex motion was merely
a combination of the two simple sinusoidal modes of

motion, the so-called normal modes.  The carts were
not free to move in an arbitrary way, their motion had
to either be all of the vibrational mode, or all of the
sloshing mode, or some combination of the two.  The
only thing that was arbitrary about the motion of the
carts was how much of each of the two normal modes
was present.

In our earlier discussion of center of mass motion in
Chapter 11, we considered the example of two air carts,
joined to each other by a spring, but free to move down
the track as shown in Figure (11-9).  We saw that when
we gave one of the carts a shove, the center of mass of
the two carts moved at a uniform speed down the track,
while the carts themselves oscillated about the center of
mass.  In this example we again have two normal
modes of motion.  One is the motion of the center of
mass, and the other is the oscillation about the center of
mass.  If we shove the carts just right we can have pure
center of mass motion.  Or we can have the carts
oscillate with no center of mass motion.  Or we can have
some combination of the two kinds of motion.

These examples begin to show a pattern.  If you have
two masses connected by springs, that are constrained
to move on a one dimensional track, the objects will
have precisely two normal modes of motion.  What the
actual modes are depends upon the way the springs are
connected.  When the springs were connected to the
ends of the air track, there was no center of mass
motion, but we had two vibrational modes.  When the
carts were free to move down the track, we had the
mode representing center of mass motion, but only one
vibrational mode.

Another term often used to describe the way these carts
are moving is the expression degrees of freedom .  Two
carts moving in one dimension have 2 degrees of
freedom of motion.  The degrees of freedom are the
center of mass motion and the vibrational mode shown
in Figure (11-9), or the two vibrational modes that we
get from the setup in Figure (16-3).

Figure 11-9
Oscillating carts
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If one connects three air carts with springs and starts
them moving, the resulting motion can be quite com-
plex.  But if you record the motion, select one cycle of
the repeating pattern and do a Fourier analysis, you get
the simple result that there are three normal modes, as
seen in the results from a student project shown in
Figure (16-30).  What is not so easy is to find out what
the individual normal modes are.  And for our discus-
sion now, it is not important to find them.  The
important result is that if you have three carts connected
in some way by springs, and they are constrained to
move in one dimension there will be three normal
modes or degrees of freedom.  (If you have no springs,
you still have 3 degrees of freedom, namely the center
of mass motion of each of the 3 carts.

The counting of normal modes or degrees of freedom
generalizes to more than one dimension.  If you have
one particle moving in three dimensions, it has three
degrees of freedom, one for center of mass motion in
the x direction, one for center of mass motion in the y
direction and one for center of mass motion in the z
direction.

If we have two particles in 3 dimensions, there are 6
degrees of freedom.  If they are independent particles,
then each has three degrees of freedom of motion of the
center of mass.  If they are connected by a spring, which
is a good model of a diatomic molecule, there are still
6 degrees of freedom but we count them in a different
way.  There are the 3 degrees of freedom of the center
of mass motion, and one degree of freedom for the kind
of vibrational motion we saw in Figure (11-9) where
we had two air carts connected by a spring.  That
accounts for 4 degrees of freedom; what are the other
two?

When two connected particles move in three dimen-
sions, what they can do that they could not do in one
dimension is rotate about the center of mass.  One can
envision independent rotations about the x, the y, and
the z axis, but one of these rotations does not count.  In

the picture we are developing, we will view the atoms
themselves as perfectly smooth spheres, so that you
cannot tell whether the atom itself is rotating or not.
From this point of view, if the separation of two atoms
in a diatomic molecule is along the z axis as shown in
Figure (27), then rotation about the z axis cannot be
detected and does not count as one of the degrees of
freedom.  Only rotations about the x and y axis contrib-
ute.  Thus for a diatomic molecule moving in 3 dimen-
sions, the 6 available degrees of freedom are 3 for
center of mass motion, 2 for rotation, and one for
vibration.

a)
rotation 
about x axis

rotation 
about y axis

rotation 
about z axis

b)

c)

z

y

x

Figure 27
The three independent rotations of a molecule. For a
diatomic molecule, the rotation about the z axis does
not count. (Picture the atoms as perfectly smooth
spheres. Then a collision could not start the z axis
rotation, and you could not tell that it was rotating
this way.)
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If we have a system of n small spherical particles
connected by spring-like forces, a reasonable model
for many molecules, there should be 3n degrees of
freedom.  For example, the ammonia molecule with
one nitrogen and three hydrogen atoms shown in
Figure (28) should have 12 degrees of freedom.  Three
are center of mass motion, and now all 3 degrees of
rotation should be counted.  The remaining 6 must be
vibrational normal modes, one for each spring like
force.  If you could kick an ammonia (or, let us say, a
large scale model of one), record the motion of one of
the molecules, and Fourier analyze a repeated pattern
of the motion, you should be able to detect up to 6
normal mode frequencies of vibration.

We are now ready to state the equipartition of energy
theorem that was first derived by James Clark Maxwell
in 1858.  Using Newtonian mechanics and the math-
ematical laws of probability, Maxwell showed that if a
gas of molecules is in thermal equilibrium, then the
average thermal energy of each molecule is 1/2 kT
times the number of degrees of freedom possessed by
the molecule.  The theorem implies that, as you add
thermal energy to a system of molecules, the energy is
shared equally, on the average, between the available
degrees of freedom.

The theorem is particularly easy to understand for the
case of a gas of monatomic particles.  If we have a single
particle moving in 3 dimensions, we can write its
kinetic energy  1/2 mv2  in the form

 1/2 m(vx
2 + vy

2 + vz
2)  where we used the

Pythagorean theorem to express  v2  in terms of its
components.  Thus the kinetic energy breaks up into 3
distinct terms

 kinetic
energy = 1

2mvx
2 + 1

2mvy
2 + 1

2mvz
2

which we can call the kinetic energies of x motion, y
motion, and z motion respectively.

If the particle is in thermal equilibrium, then on the
average  vx

2  should be the same as  vy
2  and  vz

2 .  Thus
the kinetic energies associated with each of the degrees
of freedom of the molecule (x motion, y motion, and z
motion) should be the same, and the sum should be the
total average kinetic energy 3/2 kT.  If 3/2 kT is shared
3 ways, each degree of freedom should get 1/2 kT
kinetic energy on the average, as required by the
equipartition of energy theorem.

Real Molecules
Applying Maxwell's equipartition of energy theorem,
we can make definite predictions about the specific
heat of various kinds of molecules.  We will begin with
a brief review of the calculation of the specific heat of
a monatomic gas like helium.  A monatomic gas atom
has 3 degrees of freedom, thus on the average its kinetic
energy is

  E 1 molecule = 3 × 1
2 kT = 3

2 kT (34)

Since the specific heat  CV  deals with one mole of a
substance, we multiply Equation 34 through by
Avagadro's number  NA  (number of particles in a
mole) to get

 E 1 mole = NA
3
2

kT = 3
2

NAk T

= 3
2

RT (35)

where  NAk = R  is the gas constant.

N

H H

H

Figure 28
The ammonia molecule is a  tetrahedral structure with
one nitrogen atom and three hydrogen atoms. Here we
are modeling the forces between atoms as spring forces.
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Finally  CV  is defined as the change in energy   ∆E  for
a small change in temperature   ∆T .  Differentiating
Equation (35) gives   ∆E = (3 23 2)R∆T, so that

  ∆E
∆T

≡ CV = 3
2 R (36)

where the subscript V reminds us to keep the volume V
of the gas constant so that none of the gas energy goes
into doing the work of expanding the gas.

In the above derivation, we immediately see that the
factor of 3 in the formula  CV = 3/2 R  came from our
assumption that the molecule has 3 degrees of freedom.
If we had a molecule with n degrees of freedom, then
the equipartition of energy theorem predicts that the
specific heat should be

  for a molecule
with n degrees
of freedom

CV = n
2 R

prediction of the
equipartitionof
energy theorem

(37)

To see how good the predictions of the equipartition of
energy theorem are, we have in Table 2 listed the
specific heats of some common gasses, and compared
the results with the predicted values.

FAILURE OF CLASSICAL PHYSICS
If you worked out a complex theory that made detailed
predictions, and when you compared the predictions
with experiment, you got the results shown in Table 1,
you should be disappointed.  The agreement is simply
terrible.  The predictions work only for the monatomic
gases (gases that remain individula atoms and do not
form molecules).  There is an increase in specific heat
when we go to larger molecules, but not the predicted
increase.  In going from carbon dioxide to methane,
where there is a considerable increase in the number of
degrees of freedom, there is actually a decrease in the
specific heat.

Maxwell worked on this problem for a number of
years, carefully checking that he had correctly applied
the mathematical laws of statistics to Newtonian me-
chanics, but he could find no error in his work.  By 1879
he became convinced that Newtonian mechanics was
flawed, and that eventually some new theory would
have to be developed to replace it.  The new theory, of
course, was quantum mechanics, discovered nearly 50
years later.  Maxwell's work in the 1860s and 1870s
provided the first real evidence that Newtonian me-
chanics was not correct in all applications.

Molecule Number of Expected number Expected  CV           Experimental
                 particles degrees of freedom          (joules/mole)      CV

helium  1 3 3/2 R = 12.5    12.5

argon  1 3 3/2 R = 12.5    12.6

nitrogen  N2 2 6 6/2 R = 25    20.7

oxygen  O2 2 6 6/2 R = 25    20.8

carbon dioxide  CO2 3 9 9/2 R = 37.5    29.7

methane  NH4 5 15 15/2R = 62.5    29.0

Table 2
Specific heats of various molecules. Theory and
experiment agree only for the monatomic gases.
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Freezing Out of Degrees of Freedom
While a straight forward application of the equipartition
of energy theorem fails miserably, the ideas involved
are not completely useless.  A look at the specific heat
of hydrogen gas as a function of temperature, Figure
(29) gives us a clue as to what is happening at low
temperatures below 100 K.  The specific heat is 3/2 R,
which is what we would expect for a monatomic gas
with only 3 degrees of freedom.  At these temperatures
none of the thermal energy is going into exciting the
internal motion of the atoms.  At these low tempera-
tures, the hydrogen molecules are acting like incom-
pressible hard spheres.

Up at room temperature, the specific heat of hydrogen
has jumped to 5/2 R.  It appears that two additional
degrees of freedom have appeared, and some of the
thermal energy is now going into internal motions of
the molecule.  At still higher temperatures, just as the
molecules are being torn apart, their specific heat
reaches 7/2 R, indicating 7 degrees of freedom, one
more than we expected.  We can explain the 7 degrees
of freedom by assuming that 1/2 kT of thermal energy
goes, on the average, into the spring potential energy.

Going back down in temperature, we have the follow-
ing picture.  At very high temperature all the degrees of
freedom are active and energy is shared equally among
them as required by the equipartition of energy theo-
rem.  As we go down in temperature some of the

degrees of freedom appear to freeze out.  By room
temperature we have lost two degrees of freedom, and
down at 100 K, only the 3 translational degrees of
freedom are left.  Why the degrees of freedom freeze
out is what is not explained by Newtonian mechanics.
This is purely a quantum mechanical effect.

In Maxwell's time, the idea that matter consisted of
atoms was a hypothesis rather than an experimentally
proved fact.  What atoms consisted of, whether they
were indivisible hard spheres or had an internal struc-
ture was unknown.  By applying Newtonian mechanics
to models of atoms and molecules, he was trying to
learn about the nature of these objects.  The fact that
monatomic gases have a specific heat  CV = 3/2R
was evidence that the atoms were in fact acting like
hard, indivisible objects.  The failure to predict molecu-
lar specific heats turned out to be evidence that
Newtonian mechanics was failing.

We know that atoms themselves consist of many
particles—a nucleus surrounded by electrons.  If we
applied Newtonian mechanics to this structure, we
would assume that each atom should have many de-
grees of freedom and that the nucleus and electrons
should individually pick up thermal energy as the atom
is heated.  This simply does not happen.  Applying the
language we have used above, we can say that tempera-
tures at which we ordinarily study atoms, the internal
degrees of freedom of the atom are frozen out.
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Figure 29
Specific heat of the hydrogen
molecule. If each degree of
freedom contributes 1/2R to the
specific heat, then as the
temperature drops, we see that
various degrees of freedom
freeze out. (Diagram adapted
from Halliday and Resnick.)
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THERMAL EXPANSION
When you heat a substance, in most cases the substance
expands.  For example, the mercury (or alcohol) in the
bulb at the bottom of a thermometer expands when
heated, forcing more mercury up the small tube above
the bulb.  If the column is marked off in degrees
centigrade, you have a typical mercury thermometer as
illustrated in Figure (30).  As another example, you are
aware of the cracks left between sections of cement in
sidewalks and cement highways.  These cracks are
there so that on a hot day when the cement expands, the
sidewalk or road will not buckle.

The reason for thermal expansion can be understood at
an atomic level in terms of the shape of the molecular
force potential well.  Figure (31) is a redrawing of the
molecular force potential well of Figure (16), with
some added information.  Let 2r be the separation of the
two atoms as indicated at the top of the diagram.  If the
molecule is at a very low temperature, the atom will
essentially sit at the bottom of the potential well and the
separation will be  2r0  as shown.

If we raise the temperature of the molecule, the atoms
gain thermal kinetic energy whose average value is
3/2 kT.  As a result they will move back and forth at a
higher level in the potential well, a height we have
indicated as level 1 in the diagram.  Due to the shape of

the potential energy well, due to the fact that the
repulsive core rises faster than the attractive side, the
average separation  2rT of the atoms at a temperature T
is greater than the average separation  2r0  at low
temperatures.

Although our discussion of molecular forces focused
on two atom molecules, the general shape of the
molecular force potential well is the same when you
have many atoms forming a liquid or a solid.  Thus
when you heat a liquid or a solid, the atoms gain an
average thermal kinetic energy 3/2 kT, effectively rise
up in the molecular force potential well, and due to the
shape of the well, have a slightly greater average
separation.  The substance expands.

You can see that the amount of expansion depends
upon the detailed shape of the potential well which
varies from one substance to another.  Thus a thermom-
eter based on the expansion properties of mercury does
not have to give precisely the same reading as a
thermometer using alcohol, except at the calibration
points 0° C and 100° C.  And neither of these thermom-
eters has to agree with the ideal gas thermometer.  Since
the ideal gas thermometer is based on the universal
ideal gas law, one should use the ideal gas thermometer
as a standard against which you calibrate mercury,
alcohol, and other thermometers.

Figure 30
The typical mercury thermometer is based on
the thermal expansion of mercury. There is no
guarantee that a mercury thermometer and an
ideal gas thermometer will agree at any
temperatures except 0° C and 100 ° C.

Figure 31
As you raise the temperature of a substance, the
average thermal kinetic energy 3/2 kT rises and the
molecule sits higher in its potential well.  Because the
well is lopsided, the average separation of the atom
becomes greater and the substance expands.
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Assume that some definite fraction, for instance 50%,
of all water molecules that strike the membrane pass
through it.  Initially, more water molecules strike the
membrane from side 2 than from side 1 simply because
there are more water molecules on side 2.  If more water
molecules strike from side 2 than side 1, and if 50% of
all the water molecules striking the membrane pass
through it, there must be a net flow of water from side
2 to side 1.

As the flow continues, the level of the liquid on side 1
rises and the solution becomes diluted.  As the solution
becomes further diluted, the number of water mol-
ecules on side 1 facing each cm2 of the membrane
increases, the more flow back to side 2, so that the net
flow into side 1 decreases.  From this description alone,
however, we would not expect the flow to stop, since
we never get pure water on side 1.

The flow does stop eventually though, because the
level in side 1 rises to such an extent that the pressure
at the bottom of side 1 becomes considerably greater
than the pressure at the bottom of side 2 (a result of the
increased weight of the column of water).  This addi-
tional pressure, known as osmotic pressure, finally
stops the flow of water from side 2 to side 1.  The flow
of the small molecules through the membrane is called
osmosis; thus osmotic pressure is the pressure that
finally stops osmosis.

OSMOTIC PRESSURE
We would like to conclude this chapter, this brief view
of atoms, molecules and thermal processes, with a
discussion of two familiar phenomena that can be
understood qualitatively from a molecular point of
view.  One is the elasticity of rubber, and the other is the
process of osmosis, which is essential for biological
systems.

Osmosis is a rather peculiar but important effect that is
easily explained with an atomic model.  Ordinarily,
when a liquid can flow between two vessels at the same
height, the liquid will tend to seek the same height in
both vessels.  But this does not always happen.  Sup-
pose we have a tank separated by a membrane, as
shown in Figure (32).  On the right side (side 2) of the
membrane we place pure water, indicated by the small
molecules.  On the left (side 1) we place a solution of
water and some other substance consisting of large
molecules.  The membrane has a special characteristic:
the small water molecules can pass through it easily,
whereas the big molecules are prevented from passing
through because the holes in the membrane are too
small.  Initially, the two compartments are filled to the
same level on each side of the membrane.

Figure 32
Osmosis.  The two sides of the container are separated by a membrane that allows the water
(small molecules) but not the large molecules to pass through.  If the liquid levels are the
same initially, as in (a), some of the pure water will flow through the membrane, raising the
level on the side with the large molecules as shown in (b).  This process is called osmosis.

1 2
pure water

2
pure water

mixture 1
mixture

(a)  initially (b)  finally
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Osmosis and osmotic pressure are crucial in biological
processes.  Osmosis is involved in the separation of
nutrients and wastes in our own cells, the flow of fluids
in our bodies, the flow of sap in plant life, and a number
of other important processes.

The function and composition of blood is critically
dependent on osmosis and osmotic pressure.  Blood
consists of red cells, white cells, and a fluid called
plasma.  The red cells are membrane sacs containing
about 60% water and 40% hemoglobin molecules,
molecules closely related to, but about four times as
large as, the giant myoglobin molecule described in at
the beginning of this chapter.  We may think of the red
blood cell as representing side 1 in Figure (32) where
the big molecules are the hemoglobin molecules.  If red
blood cells are removed from blood and placed in pure
water, they absorb so much water by osmosis that they
burst.  The red hemoglobin flows away, leaving an
empty, pale misshapen sac.

The function of the red blood cell and its hemoglobin
is to carry oxygen to the other cells in the body.  The
plasma, which consists of 90% water, 9% protein
molecules, and 1% salts, serves as a fluid in which to
dissolve needed proteins and salts to be carried to the
cells, and to make the blood fluid enough to flow
through the minute capillaries.

The capillary walls through which blood flows are
porous membranes that permit water and salts to pass
freely through, but that restrict the passage of proteins.
Pure water could not be pumped through the blood-
stream because it would leak out through the capillary
walls.  You may wonder how blood plasma, which is
90% water, can be pumped through the porous capillar-
ies.  The reason is that the 9% protein molecules in the
plasma is sufficient to draw just enough water back into
the capillary by osmosis to replace the water molecules
that do leak out.  Just as many water molecules are
drawn back in as leak out, even though the pressure of
the plasma inside the capillary is greater than the
pressure of the fluids outside the leaky walls.  Thus,
side 1 in Figure (32) behaves in the same way as the
capillary with the blood plasma inside it.

ELASTICITY OF RUBBER
A  model for the elasticity of rubber was presented by
Richard Feynman in a lecture to freshmen at Caltech in
1960.  We select this model, not so much for its
accuracy in describing the detailed behavior of mol-
ecules in rubber, but for developing an intuition for
thermal processes.  The mechanisms underlying the
model and the behavior of rubber are fundamentally
the same.  The beauty of the model is that it is so
outrageous that you are forced to think differently
about thermal processes.
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Figure 33
Room with suspended chains and cannonballs.

h

Figure 34
Top view of chains being struck by cannonballs.

A Model of Rubber
Imagine that you enter a large room where there are a
number of heavy chains loosely suspended from one
end of the room to the other, as shown in Figure (33).
These are massive chains, like the anchor chains used
on old sailing ships, but they are hanging loosely, so
that except for their weight, they are not exerting any
force pulling the walls together.

On the floor are hundreds of cannonballs, lying there a
couple of layers deep.  This is our room at “absolute
zero”.

Now turn up the temperature in the room.  The cannon-
balls start to jiggle and vibrate with an average thermal
kinetic energy 3/2 kT.  In this model, nothing melts.
Instead, as we turn up the temperature the jiggling
becomes stronger and stronger.  When the average
thermal kinetic energy 3/2 kT becomes as large as the
gravitational potential energy mgh of a cannonball near
the ceiling, then we will have cannonballs flying all
around the room.  We will have a gas of cannonballs.

As the cannonballs fly around, they strike the chains,
kinking them up as indicated in Figure (34).  The
kinked-up chains are no longer hanging loose, instead
they are taut and pulling the side walls of the room in.

If we raise the temperature of the gas of cannonballs,
the cannonballs strike the chains harder and the chains
pull harder on the walls.

Here is an experiment that stretches the imagination
even more.  Suppose we start with the room with a gas
of cannonballs at a temperature T, and chains kinked by

the colliding cannonballs, and suddenly pull the sides
of the room apart so that the chains are straight and
tight.  When we suddenly straighten out the kinked
chains, the chains will slap against the cannonballs
transforming the work we do pulling the chains straight
into increased thermal kinetic energy of the cannon-
balls.  As a result by suddenly stretching the chains we
raise the temperature of the cannonballs.

If we let the walls go back suddenly, the chains initially
go slack, and it takes some of the thermal kinetic
energy of the cannonballs to kink the chains up again.
As a result of unstretching the chains, the temperature
of the cannonballs drops.

One’s lips are a good detector of small temperature
changes.  Place a loose rubber band between your lips
and suddenly stretch it.  You will notice that the rubber
band becomes distinctly warmer.  Now quickly re-
lease the rubber band by bringing your hands together.
The rubber band becomes distinctly cool.  Rubber
consists of a long chain of molecules that are kinked up
by thermal motion.  When you stretch the rubber band,
you increase the thermal kinetic energy of the mol-
ecules and raise their temperature.  Releasing the band
reduces the thermal motion and drops the temperature.
The elastic restoring force you felt when you stretched
the band is caused by thermal motions kinking the long
chain molecules.


